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PREFACE. 



This book is designed as an Introduction to more abstruse works 
on Engineering and Mechanics, and in particular to those of 
the late Professor Kankine. 

Its study demands only a previous acquaintance with the 
ordinary Rules of Arithmetic, and with the Elementary Alge- 
braical Notation. A few pages have been devoted to the 
Differential and Integral Calculus, as these have been used in 
different parts of the book, their application having been in every 
instance explained. 

Professor Eankine's Maaiual of Applied Mechcmics has been 
taken as the model for this work, the only alteration being the 
treating of the Theory of Motion before that of Force, as more 
in harmony with modern practice, and as proposed by himself for 
the present purpose. 

The general design of the work having been indicated, it only 
remains for me to explain briefly how my name has been con- 
nected with that of Professor Bankine on the Title-page, and 
also in what condition it was left at the time of his recent 
lamented death. 

I was Professor Bankine's Assistant, and lectured for him 
during his illness, and it was whilst on a visit which his death 
suddenly terminated, that the arrangement was made which 
connected me with him in the task. My duty was simply to 
assist him in its preparation. On my mentioning to him that 
the amount of labour I should have to do hardly justified my 
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name appearing with his as joint-author, he replied, that, owing 
to his state of health, more of the work might deyolve upon 
me than I expected. The issue has proved the correctness of 
his surmise. 

As to the state of the MS. at the time of his death, two 
hundred pages had been already completed, and the general scope 
and plan of the work decided upon. I need hardly say that his 
wishes have been implicitly carried out in every respect^ so far 
as lay in my power. The work has been completed at the request 
of Professor Rankine's Executrix, and at that of the Publishers, 
at whose desire also I have undertaken the superintendence of 
New Editions of his other Scientific Manuals, some of which 
have already been submitted to the Public. 

E. F. B. 
Glasgow, October, 1873, 



PREPACB TO THE THIRD EDITION. 

The text of this, the Third Edition, has been careiully revised, 
and where errata had occurred, they have been corrected. 

K F. B. 

London, August, 1884. 
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MATHEMATICAL INTEODUCTION. 



ARITHMETICAL RULES. 

Fob convenience sake the following Arithmetical Rules are here 
given : they will be referred to hereafter in the designing of toothed 
gearing, under The Theory of Pure Mechanism, Part II. 

Defirwbion, — A prime nwrnher is one which is only divisible by 
the number I. 

1. To find the Prime Factors of a Given Number.— Try the prime 
numbers, 2, 3, 5, 7, 11, &c., as divisors in succession, until a prime 
number has been found to divide the given number without a 
remainder; then try whether and how many times over the quotient 
is again divisible by the same prime number, so as to obtain a 
quotient not divisible again by the same prime number; then try 
the division of that quotient by the next greater prime number; and 
so on until a quotient is obtained which is itself a prime number; 
that is, a number not divisible by any other number except 1. This 
final quotient and the series of divisors will be the prime factors of 
the given number. To test the accuracy of the process, multiply 
all tibe prime &ctors together; the product should be the given 
number. 

2. To find the Greatest Common Measure (otherwise called the 
greatest common divisor) of Two Numbers. — Divide the greater 
number by the less, so as to obtain a quotient, and a remainder less 
than the divisor; divide the divisor by the remainder as a new 
divisor; that new divisor by the new remainder; and so on, until a 
remainder is obtained which divides the previous divisor without 
a remainder. That last remainder will be the required greatest 
common measure. 

If the last remainder is 1, the two numbers are said to be ^' prime 
to each other.'' 

Excmhpls, — Required, the greatest common measure of 1420 and 
1808. 

B 
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Divisor, 1420) 1808 (1, Quotient. 

U20 

Remainder, 388) 1420 (3, Quotient. 

1164 

Hemainder, 256) 388 (1, Quotient 

256 

Remainder, 132) 256 (1, Quotient 

132 

Remainder, 124) 132 (1, Quotient 

124 
Remainder, "~8) 124 (15, Quotient 

120 

Remainder, 4) 8 (2, Quotient 

The last remainder, 4, is the required greatest common measure. 
DefmUion. — Ratio is the mutual relation of two quantities in 
respect of magnitude. 

3. To reduce the Ratio of Two Numbers to its Least Teims, 
divide both numbers by their gi^eatest common measure. 

Tj, , 1808-^-4 452 

For example, ^^j^^--^=.^. 

4. To express the Ratio of Two Numbers in the form of a Con- 
tinued Fraction. — Let A be the lesser of the two numbers, and B 
the greater; and let c^ h, c, d, <kc.^ be the quotients obtained dui-ing 
the process of finding the greatest common measure of A and B. 
Then, in the equation 

B=a + 1 
A J + 1 

c + 1 

the right-hand side is the continued fraction required. 

To save space in printing, a continued fraction is often arranged 
as follows : — 

1 1 1 1. 

0+ c+ d + 

The ratio of two incommensurable quantities is expressed by an 
endless continued fraction. For example, the ratio of the diagonal 

to the side of a square is expressed by 1 + g— ^ — o~r o — ^> 

without end. 

5. To form a series of Approximations to a Given Ratio. — Express 
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the ratio in the form of a continued fraction. Then write the 
quotients in their order; and in a line below them write j to the 

left of the first quotient, and ^ directly under the first quotient. 

Then calculate a series of fractions by the following rule : — Multiply 
the first quotient by the numerator of the fraction that is below 
it, and add the numerator of the fraction next to the left; the 
«um will be the numerator of a new fraction : multiply the first 
quotient by the denominator of the fraction that is below it, and 
add the denominator of the fraction that is next to the left; the 
sum will be the denominator of the new fraction ; then write that 
new fraction under the second quotient, and. treat the second 
quotient, the fraction below it, atod the fraction next to the left, as 
before, to find a fraction which is to be written under the third 
quotient, and so on. For example : 

Quotients, ... .a, 6, c, dy &c. 
V 0' m' m'* m" 



Fractions, ;', ^, ^, ^, -,, 



n + a a n' l + bn n" n + en' , 

m 1 + 1' m' + bm' m" m + cm'^ 

452 
To take a particular case; let the given ratio be as before, -^^, 

then we have the following series : — 

-Quotients, 1 3 1 1 1 15 2 

^ ^. 1 1 4 5 9 U 219 452 

^*'*^^^^^'' T i 3 4 7 n 172 355 

Less or greater than W G L G L G L G 
given ratio, J 

The fractions in a series formed in the manner just described are 
•called converging fractions^ and they have the following properties : — 
Fir^, each of them is in its least terms; secondly y the difierence 
between any pair of consecutive converging fractions is equal to 
unity divided by the product of their denominators; for example, 
^ 6 36 - 35 1 9 14 99 - 98 1 ,, . „ .^ 

7-4 = TirT- = 28^ 7-ri = yinr=y7^ ^''"^y^ *^^^ 

are alternately less and greater than the given ratio towards which 
tbey approximate, as indicated by the letters L and G in the 
example; and, fon/rtkly, the difference between any one of them 
and the given ratio is less than the difference between that one and 
the next fraction of the series. 

Fractions intermediate between the converging fractions may be 
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found by means of the formula -7 ? — j; where — and > are 

any two of the converging fractions, and h and k are any two whole 
numbers, positive or negative, that are prime to each other. 

6. Logaritluns. De&itions. — The power of a number is th& 
product of itself multiplied a certain number of times. The index 
or expanevU of the power is the small figure placed above the right- 
hand comer, which denotes the number of times the multiplication 
takes place. The Logcurithm of a number to a given base is th& 
index of the power to which the base must be raised to be equal 
to the given number. That number of which the indices of the 
powers are the logarithms, is called the haae of the system. A suffix 
denotes the base of the logarithm ; if a* = n, a; is the logarithm of 
the number n to the base a, or log^ n^x. 

Logarithms to the base 10 are (»dled common logarithms. 

7. The logarithm of 1 is 0. 

8. The conrnwn logarithm of 10 is 1, and that of any power of 
10 is the index of that power; in other words, it is equal to the 
number of noughts in the power; thus the common logarithm of 
100 is 2; that of 1000, 3; and so on. 

9. The common logarithm of '1 is- 1, and that of any power of 
*1 is the index of that power with the negative sign; that is, it i» 
equal to one more than the number of noughts between the decimal 
point and the figure 1, with the negative sign; for example, the^ 
common logarithm of *01 is - 2 ; that of '001, - 3; and so on. 

10. The logarithms given in tables, are merely the fractional 
parts of the logarithms, correct to a certain number of places of 
decimals, without the integral parts or indices; which are supplied 
in each case according to the following rules : — 

The index of the common logarithm of a number not less than 
1 is one less than the number of integer places of figures in that 
number; that is to say, for numbers less than 10 and not less than 
1, the index is 0; for numbers less than 100 and not less than 10, 
the index is 1 ; for numbers less than 1000, and not less than 100,. 
the index is 2; and so on. 

The index of the common logarithm of a decimal fraction 'lesa 
than 1 is negative, and is one more than the number of noughts 
between the decimal point and the significant figures; and the 
negative sign is usually written above instead of before the index ; 
that is to say, for numbers less than 1 and not less than '1, th& 

index is 1; for numbers less than '1 and not less than *01, the 

index is 2 ; and so on. 

The fractional part of a common logarithm is always positive, 
and depends solely upon the series of figures of which the number 
consists, and not upon the place of the decimal point amongst 
them. 
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Examples. 




Nnxnber. 


Logartthxns. 


877000 


5-67634 


37700 


4-57634 


3770 


3-57634 


377 


2-57634 


37-7 


1-57634 


3-77 


0-57634 


•377 


1-57634 


0377 


2-57634 


•00377 


3-57634 


and so on. 





11. The logarithm of a product is the sum of the logarithms of 
its factors. 

12. The logarithm of a power is equal to the logarithm of the 
root multiplied by the index of the power. 

13. The logarithm of a quotient is found by subtracting the 
logarithm of the divisor from the logarithm of the dividend. 

14. The logarithm of a root is found by dividing the logarithm 
of one of its powers by the index of that power. 

Note.— In applying these pnnciples to logarithms of numbers 
less than 1, it is to be observed that negative indices are to be 
49ubtracted instead of being added, and added instead of being 
-subtracted. 

15. To avoid the inconvenience which attends the use of nega- 
tive indices to logarithms, it is a very common practice to put, 
instead of a negative index to the logarithm of a fraction, the 
complemerU (as it is called) of that index to 10; that is to say, 

9 instead of 1, 8 instead of 2, 7 instead of 3, and so on. In such 
•cases, it is always to be undei-stood that each such complementary 
index hfis - 10 combined with it; and to prevent mistakes, it is 
^useful to prefix — 10 + to it; for exam*ple, 



Namber. 



Logarithm with Logarithm with 

Negative Index. Ck>mplementary Index. 



•377 1-57634 -10 + 9-57634 

•0377 2-57634 - 10 + 8-57634 

-00377 3-57634 - 10 + 7-57634 

16. To find the fractional part of the common logarithm of a 
number of five places of figures ; take from the table the logarithm 
corresponding to the first three figures, and the difference between 
that logarithm and the next greater logarithm in the table; mul- 
tiply that difference by the two remaining figures of the given 
number, and divide by 100; the quotient will be a correction, to 
be added to the logarithm already found. 
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Example. — Find the common logarithm of 37725. 

Log. 377, 57634 

Log. 378...... 57749 

Difference, 115 

X 25 ^ 100 

Correctioii, 29 

Add log. 377, 57634 

Log. 37725, 57663 ^www. 

17. To find the natnral number, or arUUogarithm^ corresponding^ 
to a common logarithm of five places of decimaLs, which is not in 
the table; find the next less, and the next greater logarithm in the 
table, and take their difference. Opposite the next less logarithm 
will be the first three figures of the antilogarithm. Subtract the 
next less logarithm from the given logarithm ; annex two noughts 
to the remainder, and divide by the before-mentioned difference; 
the quotient will give two additional figures of the required anti- 
logarithm. (The first of those figures may be a nought.) 

Hxample. — Find the antilogarithm of the common logarithm 
•57663. 

Next less log. in table, 57634 

Next greater, 57749 

Difference, 115 

Given logarithm, 57663 

Subtract log. 377, 57634 

Divide by difference, 115)2900 

Two additional figures, 25 

so that the answer is 37725. 

I^ote, — ^The last two rules refer particularly to the tables in 
Rankine's XJs^vl Rvles cmd Tables, but are equally applicable to 
other tables. For instance, where the logarithm of a number of 
5 figures is given in the tables; in these last two rules, for 3 read 5^ 
and for 5 read 7. 



TRIGONOMETRICAL RULES. 

The following is a summary of the Principles and Chief Rules of 
Trigonometry : — 

Defimtion. — Every expression which in any way contains a- 
number, or depends for its value upon the value of the number, 
lift said to be & Junction of that number, as 2a;, o^, log. x, tan x are- 
all functions of x. 

18. Trigonometrical Functions Defined.— Suppose that A, B, C 
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stand for the three angles of a right-angled triangle, C being the 
right angle, and that a, b, c stand for the sides respectively opposite 
to those angles, c being the hypothenuse; then the various names 
of trigonometrical functions of the angle A have the following 
meanings : — 

• A ® A ^ 

8inA = -: cosA = -: 
c c 

• A ^-^ • A ^-® 
Tersin A = : ooversm A = : 

c ' c 

tauA = -7: cotanA = -: 
a 

sec A = 7 : cosec A = -. 
6 a 

The complement of A means the angle B, such that A + B = a 
right angle; and the sine of each of those angles is the cosine of 
the other, and so of the other functions by pairs. 

19. Relations amongst the Trigonometrical Functions of One 
Angle, A, and of its Supplement, 180^"-- A: — 

• A n 9-A tan A 1 

sm A= ^l— cos*A = r = tI 

^ sec A cosec A 

cotan A 1 



COS A= ^l-sin^A^ t- = r J 

^ cosec A sec A 

yersin A = 1 - cos A ; 

coversin A = 1 - sin A; 

tan A= T- = — 7 T-=sin A-sec A= ^sec^ A - 1 : 

cos A cotan A ^ ' 

cos A 1 



cotan A = -; — a ~+ 1"=^" A'cosec A= ^cosec^ A-1; 

sin ^^ van j\ 



sec A= -r-= Jl + tan* A: 

cos A ^ ' 



cosec A = -; — r = *yi + cotan* A. 
sm A ^ 

ffln(180«-A) = sinA; 

cos (180°- A) = -cos A; 

versin (180® - A) = 1 + cos A =2 - yersin A ^ 

coversin (180® — A) = coversin A ; 

tan(180®-A)= -tan A; 

cotan (180® - A) = - cotan A ; 

sec (180®- A) = -sec A; 

cosec (180* - A) = cosec A. 
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20. The Circular Measure of an Angle. — ^If a right line as radius 
by revolution about a fixed point at its extremity as centre, traces 
out an angle from a fixed position, the angle may be measured by 
the ratio of the arc to the radius; this mode of measurement is called 
circular measure. The unit of circular measure is the angle whose 
arc is equal to the radius, that is, 360° ^ 2* = (57** 17' 45" = 206265"). 

To compute sines, &c., approximately oy series; reduce the 
angle to circular measure — that is, to radius-lengths and fractions 
of a radius-length let it be denoted by A. Then 

. . . AS A« A7 

^"^^ = ^-21^2:3X5- 2.3.4.5.6.7 ^^ 

^ , A« A* A« 

cosA = l--g- + 2:3^-2^g^j^+&a 

21. Trigonometrical Functions of Two Angles: — 

sin ( A ± B) = sin A cos B ± cos A sin B ; 
cos(A±B) = cosAco8Bqp8inA8inB; 

4. / A a. i>\ JanA± tan B 

tan (A ± B) = , _ . j—- — ^. 

^ 1 7 tan A tan B 

22. Formal® for the Solution of Plane Triangles.— Let A, B, O 
be the angles, and a, 6, c the sides respectively opposite them. 

I. Belatums amongst the Angles — 

A + B + C = 180«»; 
or if A and B are given, 

C = 180* - A - B. 

II. When the Angles and One Side are given, let a be the given 
side; then the other two sides are 

, sin B sin C 

o = a '— — T- ; e = a*- — r. 
sm A sm A 

III. When Two Sides cmd the Induded Angle cvre given, let ck, h 
be the given sides, C the given included angle ; then 

To find the third side. First Method : 

c= ^(a« + 62-2a6co8C); 

Second Method : Make sin D= ^ , ' cos ^ ; then 

a + b ^ 

c = (a + 6) cos D. 

Third Method: Make tan E = ^ , * sin ^r : then 

a-6 2' 

«=(a-6) sec E. 
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1^0 find the remaming Angles^ A and B. 
If the third side has been computed, 

sin A = -*sin C: sin Bs-'sin 0. 
c e 

If the third side has not been oomputed, 

. A + B . C . A-B a-b ^ C 

tan • — ^ — = cotan -5-; tan — ^ — = ^ cotan ^ : 

2 2 2 a + b 2 

^ A + B A-B T>_A + B A-B 
^" 2 '*"""2~^ ~2 2~"' 

lY. When the Three Sides are giveny to find any <me of the 
Angles^ such as — 

a^ + l^-t? 
00s C = — 5 — T — ; 
2ao ' 

or otherwise, let 

a-^b + c . - 
»= — 5 — ; then 



00s 



2"V ab '^''2" V ab 



oinO = ^^^^~^^^^"^^^*"^^ . 

ab 

Note, — In all trigonometrical problems, it is to be borne in 
mind, that small acute angles, and large obtuse angles, are most 
accurately determined by means of their smee, Umgenta, and 
eoeeccmta; and angles approaching a right angle by their coeineSf 
cotangentSy and secamts, 

23. To Solve a Right-angled Triangle.— Let C denote the right 
angle; c the hypothenuse; A and B the two oblique angles; a and 
b the sides respectively opposite them. 

Given, the right angle, another angle B, the hypothenuse & 
Then 

A = 90® - B; a = c • cos B; 6 = c * sin B. 

Given, the right angle, another angle B, a side a, 

A = 90''-B; 6 = a'tanB; c = a*secB* 

Given, the right angle, and the sides a, 6, 

tan As^: tanB = -: c= Ja^-\-b^. 
b a' ^ 
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Given, the right angle, the hypothennse c; a side <$, 



a 



sin A = cos B = - : ft = J <^ — a\ 

c ^ 

Given the three sides, a, b, c, which fulfilling the equation 
c^ = o^ + 52^ the triangle is known to be right-angled at C, 

. a . T» ^ 
sm A = - : sin B = -. 

c c 

24. To Express the Area of a Plane Triangle in terms of ita 

Sides and Angles. 

Given, one side, c, and the angles. 

. _ c* sin A sin B 
.OLrea — -^ * • 7^ • 
2 sin 

Given, two sides, 5, c, and the included angle A. 

6 c sin A 



Area = 



2 



Given, the three sides a, 6, e. Let — jr = »; then 

Area = J < s {s - a) {s -b) 8 - c) r . 



RULES OF THE DIFFERENTIAL AND INTEGRAL 

CALCULUS. 

25. Dejmituma. — Afimctixm has already been defined. When a 
function of one quantity is assumed equal to another quantity, 
both quantities are called variableSy the one upon whose assumed 
value the other depends being called the independent variable, 
while the other, whose value depends upon it, is called the de- 
penchrU variable. The expression y = <t> x tor instance denotes that 
the d^endent va/ricMe y^ depends for its value upon the independent 
variable x, or y is k function of x. 

A quantity, a?, may be assumed to be made up of an infinite 
number of infinitesimal parts, c2as, this expression meaning simply 
one of the small infinitesimal differences of which x is made up, 
t.6., x = n'dx, where n is assumed to increase without limit, and 
dx to diminish without limit, this process of considering a quantity 
to be diminished without limit is called diff&renticUion, 

The quotient, if it has a limit formed by taking the difference of 
the function of a quantity, and the function of that quantity with 
a small increment, and dividing by the increment, is termed the 
differential coefficient of the function, with regard to the quantity 

^ — -j-^ — — is the differential coefficient of ^ a; with respect to 

X, this is generally written 4>' x; or otherwise the small increment 
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or decrement of the dependent variable divided by that of the- 
independent variable, the former being a function of the latter, is 

called the diflferential coefficient, thus -^ is the differential co- 
efficient of y with respect to a?, it being always borne in mind that 
-~ is (me quantity, which cannot be divided into a numerator dyy 

and a denominator dx, 
26. Bules for finding differential coefficients,— 

If y = C (a constant) ; -7^ = 0. 

a X 

The Differential Coefficient of the sum of functions is equal 

to the sum of the differential coefficients of the functions, or if 

v = w + y + z where all of these quantities are functions of x, then 

dv dw dy dz 

dx dx dx dx 

In the same way to find the differential coefficient of the differ- 
ence, product, and quotient of functions of quantities. 

liv=y- Zy then -y---¥- j-y where v, y, «, are functions of x, 
_^ ^, d'o dw dy dz , 

^> ^> y^ ^9 &^® functions of x, 

dy dz 
z ' -^ — y — 

If v = — , then -rr- = 5 , where v, y, «, are functions of x^ 

z dx «2 '^' 

dy 
If 005 = nx, 4>'x = n; or otherwise let <lix = y= nx, then -j-^^ 

thus ]f<t>x = Ixy 4>'x = 7. 

If <px = af, <t>'x = 7ix^'^, thusif <^aj = a;7, <t>'x = 7Qfi. 

J£<t>x = \og^ *'^=ibi^' thus if 0aj = log,o X, *'^=^-io= 
1 ^ '43429 ' 

2-3025807 " X 

If4>x=iogx, 0'a? = -. 

• X 

I£<Px = a^, <t>'x = a^ loge«. 
If </>a; = f*, ip'x^^. 
If *Px = sin X, <t>'x = cos x. 
If <Px = cos Xf 4>'x = -sinx. 

If <Px = torn X, <b'x = — 5—. 
' ^ cos^x 

D^imitwa, — By sine ~^ x is meant the angle whose sine is 

aj, thus if y = sine ~^£c, a? = sine y. 
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H fx = sin "*«, p'x= 




V(i-«^) 



^ « s= OOB * 05, f ' « = - 7; 



1 



1 +ar 
If V = a?, and >A » = a: «, then a:' a? = 4^' t? • <^' as, or otherwise; 

If f fl5 = loff. sin aj, then f' « = -: • cosos : here W sin x is first 

° sin a; 

differentiated with respect to sin x, and then 9tn x with respect to a?. 

Definition, — The differential coefficient of the differential coeffi- 
cient is called the second differential coefficient; the • differential 
coefficient of the second is called the third; and so on : — 

Thus let f a; = a?**, then p'x = nx^~\ p" x = n{n - 1)«*"*, 
p'" a; = n (n- 1) (w - 2) a?*"* ; where p" x stands for the second 
differential coefficient, p'" x for the third differential coefficient. 
So let ^ a; = sin x, then ^ x = cos x, p" x= - sin ar, ^'" « = - cos x. 
This process is called successive differentiation. 

Another mode of representing this is the following : — -^ is the 
differential coefficient of y with respect to a; ; the second differ- 
ential coefficient dx is represented by -r^, where -3-^ is a quan- 

dx 
tity which cannot be divided into a numerator d^y and deno- 

minator da^,BS already stated of the quantity -r^. 

27. The following is an illustration of the application of the differ- 
ential calculus to Geometry. In fig. 1, 
let O X, O Y be two axes of co-ordi- 
nates at right angles to each other. 
liCt A B be a curve, whose equation 
is represented by y = ps, t-c, each 
point of the curve has ordinates and 
abscissae bearing to each other the 
ratio represented by the equation, and 
all the points in the curve are known 
when their ordinates and abscissie 
(co-ordinates) are known. Let O C 
= a be a particular value of a;, and A O 
= 6 = ^ be a particular value of ^; 




APPROXIMATE COMPUTATION OF INTEGRALS. 



13 



also let A E be a small increment of a? = Ax, and E B a corre- 
sponding increment of y = Ay, The trigonometrical tangent 

of the angle E A B = ~' Let there be a line, A T, lying 

between A B and A E, which makes with A E an angle, 

whose tangent is -r^ = foe Then as B approaches towards 

A, the line A B will ultimately be the line A T ; that is, 
its limiting value as soon as A and B coincide, will be A T. 
JB^ence if a; be an abscissa of a curve, and ^a; = ^ be an ordinate. 

the differential coefficient -— =fx is the trigonometrical tangent 

of the angle which the geometrical tangent of the curve makes 
with the axis of x, at the point where the abscissa is os. 

The differential calculus will occasionally be applied in an ele- 
mentary manner to portions of the following work, as, for example, 
in treating of the Varied Motion of Points (Part I., Section 3). 

28. The integral calculus is the inverse of the differential; it 
determines the whole magnitude of a quantity of which the dif- 
ferentials are given. 

If a number of points be taken in a curve, and chords drawn 
joining the points, and also tangents drawn through the points 
intersecting each other, the sum of the one will be less than, and, that 
of the other (intersected portions) will be greater than the length 
of the curve; if the chords, and tangents are increased in number^ 
they will approximate to the length of the curve. The integral 
calculus is used for finding the exact length of the curve. A 
mechanical illustration is the computation of the space passed over 
by a point having varied motion. 

29. Approximate Computation of Integrals. — The present article 
is intended to afford to those who have not made that branch of 
mathematics which treats of the process of integration a special 
study, some elementary information respecting it. 

The meaning of the symbol of an integral, viz.: — 



/ 



u d X, 




is of the following kind : — 

In fig. 2, let A C B D be a plane area, of which one boundary^ 
A B, is a portion of an axis of 
abscissse O X, — the opposite 
boundary, C D, a curve of any 
figure, — and the remaining 
boundaries AC, B D, ordinates 
perpendicular to O X, whose — j- 
respective abscissae, or dis- 
tances from the origin O, are 



.ic 



Fig. 2. 



14 



MATHEMATICAL INTRODUCTION. 



Let E"F = w be any ordinate whatsoever of the curve C D, and 

O E = a5 the corresponding abscissa. Then the integral denoted 
by the symbol, 

/ud x^ 
a 

means, the area of the figure A C B D. The abscissae a and b 
which are the least and greatest values of x, and which indicate 
the longitudinal extent of the area, are called the limits of in- 
tegration; but when the extent of the area is otherwise indicated, 
ithe symbols of those limits are sometimes omitted. 

When the relation between u and x is expressed by any ordinary 
algebraical equation, the value of the integral for a given pair of 
values of its limits can generally be found by means of formulae 
which are contained in works on the Integral Calculus, or by 
means of mathematical tables. 

Cases may arise, however, in which u cannot be so expressed in 
terms of x; and then approximate methods must be employed. 
Those approximate methods, of which two are here described, are 
founded upon the division of the area to be measured into bands 
hy parallel and equi-distant ordinates, the approximate computa- 
tion of the areas of those bands, and the adding of them together; 
■and the more minute that division is, the more near is the result 
to the truth. 

First Approximoition. 

Divide the area A C D B, as in fig. 3, into any convenient 

number of bands by parallel or- 
dinates, whose uniform distance 
apart is A a;; so that if n be the 
number of bands, n-\-l will be the 
number of ordinates, and 

b - a = n A Xf 

the length of the figure. 




Fig. 3. 



Let u\ u"y denote the two ordinates which bound one of the 
l)ands ; then the area of that band is 



u^ + W 



• A X, nearly; 



■and consequently, adding together the approximate areas of all 
the bands,---denoting the extreme ordinates as follows, — 



AC = w.; BD = Wj; 
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and the intermediate ordinates by u i, we find for the approximate 
value of the integral (the symbol 2 denoting turn) — 



j"ttda!=(J + J + 2•»,^ A«. 



(1.) 



Sec<md Approximation. 

Divide the area A C D B, as in fig. 4, into an even number of 
bands, by parallel ordinates, whose jn 

uniform distance apart is A ^' ^^® c 
ordinates are marked alternately by 
plain lines and by dotted lines, so as 
to arrange the bands in pairs. Con- 
sidering any one pair of bands, such^ 
as E E H G, and assuming that theo 
ourve F H is nearly a parabola, it 




Pig. 4 



B 3C 



appears from the properties of that curve, that the area of that 
pair of bands is 

(u' + 4 tt" + u'") A X 

^ o ^-^^- f nearly; 

in which u' and u" denote the plain ordinates E P and G H, and 
u" the intermediate dotted ordinate; and consequently, adding 
together the approximate areas of all the pairs of nands, we find, 
for the approximate value of the integral — 

j udx = (u^ + u^-\- 2^-u^ (plain) 

+ 42 w, (dotted))^, (2.) 

It is obvious, that if the values of the ordinates u required in these 
computations can be calculated, it is unnecessary to draw the figure 
to a scale, although a sketch of it may be useful to assist the memory. 

When the sjrmbol of integration is repeated, so as to make a 
douUe vnteffrcd, such as 



If 



u'dxdy^ 
or a triple integral, such as 

u'dxdydZf 

it is to be understood as follows : — 
Let f , 

be the value of this single integral for a given value of y. Con- 



/// 
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struct a curve whose abscissse are the various values of y within the 
prescribed limits, and its ordinates the corresponding values of v. 
Then the area of that curve is denoted by 

J vdy^ J I wdxdy. 

Next, let A r J 

be the value of this double integral for a given value of z. Con- 
struct a curve whose abscissae are the various values of z within the 
prescribed limits, and its ordinates the corresponding values of t^ 
Then the area of that curve is denoted by 

ffdz=fjvdydz=fffudxdt,dz; 
and so on for any number of successive integrations. 



RULES FOR THE MENSURATION OF FIGURES AND 
FINDING OF CENTRES OP MAGNITUDR 

Section 1. — ^Abeas of Plane Surfaces. 

30. Parallelogram. Rvle A. — Multiply the length of one of the 
sides by the perpendicular distance between that side and the 
opposite side. 

EtUe B, — Multiply together the lengths of two adjacent sidea 
and the sine of the angle which they make with each other. 
(When the parallelogram is right-angled, that sine is = 1.) 

31. Trapezoid (or four-sided figure bounded by a pair of parallel 
straight lines, and a pair of straight lines not parallel). Multiply 
the half sum of the two parallel sides by the perpendicular distance 
between them. 

32. Triangle. Btde A. — Multiply the length of any one of the 
sides by one-half of its perpendicular distance from the opposite 
angle. 

Buie B, — Multiply one-half of the product of any two of the 
sides by the sine of the angle between them. 

Rvle C. — Multiply together the following four quantities : the 
half sum of the three sides, and the three remainders left after 
subtracting each of the three sides from that half sum ; extract the 
square root of the quotient ; that root will be the area required. 

N'ote. — Any Polygon may be measured by dividing it into tri- 
angles, measuring those triangles, and adding their areas together. 

33. Parabolic Figures of the Third Degree.— The parabolic 



ANY PLANE AREA. 



17 



'JL 





Fig. 6. 



Kg. 6. 



figures to which the foUowiog rules apply are of the following kind 
(see figs. 5 and 6.) One boundary is a straight line, A X, called the 
hose or oim; two other boundaries are 
either points in that line, or straight 
lines at right angles to it, such as 
A B and X C, called ordinatea; and 
the fourth boundary is a curve, B C, 
of the parabolic class, and of the third 
degree; that is, a curve whose ordinate 
(or perpendicular distance from the base A X) at any point is 
expressed by what is called an algebraical /unction of the third 
degree of the ahscisea (or distance of that ordinate from a fixed 
point in the base). An algebraical function of the third degree of a 
quantity consists of terms not exceeding four in number, of which 
one may be constant, and the rest must be proportional to powers 
of that quantity not higher than the cube. 

Eide A, — Divide the base, as in fig. 5, into two equal parts or 
intervals; measure the endmost ordinates, A B and X C, and the 
middle ordinate (which is dotted in the figure) at the point of 
divison; add together the endmost ordinates and four times the 
middle ordinate, and divide the sum by six ; the quotient will be 
the mean brecuith of the figure, which, being multiplied by the 
length of the base, A X, will give the area. 

Bule B. — Divide the base, as in ^g. 6, into three equal intervals; 
measure the endmost ordinates, A B and X C, and the two inter- 
mediate ordinates (which are dotted) at the points of division ; add 
together the endmost ordinates and three times each of the inter- 
mediate ordinates; divide the sum by eight; the quotient will be 
the m^eam, breadth of the figure, which, being multiplied by the 
length of the base, A X, will give the area. 

In applying either of those rules to figures whose curved 
boundaries meet the base at one or both ends, the ordinate at each 
such point of meeting is to be made = 0. 

34. Any Plane Area. — Drawanaxisor base-line, AX, 
in a convenient position. The most convenient position 
is usually parallel to the greatest length of the area to 
be measui^ Divide the length of the figure into a 
convenient number of equal intervals, and measure 
breadths in a direction perpendicular to the axis at 
the two ends of that length, and at the points of 
division, which breadths will, of course, be one more 
in number than the intervals. (For example, in fig. 
7, the length of the figure is divided into ten equal 
intervals, and eleven breadths are measured at (q, &^, 
4kc.) Then the following rules are exact, if the sides 
of the figures are bounded by straight lines, and by 

o 
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parabolic curves not exceeding the third degree, and are approzi- 
mate for boundaries of any other figures. 

RiUe A, — (^^ Simpson* 8 First Rule" to be used when the number 
of intervals is even.) — Add together the two endmost breadths, 
tioice every second intermediate breadth, and /our times each of the 
remaining intermediate breadths; multiply the sum by the common, 
interval between the breadths, and divide by 3 ; the result will be 
the area required. 

For two intervals the multipliers for the breadths are 1, 4, 1 
(as in Rule A of the preceding Article); for four intervala, 
1, 4, 2, 4, 1 ; for six intervals, 1, 4, 2, 4, 2, 4, 1 ; and se on. These 
are called *' Simpson's Multipliers.*'* 

ExoffnpU, — Length, 120 feet, divided into six intervals of 20 
feet each. 

Breadths in Feet 8impeoB*B Pwuin«ta 

•ndDedmala. Molt^lien. ftoaucte. 

17-28 1 17-28 

16-40 4 65-60 

14-08 2 2816 

10-80 4 43-20 

7-04 2 14-08 

3-28 4 ;. 13-12 

1 000 

Sum, 181*44 
x Common interval, 20 feet. 

+ 3)3628-8 

Area required, 1209*6 square feet. 

Ruh B, — {*' Stmpaonls Second Rule** to be used when the 
number of intervals is a multiple of 3.) — Add together the two 
endmost breadths, tunce every third intermediate breadth, and 
thHce each of the remaining intermediate breadths; multiply 
the sum by the common interval between the breadths, and 
by 3; divide the product by 8; the result will be the area 
required. 

'< Simpson's Multipliei's " in this case are, for three intervals, 
1, 3, 3, 1 ; for six intervals, 1, 3, 3, 2, 3, 3, 1 ; for nine intervals, 
1, 3, 3, 2, 3, 3, 2, 3, 3, 1 ; and so on. 

Example, — Length, 120 feet, divided into six intervals of 20 
feet each. 

• This rale has been giyen in symbols at pa^ 16 
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SreftdthB In Feet Simpson's i>«^«-*- 

and Decimals. Molt&lien. FrodnoiB. 

17-28 1 17-28 

16-40 3 49-20 

14-08 3 42-24 

10.80 2 ....21-60 

7-04 3 21-12 

8-28 3 9-84 

1 000 

Sum, 161-28 
X Oommon iDterval^ 20 feet. 

3225-6 
X 3 

+ 8)9676-8 

Area required, 1209-6 square feet. 

Rema/rks, — ^Tbe preceding examples are taken from a parabolic 
^gure of the third degree, for which both Simpson's Rules are 
exact; and the results of using them agree together precisely. For 
•other figures, for which the rules are approximate only, the first 
rule is in general somewhat more accurate than the second, and is 
therefore to be used unless there is some special reason for pre- 
ferring the second. 

T]ie probable extent of error in applying Simpson's First Rule 
to a given figure is, in most cases, nearly proportional to the fourth 
power of the length of an interval. 

The errors are greatest where the boundaries of the figure are 
most curved, and where they are nearly perpendicular to the axis. 
In such positions of a figure the errors may be diminished by sub- 
-dividing the axis into smaller intervals. 

Ride C — (" M&rrifielcTs Trapezoidal Rule,** for calculating sepa- 
rately the areas of the parts into which a figure is subdivided by 
its equidistant ordinates or breadths.) — Write down the breadths 
in their order. Then take the differences of the successive breadths, 
•distinguishing them into positive and negative, according as the 
breadths are increasing or diminishing, and write them oppo- 
site the intervals between the breadths. Then take the dif- 
ferences of those differences, or second differences, and write them 
opposite the intervals between the first differences, distinguishing 
them into positive and negative, according to the following 
principles : — 
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First Differences. Second Difference. 

Poritiye increasing, or ) p^^ 

Negative diminishing, j 

Negative increasing, or ) Negative 

Positive diminishing, j ^ 

In the column of second differences there will now be two blanks 
opposite the two endmost breadths; those blanks are to be filled 
up with numbers each forming an arithmetical progression with 
the two adjoining second differences, if these are unequal, or equal 
to them, if they are equal. 

Divide each second difference by 12; this gives a correction^ 
which is to be subtracted from the breadth opposite it if the second 
difference is posiiivey and eutded to that breadth if the second 
difference is negcUive. 

Then to find the area of the division of the figure contained 
between a given pair of ordinates or breadths; multiply the Kcdf 
sum of the corrected brecuUhs by the interval between them. 

The area of the whole figure may be formed either by adding 
together the areas of all its divisions, or by adding together the 
halves of the endmost corrected breadths, and the whole of the 
intermediate breadths, and multiplying the sum by the common 
interval. 

Example. — Length, 120 feet, divided into six intervals of 20 feet 
each. 



Breadths in 
Feet and 
Decimals. 


First 
Differences. 


Second 
Differences. 


Corrections. 


Corrected Areas of 
Breadths. Divlsiona. 

Feet Sq. Feet 


17-28 




(-1-92) 


+ 016 


17-44 . 

\ 339 -a 
16-62 \ 

\ 306-8 




-0-88 


^ * 




16-40 




-1-44 


+ 012 




-2-32 






14-08 


-3-28 


-0-96 


+ 0-08 


1416 


1 

► 250-0' 


10-80 


-3-76 


-0-48 


+ 0-04 


10-84 


► 178-& 


704 










704 1 




-3-76 






1 


> 102-8 


3-28 


-3.28 


+ 0-48 

• 


-0-04 


3-24 


► 31-6 







( + 0-96) 


-0-08 


- 0-08 J 



Total area, square feet, 1209-6 

The second differences enclosed in parentheses at the top and 
bottom of the column are those filled in by making them form an 
arithmetical progression with the second differences adjoining them» 



Intermediate breadths, 
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The last oorrected breadth in the present example is negative, 
and is therefore subtracted instead of added in the ensuing com- 
putation. 

BiUe D, — (" Common Trapezoidal Rtde^ to be used when a 
rough approximation is sufficient.) Add together the halves of 
the endmost breadths, and the whole of the intermediate breadths, 
and multiply the sum by the common interval. 

Example, — The same as before. 

Half breadth at one end, 17*28 -f- 2 = 8-64 

16-40 

1408 

10-80 

7-04 

3-28 

Half breadth at the other end, . .0 

60-24 
X Common interval, . 20 

Approximate area, . . . . 1204-8 square feet. 
True area as before computed, . . 1209-6 

Error y —4-8 square feet. 

35. Circle. — The area of a circle is equal to its circumference 
multiplied by one-fourth of its diameter, and therefore to the square 
of the diameter multiplied by one-fourth of the ratio of the circum- 
ference to the diameter. The ratio of the area of a circle to the 

square of its diameter (which ratio is denoted by the symbol 7) 

is iTtcomrn/enswrahle; that is, not expressible exactly in figures; but 
it can be found approximately, to any required degree of precision. 
Its value has been computed to 250 places of decimals; but the 
following approximations are close enough for most purposes^ 
scientific or practical : — 

•Approximate Valuesof? Errore in Fractions of liie 

*^*^ 4* Circle, about 

•7853981634 - + one.300,000,000,000th. 

•785398+ - one-5,000,000th. 

•7854 - + one-400,000th. 

355 

5 ttq - + one-l 3,000,000th. 

4 X 113 ' ' 

jj - + one-2,500th. 

The diameter of a cirde equal in a^rea to a given agua/re is very 
Dearly 1*12838 x the side of the square. The following table gives 
examples of this : — 
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Table — Multipliers 


FOB Converting 






Sides of Squares into 


Diameters of Cirolea 






Diameters of 


into sides of 






Equal Circlea. 


Equal Square!. 




1 


1-12838 


0-88623 


1 


2 


2-26676 


1-77245 


2 


3 


3-38514 


2-65868 


3 


4 


4-51352 


3-54491 


4 


5 


5-64190 


4*43113 


5 


6 


6-77028 


5-31736 


6 


7 


7-89866 


6-20359 


7 


8 


9-02704 


7-08981 


8 


9 


10-15542 


7-97604 


9 


10 


11-28380 


8-86227 


10 




36. The area of a Circular Sector (O A C B, fig. 8) is the same^ 

fraction of the whole circle that the- 
angle A O B of the sector is of a whol& 
revolution. In other words, multiply^ 
half the sqtmre of the radiusy or (me-^hth 
of the equa/re of the diameter, by the- 

_ ^ circular measure (to radius unity) of the 

^^' ^ angle A O B; the product will be tho^ 

area of the sector. 

Section 2. — ^Volumes op Solid Eioubes. 

37. To Measure the Volume of any Solid.— ifee^od 7. Bj^ 
lexers. — Choose a straight axis in any convenient position. (The 
most convenient is usually parallel to the greatest length of the 
solid.) Divide the whole length of the solid, as marked on the 
axis, into a convenient number of equal intervals, and measure 
the sectional area of the solid upon a series of planes crossing the- 
axis at right angles at the two ends and at the points of division. 
Then treat those areas as if they were the breadths of a plane 
figure, applying to them Bule A, B, or C of Article 34, page 17;. 
and the result of the calculation will be the volume required. IF 
Bule C is used, the volume will be obtained in separate layers. 

Method II. By prisms or columns (" Woole^/s Eule"). — ^Assumo- 
a plane in a convenient position as a base, divide it into a network 
of equal rectangular divisions, and conceive the solid to be built of 
a set of rectangular prismatic columns, having those rectangular 
divisions for their sectional areaa Measure the thickness of the 
solid at the centre and at the middle of each of the sides of each of 
those rectangular columns; add together the doubles of all the 
thicknesses before-mentioned, which are in the interior of the solid, 
and the simple thicknesses which are at its boundaries ; divide the 
sum by six, and multiply by the area of one rectangular division 
of the base. 
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Section 3. — ^Lengths of Curved Lines. 

I 

38. To Calculate the Lengths of Circular Arcs.— When the 
proportion of the arc to an entire circumference is given, the 
length of the arc, in terms of the radius, is to be calculated by 
multiplying that proportion by the well-known approximate value 
of the ratio of the circumference of a circle to its radius : viz., 

circumference 710 , /.oooio« i xi. i. i.* • 

t: = r-=-^nearly, = 6'28318d nearly: the above ratio is 

radius 113 ^ ^ 

commonly denoted by the symbol 2 «- ; the reciprocal of the above 

113 
ratio is very nearly ^^ = 0-159155 nearly; but it is often much 

more convenient in practice to proceed by drawing; and then the 
following rules are the most accurate yet known : — * 

I. (Fig. 9). To draw a straight line approximately/ eqtbal to a 
given circular arc, A B. Draw the straight 
chord B A; produce A to C, making 
A C = ^ B A ; about C, with the radius 
O B = |- B A, draw a circle; then draw the 
straight line A D, touching the given arc b 
in A, and meeting the last-mentioned circle Fig. 9. 

in D ; A D will be the straight line required. 

The error of this rule consists in the straight line being a little 
shorter than the arc : in fractions of the length of the arc, it is 
about Y^tnf ^^^ ^^ ^^^ equal in length to its own radius ; and it 
varies as the fourth power of the angle subtended by the arc ; so 
that it may be diminished to any required extent by subdividing 
the arc to be measured by means of bisections. For example, in 
drawing a straight line approximately equal to an arc subtending 
60°, the error is about -g^ of the length of the arc ; divide the arc 
into two arcs, each subtending 30° ; draw a straight line approxi- 
mately equal to one of these, and double it; the error will be 
reduced to one-sixteenth of its former amount ; 
that is, to about ^^^^^ of the length of the arc. 
The greatest angular extent of the arcs to B' 
which the rule is applied should be limited 
in each case according to the degree of pre- 
cision required in the drawing. 

II. (Fig. 10). To draw a straight line ap- 
proximoitdy equal to a given drcula/r arc, A B. 
(Another Method.) Let C be the centre of 
the arc. Bisect the arc A B in D, and the Fig. 10. 
arc A D in E ; draw the straight secant 

* Thetao rules are extracted from Papers read to the British Association 
in 1867, and published in the PhUoeophical Magazine for September and 
October of that year. 
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E F, and the straight tangent A F, meeting each other in F ; 
draw the straight line F B ; then a straight line of the length A F 
•H F B will be approximately equal in length to the aix; A B. 

The error of this role, in fractions of the length of the arc, is 
just one-fourth of the error of Rule I., but in the contrary direction ; 
and it varies as the fourth power of the angle subtended by the arc. 

III. To lay off upon a given circle an a/rc approximately eqaal m 
length to a gvoen straight line. In fig. 11, let A D be part of the 

circumference of the given circle, A one end of 

the required arc, and A B a straight line of the 

given length, drawn so as to touch the circle at 

the point A. In A B take A C = J A B, and 

about C, with the radius C B = f A B draw a 

Fig. II. circular arc B D, meeting the given circle in D. 

A D will be the arc required. 

The error of this rule, in fractions of the given length, is the 

same as that of Bule I., and follows the same law. 

IV. (Fig. 11.) To draw a circular arc which shall he approad- 

matdy equal in length to the straight line A B, shall with one of its 

ends touch that straight line at A, amd shall svJbtend a given angle. 

In A B take A C - ^ A B ; and about C, with the radius C B 

= f A B, draw a circle, B D, Draw the straight line A D, 

making the angle B A D = one-half of the given angle, and meeting 
the circle B D in D. Then D will be the other end of the required 
arc, which may be drawn by well-known rules. 

The error of this rule, in fractions of the given length, is the 
same with that of Kules I. and III., and follows the same law. 

V. To divide a circular a/rc, approocimately, into any required 
number of equal- parts. By Rule I. or II., draw a straight line 
approximately equal in length to the given arc ; divide that straight 
line into the required number of equal parts, and then lay off upon 
the given arc, by Rule III., an arc approximately equal in length 
to one of the parts of the straight line. 

Rule Y. becomes unnecessary when the number of parts is 2, 4, 
8, or any other power of 2 ; for then the required division can 
be performed exactly by plane geometry. 

VI. To divide the whole circtmiference of a circle approximately 
into any required number of eqvxd a/rcs. When the required 
number of equal arcs is any one of the following numbers, the 
division can be made exactly by plane geometry, and the present 
rule is not needed : — any power of 2 ; 3 ; 3 x any power of 2 ; 5 ; 
5 X any power of 2 ; 15 ; 15 x an^ power of 2.* In other cases 

* It may be conveDient here to state the methods of subdividing arcs and 
whole circles by plane geometry. (1.) To bisect any circular arc On the 
chord of the arc as a base, construct any convenient isosceles triangle, with 
the smnmit pointing away from the centre of the arc ; a straight Ene from 
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proceed as follows : — Divide the circumference exactly, by plane 
geometry, into such a number of equal arcs as may be required, in 
order to give sufficient precision to the approximative part of the 
process. Let the number of equal arcs in that preliminary division 
be called n. Divide one of them, by means of Rule V., into the 
required number of equal parts ; n times one of those parts will 
be one of the required equid arcs into which the whole circumfer- 
•ence is to be divided. 

Eules I., III., and V., are applicable to arcs of other curves 
besides the circle, provided the changes of curvature in such arcs 
are small and gradual. 

39. To Measure the Length of any Curve.— Divide it into short 
:arcs, and measure each of them by Rule I. of Article 38, page 23. 

Section 4. — Geometrical Centres and Moments. 

40. Centre of Magnitude — General Principles.— By the magni- 
tude of a figure is to be understood its length, area, or volume, 
according as it is a line, a surface, or a solid. 

The centre of magnitude of a figure is a point such that, if the 
£gure be divided in any way into equal parts, the distance of the 
<;entre of magnitude of the whole figure from any given plane is 
the mean of the distances of the centres of magnitude of the several 
-equal parts from that plane. 

The geometriccU moment of any figure relatively to a given plane 
is the product of its magnitude into the perpendicular distance of 
its centre from that plane. 

L Symmetrical figwre. — If a plane divides a figure into two 
symmetrical halves, the centre of magnitude of the ^ure is in that 
plane; if the figure is symmetrically divided in the like manner 
by two planes, the centre of magnitude is in the line where those 
planes cut each other; if the figure is symmetrically divided by 
three planes, the centre of magnitude is their point of intersection; 
and if a figure has a centre offigwre (for example, a circle, a sphere, 

the centre of the arc to that summit will bisect the arc. (2.) To mark 

ihe sixth part of the cvrcun^ference of a circle. Lay o£f 

A chord equal to the radius. (3.) To mark Hie tenth 

part of the circumference of a circle. In fig. 12, 

draw the straight line A B=the radius of the circle; 

and perpendicular to A B, draw B 0=4 A B. Join 

A C, and from it cut off C D » C B. A D wiU be the 

4shoid of one-tenth part of the circumference of the 

circle. (4.) For the Ji/teerUh part, take the difference pig. 12. 

between one-sixth and one-tenth. It may be added 

that Gauss discovered a method of dividing the circumference of a circle by 

geometry exactly, when the number of equal parts is any prime number that 

3s equal to 1 + a power of 2; such as 1 +2^=17; 1 +2'=-257, &c.; but the 

onetnod is too laborious for use in designing mechanism. 
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an ellipse, an ellipsoid, a parallelogram, &c.), that point is its ceutre- 
of magnitude. 

II. Compoumd figwre. — To find the perpendicular distance from 
a given plane of the centre of a compound figure made up of partem 
whose centres are known. Multiply the magnitude of each part, 
by the perpendicular distance of its centre from the given plane; 
distinguish the products (or geometrical momenta) into positive or 
negative, according as the centres of the parts lie to one side or to the 
other of the plane ; add together, separately, the positive momenta 
and the negative moments : take the difference of the two sums, 
and call it positive or negative according as the positive or negative 
sum is the greater; this is the resvMani moment of the compound 
figure relatively to the given plane; and its being positive or nega- 
tive shews at which side of the plane the required centres lies. 
Divide the resultant moment by the magnitude of the compound 
figure; the quotient will be the distance required. 

The centre of a figure in three dimensions is determined by find- 
ing its distances from three planes that are not parallel to each 
other. The best position for those planes is perpendicular to each 
other; for example, one horizontal, and the other two cutting each 
other at right angles in a vertical line. To determine the centre 
of a plane figure, its distances from two planes perpendicular to the 
plane of the figure are sufficient 

41. Centre of a Plane Area. — To find, approximately, the centre 
of any plane area. 

Rule A, — Let the plane area be that represented in fig. 7 (of 
Article 34, page 17). Draw an axis, A X, in a convenient posi- 
tion, divide it into equal intervals, measure breadths at the ends- 
and at the points of division, and calculate the area, as in Article 
34. 

Then multiply each breadth by its distance from one end of the 
axis (as A) ; consider the products as if they were the breadths of 
a new figure, and proceed by the i*ules of Article 34 to calculate 
the area of that new figure. The result of the operation will be 
the geometrical moment of the original figure relatively to a plane 
perpendicular to A X at the point A. 

Divide the moment by the area of the original figure; the 
quotient will be the distance of the centre required from the plane 
perpendicular to A X at A. 

Draw a second axis intersecting A X (the most convenient posi- 
tion being in general perpendicular to A X), and by a similar pro- 
cess find the distance of the centre from a plane perpendicular to 
the second axis at one of its ends; the centre will then be completely 
determined. 

EiUe B, — If convenient, the distance of the required centre fronk 
a plane cutting an axis at one of the intermediate points of divi- 
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sion, instead of at one of its ends, may be computed as follows : — 
Take separately the moments of the two parts into which that 
plane divides the figure; the required centre will lie in the part 
which has the greater moment. Subtract the less moment from 
the greater; the remainder will be the reatdkmt moment of tho 
whole figure, which being divided by the whole area, the quotient 
will be the distance of the required centre from the plane of 
division. 

Remark. — ^When the resultant moment is = 0, the centre is in 
the plane of division. 

Efde (7. — ^To find the perpendicular distance of the centre from 
the axis A X. Multiply each breadth by the distance of the- 
middle point of that breadth from the axis, and by the proper 
'' Simpson's Multiplier," Article 34, page 18; distinguish the pro- 
ducts into right-handed and left-handed, according as the middlo 
points of the breadths lie to the right or left of the axis; take 
separately the sum of the right-handed products and the sum of 
the left-lutnded products; the required centre will lie to that sido 
of the axis for which the sum is the greater; subtract the less sum 
from the greater, and multiply the remainder by ^ of the common 
interval £f Simpson's first rule is used, or by |> of the common 
interval if Simpson's second rule is used; the product will be the- 
resultcmt moment relatively to the axis A X, which being divided 
by the area, the quotient will be the required distance of the centre 
from that axis.* 

42. Centre of a Volume. — ^To find the perpendicular distance of 
the centre of magnitude of any solid figure from a plane perpen- 
dicular to a given axis at a given point, proceed as in Kule A of 
the preceding Article to find the moment relatively to the plane^ 
substituting sectional aareaa for brecuiths; then divide the moment 
by the volume (as ibund by Article 37) ; the quotient will be the- 
required distance. 

To determine the centre completely, find its distances from three- 
planes, no two of which are parallel. In general it is best that 
those planes should be perpendicular to each other. 

43. Centre of Magnitude of a Curved IAae,—Mule A. — To Jind 
approximately the centre of magnir 
iiide of a very flat curved line, — 
In fig. 13, let A D B be the arc. 
Draw the straight chord A B, which 
bisect in 0; draw C D (the defleo- Fig. 13. 

Hon of the arc) perpendicular to 

AB; from D lay off DE = | CD; E will be very nearly the 

centre required. 

* The rules of this Article are expressed in symbols, as follows :— Let x and 
y be the perpendJcolar distances of any point in the plane area from two> 
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Fig. 14. 



This process is exact for a cycloidal arc whose chord, A B, Is 
parallel to the base of the cycloid. For other curves it is approzi- 
mate. For example, in the case of a circular arc, it gives D E too 
-small; the error, for an arc subtending 60^, being about -^^ of the 
•deflection, and its proportion to the deflection varying nearly as 
the square of the angular extent of the arc. 

Etlle B, — When the cv/rved line is not very flat, divide it into 
very flat arcs; And their several centres of magnitude by Kule A, 
«nd measure their lengths; then treat the whole curve as a com- 
pound figure, agreeably to Bule II. of Article 40, page 26. 

44. Special Figures.— I. Triangle (fig. 14). — From any two of 

the angles draw straight lines to the middle 
points of the opposite sides; these lines will 
cut each other in the centre required; — or 
otherwise, — ^from any one of the angles draw 
a straight line to the middle of the opposite 
side, and cut off one-third part from that line 
commencing at the side. 
II. Quadrilateral (fig. 15). — Draw the two diagonals A C and 
B D, cutting each other in E. If the quadrilateral is a parallelo- 
gram, E will divide each diagonal into two equal parts, and will 
itself be the centre. If not, one or both of the diagonals will be 
divided into unequal parts by the point E Let B £> be a diagonal 
that is unequally divided. From D lay off D F in that diagonal 
^ B K Then the centre of the triangle FAG, found as in the 

preceding rule, will be the centre requirecL 

III. Pkme polygon, — Divide it into tri- 
angles; find their centres, and measure 
their areas; then treat the polygon as a 
compound figure made up of the triangles, 
by Rule II. of Article 40, page 26. 

IV. Prism or cylinder vnih plame pa^ 
allel ends, — Find the centres of the ends; 
a straight line joining them will be the axis 
of the prism or cylinder, and the middle 
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Pig. 15. 
point of that line will be the centre required. 



planes perpendicular to the area and to each other, and a;^ and y^ the per- 
pendicular distances of tiie centre of magnitude of the area from the same 
planes; then 



_ //xdxdy ^ //ydxdy 
*•" rrdxdy ' ^* ffdxdy ' 



f/dxdy 



See Article 29, page 16. 
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Pig. 16. 



V. Tetrahsdron, or Priangula/r pyramid (fig. 16 ). — Bisect 
any two opposite edges, as AD and 

B C, in E and F; join E F, and bisect 
it in G ; this point will be the centre 
required. 

VI. Any pyromdd or cone vdth a 
plcme base. — Find the centre of the 
base, from which draw a straight line 
to the summit ; this will be the axis of 
the pymmid or cone. From the axis 
cut off one-fourth of its length, begin- 
ning at the base; this will give the 
centre required. 

YII. Any polyhedron or pUme^aced solid. — Divide it inta 
pyramids ; find their centres and measure their volumes ; then 
treat the whole solid as a compound figure by Eule II. of Article 
22. 

VIII. Circtda/r arc, — In fig. 17, let A B be the arc, and C the^ 
the centre of the circle of which it is part. 
Bisect the arc in D, and join C D and A B. 
Multiply the radius C D by the chord A B, 
and divide by the length of the arc A D B ; 
lay off the quotient C E upon C D ; E will be 
the centre of magnitude of the arc. 

IX. Circular sector, C A D B, ^. 17. — 
Find C E as in the preceding rule, and 
make C F = | C E : F will be the centre re- 
quired. ' 

X. Sector of a flcU ring, — Let r be the external and r' the 

internal radius of the ring. Draw a circular arc of the same- 

2 r* - r'* 
angular extent with the sector, and of the radius ^•-^ — -^^ 

and find its centre of magnitude by Bule VIIL 
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ELEMENTARY MECHANICAL NOTIONS. 
Definition of General Terhs and Division of the Subjbct. 

45. Mechanics is the science of rest, motion, and force. 

The laws, or Jirat principles of mechanics, are the same for all 
(bodies, celestial and terrestrial, natural and artificial. 

The methods of a/ppLying the principles of mechanics to particular 
cases are more or less different, according to the circumstanoes of 
the case. Hence arise branches in the science of mechanics. 

46. Matter (considered mechanically) is that which fills space. 

47. Bodies are limited portions of matter. Bodies exist in three 
•conditions — the solid, the liquid, and the gaseous. Solid bodies 
tend to preserve a definite size and shape. Liquid bodies tend to 
preserve a definite size only. Gaseous bodies tend to expand inde- 
finitely. Bodies also exist in conditions intermediate between the 
-solid and liquid, and possibly also between the liquid and the 
gaseous. 

48. A Material or Physical Volume is the space occupied by a 
body or by a part of a body. 

49. A Material or Physical Sorflace is the boundaiy of a body, 
•or between two parts of a body. 

50. Line, Point, Physical Point, Measure of Length. — In 
mechanics, as in geometry, a Line is the boundary of a surtisuse, or 
'between two parts of a surface ; and a Point is the boundary of a 
line, or between two parts of a line; but the term ^^Physioal 
JPoint" is sometimes used by mechanical writers to denote an 
immeasurctbly small body — a sense inconsistent with the strict 
'meaning of the word *' point ;" but still not leading to error, so 
long as it is rightly understood. 

In measv/ring the dimensions of bodies, the standard British unit 
•of length is the yard, being the length at the temperature of 62® 
Fahrenheit, and at the mean atmospheric pressure, between the 
two ends of a certain bar which is kept in the office of the Ex- 
chequer, at Westminster. 

In computations respecting motion and force, and in expressing 
the dimensions of large structures, the unit of length commonly 
employed in Britain is the ^bo^, being one-third of the yard. 

In expressing the dimensions of machinery, the unit of length 
•commonly employed in Britain is the vnch, being one-thirty-sixth 
part of the yard. Fractions of an inch are very commonly stated 
by mechanics and other artificers in halves, quarters, eighths, six- 
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teenths, and thirty-second parts; but acoordmg to a resolution of 
the Institution of Mechanical Engineers, passed at the meeting 
held at Manchester in June, 1857, the practice has been introduced 
of expressing fractions of an inch in decimals. 

The French unit of length is the m^tre, being about 4000^000 ^^ 
the earth's circumference, measured round the poles. 

51. Best is the I'elation between two points, when the straight 
line joining them does not change in length nor in direction. 

A body is at rest relatively to a point, when every point in the 
"body is at rest relatively to the first mentioned point. 

52. Motion is the relation between two points when the straight 
line joining them changes in length, or in direction, or in both. 

A body moves relatively to a point when any point in the body 
moves relatively to the first mentioned point. 

53. Fixed Point. — ^When a single point is spoken of as having 
motion or rest, some other point, either actual or ideal, is always 
•either expressed or understood, rdaimdy to which the motion or 
rest of the first point takes place. Such a point is called 9i.Jlxed 
point. 

So far as the phenomena of motion alone indicate, the choice of 
a fixed point with which to compare the positions of other points 
appears to be arbitrary, and a matter of convenience alone ; but 
when the laws of force, as affecting motion, come to be considered, 
it will be seen that there are reasons for calling certain points 
fixed, in preference to others. 

In the mechanics of the solar system, the fixed point is what is 
called the corrmum centre of mass of the bodies composing that 
system. In applied mechanics, the fixed point is either a point 
which is at rest relatively to the earth, or (if the structure or 
machine under consideration be movable from place to place on 
the earth), a point which is at rest relatively to the structure, or to 
the frame of the machine, as the case may be. 

Points, lines, surfaces, and volumes, which are at rest relatively 
to a fixed point, are fixed. 

54. Cinematics. — ^The comparision of motions with each other, 
without reference to their causes, is the subject of a branch of 
geometry called " CinerruUicsJ* 

55. Force is an action between two bodies, either causing or 
tending to cause change in their relative rest or motion. 

The notion of force is first obtained directly by sensation; for 
the forces exerted by the voluntary muscles can be felt The 
•existence of forces other than muscular tension is inferred from 
their efiects. 

56. Eqailibrium or Balance is the condition of two or more 
forces which are so opposed that their combined action on a body 
produces no change in its rest or motion. 
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The notion of balance is first obtained by sensation; for the- 
forces exerted by voluntary muscles can be felt to balance some- 
times each other, and sometimes external pressures. 

57. Dynamics — Statics and Kinetics. — Forces may take effect,^ 
either by balancing other forces, or by producing change of motion. 
The former of those effects is the subject of Statics; the latter that 
of Kinetics, and the Science which treats of both is by modem 
practice entitled Dynamics; these, together with CinematicSy. 
already defined, form the three great divisions of pure, abstract, or 
general mechanics. 

58. Strnctores and Machines.— The works of human art to 
which the science of applied mechanics relates, are divided into- 
two classes, according as the parts of which they consist are 
intended to rest or to move relatively to each other. In the 
former case they are called Structwres; in the latter, Machines, 
Structures are subjects of Statics alone; Machines, when the 
motions of their parts are considered alone, are subjects of Cine- 
matics; when the forces acting on and between their parts are 
also considered, machines are subjects of Dynamics. 



PART L 



PRINCIPLES OP CINEMATICS, OR THE COMPARISON 

OF MOTIONS. 

59. Division of the Sabject—The Science of Cinematics, and 
the fundamental notions of rest and motion to which it relates, 
having already been defined among the Elementary Mechanical 
Notions, Articles 51, 52, 53, 54, it remains to be stated, that 
the principles of Cinematics, or the comparison of motions, will be 
divided and arranged in the present part of this treatise in the 
following manner : — 

I. Motions of Points. 
II. „ Rigid Bodies or Systema 

III. M Pliable Bodies and Fluids. 



CHAPTER I. 
MOTIONS OP POINTS. 

Section 1. — Motions op a Pair op Points. 

m 

60. Fixed and Nearly Fixed Directions. — From the definition 
of motion given in Article 52, it follows, that in order to deter- 
mine the relative motion of a pair of points, which consists in the 
change of length and direction of the straight line joining them, 
that line must be compared, at the beginning and end of the 
motion considered, with some fixed or standard length, and with 
at least two fixed directions. Standard lengths have already been 
considered in Article 50. 

An absolutely fixed direction may be ascertained by means whose 
principles cannot be demonstrated until the subject of kinetics is 
considered. For the present it is sufficient to state, that when a 
solid body rotates free from the influence of any external force 
tending to change its rotation, there is an absolutely fixed direction 
called that of the €uci8 of a/ngvlwr momentum, which bears certain 
relations to the successive positions of the body. 

I> 
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A nearly fixed direction is that of a straight line joining a pair 
of points in two bodies whose distance fi'om each other is yeiy 
great, such as the earth and a fixed star. 

A line fixed relatively to the earth changes its absolute direction 
(unless parallel to the earth's axis) in a manner depending on the 
earth's rotation, and returns periodically to its original absolute 
direction at the end of each etdereal day of 86,164 seconds. This 
rate of change of direction is so slow compared with that which 
takes place in almost all pieces of mechanism to which cinematical 
and kinetic principles are applied, that in almost all questions of 
applied mechanics, directions fixed relatively to the earth may be 
treated as sufficiently nearly fixed for practical purposes. 

When the motions of pieces of mechanism relatively to each 
other, or to the frame by which they are carried, are under con- 
sideration, directions fixed relatively to the frame, or to one of the 
pieces of the machine, may be considered provisionally as fixed for 
the purposes of the particular question. 

Postulate. — Let it be granted that a line may represent a 
motion, where the term motion is employed to represent the path 
of motion, the direction and the velocity or length of motion in a 
unit of time. This is a self-evidently possible problem, for a line 
may be drawn to represent any path, in any direction to represent 
any direction of motion, and of any length to represent any length 
of motion, or velocity, limited always by the space within which 
motions can take place or lines be drawn. 
61. Motion of a Pair of Points. — Tn 5g. 18, let A^ B^ repi-e- 

sent the relative situation 
of a pair of points at one 
instant, and A2 Bo the 
relative situation of the 
same pair of points at a 
later instant. Then the 
change of the straight line 

A B between those points, 
from the length and direc- 

Fig. 19. Fig. 20. tion represented by Aj B^ 

to the length and direction 

represented by Ag Bo, constitutes the relative motion of the pair of 
points A B, during the interval between the two instants of time 
considered. 

To represent that relative motion by one l ine, l et ther e be drawn, 

from one point A, fig. 19 , a pair of lines, A B^, A Bg, equal and 
parallel to A^ B, , Ag Bo, of fig. 18 ; then A represents one of the 
pair of points wbose rdative motion is under consideration, and 
Bp Bg, represent the two successive positions of the other point B 
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relatively to A ; and the line B^ Bg represents ihe motion, of B 
relcUively to A, which, for the purposes of the representation, is 
■assumed to be fixed. 

Or otherwise, as in fig. 20, from a single point B let there be 

drawn a pair of lines, B A^ B A^, equal and parallel to A^ B^, A^ Bg, 
of fig. 18 ; then A^ Ag, represent the two successive positions of 

A relatively to B; and the line A^ Ag, equal and parallel to B^ Bj 
of fig. 19, but pointing in the contrcfry direction, represents the 
motion of A relatively to B. 

62. Fixed Point and Moving Pomt.->In fig. 19, A is treated 
as the fixed point, and B as the moving point ; and in fig. 20, B 
is treated as the fixed point, and A as the moving point; and these 
are simply two different methods of representing to the mind the 
same relation between the points A and B (see Article 53). 

63. Component and Residtant Motions. — ^Let O be a point 
assumed as fixed, and A and B two 
successive positions of a second point 
relatively to O. In order to express 
mathematically the amount and direction 

of A B, the motion of the second point 
relatively to O, that line may be com- 
pared with three aoces, or lines in fixed 
directions, traversing the fixed point O, 
such as X, O Y, O Z. 

Through A and B draw straight lines 
A C, B D, parallel to the plane of O Y 
and O Z, and cutting the axis O X in 

And D. Then CD is said to be the com- ^' ^^' 

ponent of the motion of the second point relatively to O, cUong, or 
m the direction of the axis X; and by a similar process are found 
the components of the motion A B along O Y and O Z. The entire 
motion A B is said to be the resiUtant of these components, and is 
evidently the diagonal of a parallelopiped of which the components 
Are the sides. 

The three axis are usually taken at nght angles to each other ; 
in which case A C and B D are perpendiculars let fall from A and 
B upon O X ; and if » be the angle made by the direction of the 

motion AB with O X, 

CD = A^ • cos «. 

64. The Measurement of Time is effected by comparing the 
events, and especially the motions, which take place in intervals 
of time. 

Equal times are the times occupied by the same body, or by 
«qual and similar bodies, under precisely similar circumstances, in 
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performing equal and similar motions. The standard unit of tira^ 
is the period of the earth's rotation, or sidereal day, which has been 
proved by Laplace, from the records of celestial phenomena, not to- 
have changed by so much as one eight-^mUlionth part of its length 
in the course of the last two thousand years. 

A subordinate unit is the second^ being the time of one swing oF 
a pendulum, so adjusted as to make 86,400 oscillations in 1 '0027379 1 
of a sidereal day; so that a sidereal day is 86164*09 seconds. 

The length of a solar day is variable ; but the mean sola/r day, 
being the exact mean of all its different lengths, is the period 
already mentioned of 1 00273791 of a sidereal day, or 86,40a 
seconds. The divisions of the mean solar day into 24 hours, of 
each hour into 60 minutes, and of each minute into 60 seconds, 
are familiar to alL 

Fractions of a second are measured by the oscillations of smaU 
pendulums, or of springs, or by the rotations of bodies so contrived 
as to rotate through equal angles in equal times. 

65. Velocity is the ratio of the number of units of length* 
described by a point in its motion relatively to another point, to- 
the number of units of time in the interval occupied in describing- 
the length in question; and if that ratio is the same, whether it be 
computed for a longer or a shorter, an earlier or a later, part of the 
motion, the velocity is said to be uniform. Velocity is expressed 
in units of dista/nce per unit of time. For different purposes, there 
are employed various units of velocity, some of which, together 
with their propoi'tions to each other, are given in the following: 
table : — 

Comparison of Different Measwres of Velocity. 



MUes 
per hour. 


Feet Feet Feet 
per second. per minute, per hour. 


1 


= 1-46 =88 = 5280 


0-6818 


= 1 =60 = 3600' 


001136 


= 0-016 = 1 =60 



0-00018&3 = 0-00027 = 0-016 = 1 
1 nautical mile ) 
per hour, or V = 1-1507 = 1-6877 = 101-262 = 6075-74^ 
"knot," j 

In treating of the general principles of mechanics, the foot per- 
second is the unit of velocity commonly employed in Britain. The 
units of time being the same in all civilized countries, the propor- 
tions amongst their units of velocity are the same with those 
amongst their linear measures. 

CoTnponent and resultant velocities are the velocities of component- 
and resultant motions, and are related to each other in the same: 
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^ay with those motions, which have already been treated of in 
Article 63. 

66. Uniform Motion consists in the combination of uniform 
velocity with uniform direction; that is, with motion along a 
■straight line whose direction is fixed. 

Section 2. — Uniform Motion of Several Points. 

67. Motion of Three Points. — Theorem. The rekuive motima 
of th/ree points in a given interval of time 
-a/re represented in direction cmd magnir 
tude by the three sides of a triangle. Let 
O, A, B, denote the three points. Any 
-one of them may be taken as a fixed 
point; let O be so chosen; and let O X, 
•O Y, O Z, fig, 22, be axes traversing 
it in fixed directions. Let A^-and Bj -pie. 22. 
be the positions of A and B relatively 
to O at the beginning of the given interval of time, and A^ and Bg 

their positions at the end of that interval. Then A^ A^ and B^ Bj 
Are the respective motions of A and B relatively to O. Complete 
the parallelogram A^B^b A^; then because A^b is parallel and 
-equal to A^ B^, b is the position which B would have at the end of 
the interval, if it had no motion relatively to A; but Bg is t he 
actual position of B at the end of the interval ; therefore, b Bg is 
the motion of B relatively to A. Then in the triangle B^ b Bg, 




Bi 6 = Aj Ag is the motion of A relatively to O, 
& Bg is the motion of B relatively to A, 

Bj^ Bg is the motion of B relatively to O; 

«o that those three motions are represented by the three sides of a 
triangle. — Q. E. D. 

This Theorem might be otherwise expressed by saying, that if 
-three moving points be considered in any order, the motion of the 
Jthi/rd relatively to the first is the residta/rU of the motion of the third 
relatively to the second, and of the motion of the second relatively to 
tlie first; the word *^ resultant^* being understood as already ex- 
f)laiDed in Article 63. 

68. Motions of a Series of Points. — Corollary. If a series of 
fwints be considered in any order, and the motion of each poini 
•determinsd relatively to that which precedes it in the series, cmd if 
the relative motion of the last point and the first point be also deter^ 
mined, then will those motions be represented by the sides of a dosed 
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polygtn^ Let O be the first point, A, B, C, dsa, sncoessiye points 
following it, M the last point but one, and N the last point ; and, 
for brevity's sake, let the relative motion of two points, such as R 
and C, be denoted thus (B, C). Then by the Theorem of Article 
67, (O, A), (A, B), and (O, B) are the three sides of a triangle ; 
also (O, B), (B, C), and (O, C), are the three sides of a triangle ;. 
therefore (O, A), (A, B), (B, C), and (O, C), are the four sides of a 
quadrilateral j and by continuing the same process, it is shewn, 
that how great soever the number of points, (O, N), is the closing 
side of a polygon, of which (O, A), (A, B), (B, C), (C, D), &c., 
(M, N) are the other sides. — Q. E. D. In other words, the motion 
of the last point relatively to the first is the resultant of the motions- 
of each point of the series relatively to that preceding it, 
69. The Parallelopiped of Motions.— In lig. 23, let there be^ 

four points, O, A, B, C, of which one, O,. 
is assumed as fixed, and is traversed by- 
three axes in fixed directions, O X, O Y, 
O Z. In a give n inter val of time, let A 

have the motion A^ Ag along or parallel 
to O X; let B have, in the same interval,. 







the motion h Bg p arallel t o O Y, and rela- 
tively to Aj then Bj Bg, the diagonal of 
the parallelogram whose sides are B^ 6 = 
Fig. 23. ^^ ^^ ^^^ ftBg, is the motio n of B rela- 

tively to O. Let have, relatively to B, the motion c Q^ p&ralloL 
to O Z; thenCi 0^, the d iagonal of the parallelopiped whose edgea 

are A^ Ao, b Bj, and c Og, is the motion of C relatively to O, being 
the resultant of the motions represented by those three edges. 
This is a mechamcal explanation of the composition of motions, 
leading to results corresponding with the geomel/rioal explanation 
of Article 63. 

70. Comparative Motion is the relation which exists between 
the simultaneous motions of two points relatively to a third, 
which is assumed as fixed. The comparative motion of two points- 
is expressed, in the most general case, by means of four quantities^ 
viz. : — 

(1.) The velocity ratio,* or the proportion which their velocities- 
bear to each other, that is, the proportion borne to each other by 
the distances moved through by the two points in the same interval 
of time. 

(2.) (3.) (4.) The directional relation,'^ which is the relation be- 
tween the directions in which the two points are moving at the* 
same instant, and which requires, for its complete expression, thred- 

* These terms «re adopted from Proi. Willis's work on Mechaoism. 
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angles. Those three angles may be measured in different ways, 
and one of those ways is the follo¥dng : — 

(2.) The angle made by the directions of the compared motions 
with each other. 

(3.) The angle made by a plane parallel to those two directions 
with a fixed plane. 

(4.) The angle made by the intersection of those two planes with 
a fixed direction in the fixed plane. 

Thus, the comparative motion of two points relatively to a third, 
is expressed by means of one of those groups of four elements which 
Sir William Kowan Hamilton has called *' qva^ATvicmar In most 
of the practical applications of cinematics, the motions to be com- 
pared are limited by conditions which render the comparision more 
simple than it is in the general case just described. In machines, 
for example, the motion of each point is limited to two directions, 
forward, or backward in a fixed path; so that the comparative 
motion of two points is sufficiently expressed by means of the velo- 
city ratio, together with a directional relation expressed by + or — , 
according as the motions at the instant in question are similar or 
contrary. 

SEcrriON 3. — ^Varied Motion op Points. 

71. Velocity and Direction of Varied Motion.— The motion of 
one point relatively to another may be 
varied, either by change of velocity, or 
by change of direction, or by both 
combined, which last case will now be 
considered, as being the most general 

In fig. 24, let O represent a point 
assumed as fixed, O X, O Y, Z, fixed 
directions, and A B part of the yoith or 
orbit traced by a second point in its ^ j,. 24 

varied motion relatively to O. At the 
instant when the second point reaches a given position, suc h as P , 

in its path, the direction of its motion is obviously that of P T, a 
tangent to the path at P. 

lu) find the velocity at the instant of passing P. let A t denote 
an interval of time which includes that instanl^ and A s the dis- 
tance traced in that interval. Then 

A^ 
At 

is an ctpproximoMon to the velocity at the instant in question, 
which will approach continually nearer and nearer to the exact 
velocity as the interval A ^ and the distance A 8 are made shorter 
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and shorter; and the limit towards which -—converges, as A ' 
and A t are indefinitely diminished, and which is denoted by 

*=r< (!•) 

is the exact velocity at the instant of passing P. In the language 

of the differential calculus, the space is a function of the time and 

the velocity is the differential coefiicient of the space with respect 

ds 
to the time, thus * = ^ ^ and — = tf>'t-v. It will be seen here- 

after that, the velocity {v) itself is a function of the time {t). This 
is the process called " differentiation^ 

Should the velocity at each instant of time be known, then the 
distance 8-^ - «q, described during an interval of time t^ - 1^, is found 
by integration (see Article 29), as follows: — 



8^-8^=^ I vdt (2.) 



72. Components of Varied Motion.— All the propositions of the 
two preceding sections, respecting the composition and resolution 
of motions, are applicable to the velocities of varied motions at a 
given instant, each such velocity being represented by a line, such 

as PT, in the direction of the tangent to the path of the point 
which moves with that velocity, at the instant in question. For 
example, if the axes O X, O Y, O Z, are at right angles to each 

other, and if the tangent P T makes with their directions respec- 
tively the angles «, /S, y then the three rectangular components of 
the velocity of the point parallel to those three axes are 

V cos «; V cos /3; v cos y. 

Let a?, y, «, be the co-ordinates of any point, such as P, in the path 
APB, as referred to the three given axes. If a point p be 
assumed indefinitely near to the point P, its co-ordinates will be 
X'\-dx,y-¥dy,z + dz, and ii ds have the already assumed value, 
dx, dy, dz, will be its projections on the three axes; that is, the 
lengths bounded by perpendiculars let fall from the extremities of 
da on the three respective axes. Then it is well known that 

dx ^ dy dz 

cos «= 1—; cos /3=-j^; cos y=-r-\ 
d8 d8 ds 

and consequently the three components of the velocity ^ ( = j-:) *re 

dx - dy dz ,^ . 

V cos « = ;7^; V cos ^^^f'i ^cosy = 77; (3.) 
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tiow bj the Geometry of three dimensions 

COS^ « + cos* /3 + cos* y = 1. 

4md hence these are related to their resultant by the equation 



©'^^y*©'-' (-) 



73. Uniformly-Varied Velocity. — Let the velocity of a point 
•either increase or diminish at an uniform rate ; so that if t repre- 
sents the time elapsed from a fixed instant when the velocity was 
Vq, the velocity at the end of that time shall be 

v = VQ + at; (1.) 

•a being a constant quantity, which is the rate of vernation of the 
velocity, and is called acceleration when positive, and retardation 
when negative. Then the mean velocity during the time t is 

Vo + v _ Vo + Vo'^ at at 

2 " 2 '-^o-^Y ^^'^ 

«nd the distance described is 

at^ 
* = ^o* + "2" (^•) 

If there be no initial velocity, that is, if the body start from a 

at^ 
state of rest, then v = at and a = -^, and these equations are illus- 
trations of the use of the differential calculus; for first differentiate 

at^ 
^ with respect to t in the equation s = -^, and there is obtained 

^ o a * 2t 

— ( = t?) = — — — z=at, which is the first equation, then differentiate 

dv 
v = atj and there is obtained j-. = €^ To find the velocity of a 

point, whose velocity is uniformly varied, at a given instant, and 
the rate of variation of that velocity, let the distances, A«i, A«2> 
described in two equal intervals of time, each equal to A^, before 
and after the instant in question, be obseived. Then the velocity 
.at the instant between those intervals is 



_Av^A^ 

2At 
and its rate of variation is 



v = -Jt ."' (4.) 



At (Atf ^^') 
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where the variation of velocity = — - — =-i, and the rate of varia* 

A ^ 
tion being either acceleration or retardation, as the velocity of the- 

point is being increased or diminished, is that quantity divided 
hjAt. 

74. Graphical Representation of Motions. — Since in uniform 
motion the space is equal to the product of the velocity and time, 
and since in geometry a rectangular area is the product of a baso 
line and perpendicular, an uniform motion may be represented by 
a rectangular area, as in fig. 25, where A B represents a certain 

number of units of time, and A C a certain 
number of units of velocity per unit of 
time. It will be noticed that in uniform 
motion, the velocity or number of units or 
velocity at each unit of time is the same, 
as at A, B, K Yaiied motion and uni- 
formly varied motion may also be graphi- 
Fig. 25. cally represented: in the first, the line 

CD will be a curve; and in the second, 
the line C D will form a constant angle with A B; hence in 
varied motion any ordinate, E F, depends upon the abscissa A £^ 
and the mean velocity is the mean oidinate of a figure so formed, 

-. or is the quotient of the area 
^ ^ (space) divided by the base (time), 

whereas in uniformly-varied mo- 
tion, the space described depends 
upon the initial and final velo- 
cities alone, and not upon the 
is intermediate velocities. Fig. 26 
Pig. 26. represents varied motion where 

the velocity at each point is re- 
presented by the ordinate at that pointy and the mean velocity is- 

equal to the area of the figure divided 
by the base A B. Fig. 27 represents^ 
uniformly-varied motion, and it is evi- 
dent that, in order to estimate the area 
of the figure ABCD, that is, the space, 
it is only necessary to consider the 
^ initial and final velocities. In these 

'^ ^ figures, if the velocity be null at any 

Fig. 27. point, there will be no ordinate at 

that point : if the direction of motion 
change, this will be represented by a change of sign of the ordinate 
or velocity. 

There is another method of graphically representing the motion 
of a point: in this the abscissie represent the time, and the ordinate» 
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at each point the space passed over ia the corresponding number 
of units of time, or the distance of the point from a certain datam 
point. In this case the space described in any number of units of 
time is equal to the difference of the lengths of the ordinates at 
the corresponding intervals, and the velocity is proportional to the 
quotient of the difference of the ordinates divided by the difference 
of the abscissse. 

75. Varied Bate of Variation of Velocity. — When the velocity 
of a point is neither constant nor uniformly-varied, its rate of 
variation may still be found by applying to the velocity the same 
operation of differwiiiaiiony which, in Article 73, was applied to- 
the distance described in order to find the velocity. The result of 
this operation is expressed by the symbols, 

dv _ dt_^d^8^ 
^^d~t dTt dT^' 

and is the limit to which the quantity obtained by means of the 
formula 5 of Article 73 continually approximates, as the interval 

, d9 

denoted by A ^ is indefinitely diminished. In the fraction d t 

"dT"^ 

da is the limit of the difference of either of the spaces A^ in equa- 
tion (5), Article 73, and d* ds, ia the limit of the difference of that 
difference, viz., Aa^-Asi; that is, d in this fraction is represented 
by the minus sign ( - ) in the other, and dshj the limit of either 
of the quantities A«i, A«2* ^^^ ^^ ^^^ language of the differential 
calculus, the velocity (v) is a function of the time (t), and the 
acceleration (a) is the differential coefficient of the velocity with 

d V 
respect to the time, thus v = <t»t and a = <t>'ty or =--t-. Also the 

velocity, t?, being the differential coefficient of the space with respect 
to the time, see Article 71; the acceleration a is the 2nd differ- 
ential coefficient of the space with respect to the time, or v being 

76. Combination of Uniform and Uniformly Accelerated Motion. 
— Assume a pair of rectangular axes of co-ordinates. Let the 
uniform motion be represented by abscissae along O X, and the 
uniformly accelerated motion by ordinates parallel to O Y; let 
OB { = x) = vt, represent the space described in the time ^ with 

the velocity v, and let ( = y) = -«-> represent the space de- 
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«cribed with a uniform rate of acceleration, a, in the same time t, 

see Article 73, then x^ = v^t^ and 

y = —fr'f .'. x^ = y , where the 

square of any abscissa bears a con- 
stant ratio to the corresponding ordi- 
nate, and the path of the point is 
known by Conic Sections to be a 
^^g- 2^' Parabola. The same follows for any 

:axes of co-ordinates; but if the direction of the uniformly accelerated 
motion be that of the uniform motion or directly opposed to it, 
the resultant direction will be the same as that of either motion, 
or will be that of the greater cbmponent. 

77. Uniform Deviation is the change of motion of a point which 

moves with uniform velocity in a circular 
path. The rate at which uniform deviation 
takes place is determined in the following 
manner : — 

Let C, fig. 29, be the centre of the cir- 
cular path described by a point A with an 

uniform velocity v, and let the radius C A be 
denoted by r. At the beginning and end of 
an interval of time A^^ let A^^ and Ag be the 
positions of the moving point. Then 




Fig. 29. 



the arc Aj Ag = vAt; 
the chord A^ Ag = vAt ' * 



chord 
arc 



The veloci ties a nd dire ctions at A^ and Ag are represented by the 
equal lines A^ V^ = Ag V2 = ^> touching the circle at A^ and Aj respec- 
tively. From Ag draw ^S^v equal and parallel to A^ Yj, and join 
Vg V, Then the velocity Ag V2 ^^7 ^® considered as compounded 
of Agt; and v Vg; so that v Vg is the devicUion of the motion dur- 
ing the interval A^; and because the isosceles triangles A^ v Y,, 
O Aj Aj, are similar : — 



-= _ Ag Y2 • Ai Aa _ «* • A* , chord 



r 



arc 



<leduced by substituting the value of Aj A, already found; and the 
approximate raJte of that deviation being the deviation divided by 
the interval of time in which it occurs, is 



v^ chord 
r arc 
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but the deviation does not take place by instantaneous changes of* 
velocity, but by insensible degrees; so that the true rate of devia- 
tion is to be found by finding the limit to which the approximate 
rate continually approaches as the interval A^ is diminished 

indefinitely. Now the factor — remains unaltered by that diminu- 

T 

tion ; and the ratio of the chord to the arc approximates continually 
to equality; so that the limit in question, or true rate of deviation,. 
is expressed by 

~. (1.) 

r 

78. Varying Deviation. — ^When a point moves with a varying 
velocity, or in a curve not circular, or has both these variations of 
motion combined, the rate of deviation at a given instant is still 
represented by Equation 1 of Article 77, provided v be taken to 
denote the velocity, and r the radius of curvature of the path, of 
the point at the instant in question. 

79. The Resultant Rate of Variation of the motion of a point 
is found by considering the rate of variation of velocity and the 
rate of deviation as represented by two lines, the former in the 
direction of a tangent to the path of the point, and the latter in 
the direction of the radius of curvature at the instant in question, 
and taking the diagonal of the rectangle of which those two lines^ 
are the sides, which has the following value : — 



the first term of the quantity under the first radical is the square of 

dv t^ 

-T-. in Article 73, and the second the square of - , Equation (1), 

Article 77. 

80. The Rates of Variation of the Component Velocities of a> 
point parallel to three rectangular axes, are represented as follows: — 

d'x cPy d^z . . 

Tfi'' d^' di^' ^ '^ 

and if a rectangular parallelopiped be constructed, of which the* 
edges represent these quantities, its diagonal, whose length is 

viQ'^csy^s)") <-> 

will represent the resuUamt rate of variation^ already given in^ 
another form in Equation 1 of Article 79. 

81. The Comparison of the Varied Motions of a pair of points- 
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relatively to a third point assumed as fixed, is made by finding the 
ratio of their velocities, and the directional relation of the tangents 
of their paths at the same instant, in the manner already described 
in Article 70, as applied to uniform motions. It is evident that 
the comparative motions of a pair of points may be so regulated as 
to be constant, although the motion of each point is varied, pro- 
vided the variations take place for both points at the same instant, 
4ind at rates proportional to their velocities. 



CHAPTER U. 

MOTIONS OF EIGID BODIES. 

Sbotion 1.— Eigid Bodies, and their Tbanslatiok, 

83. The term Ri^d Body is to be understood to denote a body, 
or an asBemblage of bodies, or a system of points, whose figure 
undergoes no alteration during the motion which is under con- 
aideration. 

83. Translation or Shifting is the motion of a rigid body rela- 
tively to a fixed point, when the points of the rigid body have no 
motion relatively to eaJ^ other; that is to say, when they all move 
with the same velocity and in the same direction at the same 
iiiatant, so that no line in the rigid body changes ite direction. 

It is obvious that if three points in the rigid body, not in the 
«ame straight line, move in parallel directions with equal velocities 
at each instant, the body must have a motion of translation. 

The paths of the different points of the body, provided they are 
all equal and similar, and at each instant parallel, may have any 
figure whatsoever. 

Section 2. — Simple Rotation. 

84. Rotation or Tnmii^ is the motion of a rigid body when 
lines in it change their direction. Any point in or rigidly attached 
to the body may be assumed as a fixed point to which to refer the 
motions of the other points. Such a point is called a centre of 
rotaHon. 

86. Axis of Rotation. — Theoreh. In every pomble change iff 
potiiUm tjf a rigid body, relativelg to afisxd centre, there is a late 
hmxreing that centre whote direc- 
tion w not changed. In fig. 30, 
let O be the centre of rotation, and 
let A and B denote any two other 
points in tlie body, whose situa- 
tions relatively to are, before 
the turning, A„ B,, and after the 
tnmin g, A,, B,. Join Ai A, Fig. 80. 

Bi Ba, forming the isosceles tri- 
angles Ai Ai, B, Bp Bisect the bases of those triangles in C 
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and D respectively, and through the points of bisection draw two 
planes perpendicular to the respective bases, intersecting each 

other in the straight line O E, which must traverse O. Let E be 
any point in the line O E ; then E Ai A3, and E Bi B2, are isosceles- 
triangles ; and E is at the same distance from O, A, and B, before 
and after the turning; therefore E is one and the same point in 
the body, whose place is unchanged by the turning; and this- 
demonstration applies to every point in the straight line O E ;. 
therefore that line is unchanged in direction. — Q. E. D. 

In fig. 31, the same construction and reasoning being applied, 

the point E being supposed vertically 
above or below the point O, it is evident 
that the planes through O D, and O O 
intersect, and the axis will be represented 
by a straight line perpendicular to the- 
plane of the paper through O and R 

CoROLLART. It is evident that every 
line in the body, parallel to the axis, has 
its direction unchanged. 

86. The Plane of Rotation is any plane perpendicular to the 
axis, such as any plane parallel to the plane of the paper, ia 
fig. 31. The Angle of Rotation, or angular motion, is the angle 
made by the two directions, before and after the turning, of a Ime 
perpendicular to the axis, as Ai O A^, or B^ O B3, in fig. 31. 

87. The Angular Velocity of a turning body is the ratio of the- 
angle of rotation, expressed in terms of radius, to the number of 
units of time in the interval of time occupied by the angular 
motion. Speed of turning is sometimes expressed also by the 
number of turns or fractions of a turn in a given time. The rela- 
tion between these two modes of expression is the following : — 
Let a be the angular velocity, as above defined, and T the turn» 
in the same unit of time ; then 

a 




Fig. 31. 



( 



T = 

a=2xT; 
2x= 6-2831852 = 



710 \« 
1137 



88. Uniform Rotation consists in uniformity of the angular 

* The valae of vr may be easily remembered by taking the first three odd. 

numbers twice each, and placing the six in a row, using the first three a& 

the denominator, and the last three as the numerator of a fraction: we thus 

355 
obtain 113 | 355syi~o> ^^ ^ ^ nearer approximation than 3*14159, and 

is generally much more easily employed in calculation. 
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velocity of the turning body, and constancy of the direction of its. 
axis of rotation. 

89. Rotation common to all Parts of Body. — Since the angu- 
lar motion of rotation consists in the change of direction of a. 
line in a plane of rotation, and since that change of direction is 
the same how short soever the line may be, it is evident that th& 
condition of rotation, like that of translation, is common to every 
particle, how small soever, of the turning rigid body, and that thoi 
angular velocity of turning of each particle, how small soever, is 
the same with that of the entire body. This is otherwise evident 
by considering, that each part into which a rigid body can be 
divided turns completely about in the same time with every other 
part, and with the entire body. 

90. Bight and Left-Handed Rotation. — The direction of rota- 
tion round a given axis is distinguished in an arbitrary manner 
into right-hcmded and left-handed. One end of the axis is chosen^ 
as that from which an observer is supposed to look along the 
direction of the axis towards the rotating body. Then if the body 
seems to the observer to turn in the same direction in which the 
sun seems to revolve to an observer north of the tropics, or in 
that in which the hands of a watch or clock revolve, the rotationi 
is said to be righUhamded; if in the contrary direction, lefirhcmded: 
add it is usual to consider the angular velocity of right-handed 
rotation to be positive, and that of lefb-handed rotation to be 
negative ; but this is a matter of convenience. It is obvious that 
the same rotation which seems right-handed when looked at from 
one end of the axis, seems lefb-handed when looked at from the 
other end. 

91. Relative Motion of a Pair of Points in a Rotating Body. — 
Let O and A denote any two points in a rotating body; and con- 
sidering O as fixed, let it be required to determine the motion of 
A relatively to an axis of rotation drawn through O. On that 
axis let fall a perpendicular from A; let r be the length of that 
perpendicular. Then the motion of A relatively to the axis 
traversing O is one of renjoluiiofa^ or VrarhslaJtion in a cvrcvlar path^ 
of the radius r; the centre of that circular path being at the point 
where the perpendicular from A meets the axis. If a be the 
angular velocity of the body, that is, the velocity of a point situate 
at the distance unity from the axis of rotation, then the velocity of 
A relatively to the axis traversing O is 

v = ar; (1.) 

and the direction of that velocity is at each instant perpendicular 
to the plane drawn through A and the axis. The rate ofdeviation^ 
of A in its motion relatively to the given axis is 

^=a^r; (2.) 
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in which the first expression is that already found in Article 77» 
and the second is deduced from the first by the aid of Equation 1 of 
this Article. It is evident that for a given rotation the motion of 
O relatively to an axis of rotation traversing A is exactly the same 
with that of A relatively to a parallel axis traversing O ; for it 
depends solely on the angular velocity o^ the perpendicular distance 
r of the moving point from the axis, and the direction of the axis; 
all which are the same in either case. 

r is called the radi\j»A)tdXiT of the moving point. 

92. Cylindrical Snr&ce of Equal Velocities. — K a cylindrical 
surface of circular cross section be described about an axis of rota- 
tion, all the points in that surface have equal velocities relatively 
to the axis, and the direction of motion of each point in the cylin* 
drical surface re^ttively to the axis is a tangent to the sur&ce in a 
plane perpendicular to the axis. 

93. Comparative Motions of Two Points relatively to an Axis. 
— ^Let O, A, B, denote three points in a rotating rigid body ; let O 
be considered as fixed, and let an axis of rotation be drawn through 
it. Then the cmnforraAive motions of A and B relatively to that 
axis are expressed as follows: — ThA velocUf/-r(Uio is that of the radii- 
^ectorea of the points^ amd the directional reUuian consista in the 
angle between their directiona of motion being the eame with that 
between their radiirvectores. Or symbolically : Let r^, rj, be the per- 
pendicular distances of A and B from the axis traversing O, and 
^i and v^ their velocities; then 

t?a rj , A A 

94. Components of Velocity of a Point in a Rotating Body. — 
The component parallel to an axis of rotation, of the velocity of a 

point in a rotating body relatively to that 
axis, is null. That velocity may be re- 
solved into components in the plane of 
rotation. Thus let O, in fig. 32, represent 
an axis of rotation of a body whose plane 
of rotation is that of the figure ; and let 
A be any point in the body whose radius- 
vector is O A = r. The velocity of that 
point being v = ar (a representing the 
Pig. 32. velocity of a point situated at the distance 

unity from the axis of rotation), let that velocity be represented by 
the line XV perpendicular to O A. Let B A be any direction in 
the plane of rotation, along which it is desired to find the com- 
ponent of the velocity of A; and let Z V A TJ = e be the angle 
made by that line with A V. From V let fall V XT perpendicular 
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to B A; then A U represents the component in qnestion; and de- 
noting it by t^^ 

tt = voos ^=sar 'cosl (1.) 

From O let fall O B perpendicular to B A. Then Z A O B -r 
Z V A U = tf ; and the right-angled triangles O B A and A U V 
Are similar; so that 

AV : AU : : OX : OB'=r cos (2.) 

Now the entire velocity of B relatively to the axis O is 

aroos0 = u, (3.) 

4S0 that the component^ along a given straight line in the plane oj 
rotatioriy of the velocity of any point in thtxt line, ia equal to the veto- 
-city of the point where a perpisndicuUxr/rom the aooia meets that Hne, 

Section 3. — Combined Rotations and Translations. 

95, Property of all Motions of Rigid Bodies. — ^The foregoing 
proposition may be regarded as a particular case of the following, 
which is true of all motions of a rigid body. 

The component^, along a given straight line in a rigid body^ of the 
velocities of the points in that line relatively to any point, whether in 
or attached to the body or otherwise, a/re all equal to each other; for 
otherwise, the distances between points in the given straight line 
must alter, which is inconsistent with the idea of rigidity. 

96. Helical Motion. — Botation is .the only movement which a 
rigid body as a whole can have relatively to a point belonging to 
it or attached to it. But if the motion of the body be determined 
relatively to a point not attached to it, a translation may be com- 
bined with the rotation. When that translation takes place in 
the direction of the axis of rotation, the motion of the rigid body 
is said to be helical, or sorew-Uke, because each point in the rigid 
body describes a helix or screw, or a part of a helix or screw. 

Let Vi denote the velocity of tranuation, parallel to the axis of 
rotation, which is common to all points of the body; this is called 
the velocity of advance. The advance during one complete turn of 
the rotating body is the pitch of each of the helical or screw-like 
]>aths described by its particles; that is, the distance, in a direc- 
tion parallel to the axis, between one turn of each sudi helix and 

2x 
the next; and a being the angular velocity, so that — is the. time 

a 

of one turn (2 t being the space traversed in one turn by a point 

at the distance unity from the axis), the value of the pitch (or the 

space passed over, which is equal to the product of the velocity 

and time) is 
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p = — ::— ^; whence Vi = q-^ 



a 



2» 



(1.) 



Let r, as before, be the radius-vector of any point in the body, and 
let 



v^ = ar. 



(2.) 



denote its velocity of revoltUioriy or velocity relatively to the axis, 
due to the rotation alone. Then the riaiUtarU velocity of that 
point is 

v^.MT^=a'^y {^ + *-«} (3.) 

The indincttion of the helix described by that point to the plane of 
rotation is given by the equation 



» = arc* tan •— = arc 



tan 



P 



2»r' 



.(4.) 



that is, an angle whose tangent is equal to v^ divided by t;^, or to 
p divided by 2 x r, the tangent of that angle being the ratio of the 
pitch to the circumference of the circle described by the point rela- 
tively to the axis of rotation. 
97. Problem. — To find the Motion of a Rigid Body from the 

Motions of Three of its Points. — 
Let A, B, C, fig. 33, be three 
points in a rigid body, and at a 
given instant let them have mo- 
tions relatively to a ^)oint indepen- 
dent of the body, which motions 
are represented in velocity and 




Fig. 33. 



direction by the three lines A V^ 
B Yj, C V^ It is required to find 
the motion of the entire rigid 
body relatively to the same fixed 
point. 

Through any point o, fig. 34, 
draw three lines oa, ob, oe, equal 
and parallel to the three lines 

A V^ B Vj, C V^ Through a, 6, and c, draw & 
plane a 6 c, on which let fall a perpendicular o n 
from o. Then o n represents a component, which 
^ is common to the velocities of all the three points 
A, B, C, and must therefore be common to sJl the 
Pig. 34. points in the body ; that is, it is a vdocUy of 

traneUUum, 

From the points V., V„ Y„ draw lines Y^^ V/U;, V7U« 
equal and parallel to o n, but opposite in direction to it; and join 
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A JJta ^ ^hy C ^m which will all be parallel to the same plane; 
that is, to the plane ah c. The last three lines will represent the 
component velocities which, along with the common velocity of 
translation parallel to o 7», make up the resultant velocities of the 
three points. Through the point A draw a plane perpendicular to 
the component of its motion, which is parallel to ah c, that is, to 

A TJ^, and through B draw a plane perpendicular to B U». These 
two planes will intersect each other in a line ODE, which will 
be parallel to on. The perpendicular distances of that line from 
the points A B being unchanged by the motion, it represents one 
and the same line in or attached to the rigid body, and it is there- 
fore the axis of rota tion. A plane drawn through the third pointy 

0, perpendicular to XJ^ will cut the other two planes in the same 
axis : the three revolving component velocities 

Au;;; Bu;, cu; 

will be respectively proportional to the perpendicular distances, or 
radiirvectores, A D, B E, C F, 

of the three points from that axis ; and the angular velocity will be 
equal to each of the three quotients made by dividing the revolving 
component velocities of the points by their respective radii-vectores. 
This rotation, combined with a ti^nslation parallel to the axis, 
with a velocity represented by o n, constitutes a helical or screw-like 
motion, being the required motion of the rigid body. — Q. E. I. 

98. Specifid Gases of the preceding problem occur, in which 
either a more simple method of solution is sufficient, or the general 
method fails, and a special method has to be employed. 

I. When the motions of the points of 
the hody a/re knovon to he aU pa/rallel to 
cne plane, it is sufficient to know the ^ 
motions of two points, such as A, B, fig. 
35. Let A O, B O, be two planes tra- 
versing A and B, and perpendicular to 
the respective directions of the simul- 
taneous velocities of those points ; if those 
planes cut each other, the entire motion 
is a rotation ; the line of intersection of 
the planes O, being the axis of rotation, 
and the angular velocity, are found as in the last Article. If the 
two planes are parallel, the motion is a translation. 

II. If three points in the same plane have parallel motions ohUque 
to the plane, the motion is a translation. 

III. If three points in the saane plane move perpendicularly to the 
plane, as A B C, fig. 35 a, then if their velocities are equal, the 
motion is a translation; and if their velocities are unequal, tho 
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motion is a rotation about the axis which is the intersection of the 
plane of the three points with the plane drawn through the extre- 





Fig. 35 b. 





Kg. 360. ^ Fig. 35c 

mities of the three lines which represent their velocities viz., 
through the points, V«, Vj, V^; the angular velocity being found 
as in Article 97. 

If the plane of rotation is known, then the simultaneous veloci- 
ties of two points, as A and £ in figs. 35 6 and 35 c, are sufficient to 
determine tiie axis O. 
Q9. Rotation Combined with Translation in the Same Plane. — 

Let a body rotate about an axis C (fig. 36), fixed 
relatively to the body, with an angular velocity 
a, and at the same time let that axis have a 
motion of translation in a straight path perpen- 
dicular to the direction of the axis, with the 

velocity w, represented by the line C U. It is 

required to find the velocity and direction of 

Kg. 3d. motion of any point in the body. From the 

moving axis draw a straight line C T perpendi- 

onlar to that axis and to C U, and in that direction into which the 

rotation (as represented by the feathered arrow) tends to turn C U, 

and make 7^.=. u 

CT = - (1.) 

Then the point T has, in virtue of tramalaUon along with the axis 
C, a foruxurd motion with the velocity ui and in virtue of rotation 
ainrnt that axis, it has a bctckwa/rd motion with the velocity 

aCT'=w, 

equal and opposite to the former; and its residtant velocity is 0. 
Hence every point in the body, which comes in succession into the 

position T, situated at the distance - from the axis C in the direc- 
tion above described, is at rest at the instant of its arriving at that 
position; that is, it has just ceased to move in one direction, and 
is about to move in another direction; and this is true of every 
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point which arrives at a line tra/versing T parallel to C. CoDse- 
quently the resultant motion of the body, at any given instant, is 
the same as if it were rotating about the line which at the instant 
in question occupies the position T, parallel to C, at the distance 

- : and that line is called the instantaneous axi& To find the 
a 

motion of any poin t A in the body at a given instant, let jGeJI the 
perpendicular A T from that point on the instantaneous axis; then 
the motion of A is in the direction AY perpendicular to the plane 
of the instantaneous axis and of the instantaneous radius-vector 
A T, and the velocity of that motion is 

t; = a-AT (2.) 

100. Boiling Cylinder ; Trochoid.— Every straight line parallel 
to the moving axis 0, in a cylindrical suiface described about 

with the radius -, becomes in turn the instantaneous axis. Hence 

a 

the motion of the body is the same with that produced by the roll- 
ing of such a cylindrical surface on a plane FTP parallel to C and 



u 



to TJ, at the distance -. 

a 

The path described by any point in the body, such as A, which 
is not in the moving axis 0, is a curve well known by the name of 
troiJioid. The particular form of trochoid called the cycloid, is 
described by each of the points in the rolling cylindrical sur&ce ; 
being such a curve as is described by a nail in the tyre of a revolv- 
ing wheel. 

101. Plane Rolling on Cylinder; Spiral Paths.— Another mode 
of representing the combination of rotation with translation in the 
same plane as follows :-^Let O, fig. 37, be an axis assumed as fixed, 
about which let the plane O C (containing the axis 0) rotate (right- 
handedly, in the figure), with the angular 
velocity a. Let a rigid body have, rda- 
tively to the rotatir^ plane, and in a direc- 
tion perpendicular to it, a translation 
with the velocity u. In the plane O C, 
and at right angles to the axis O, take 

O T = -, in such a direction that the 
a 

velocity 

tt = a-OT, 

which the point T in the rotating piUms 
has at a given instant, shall be in the 
conti-ary direction to the equal velocity 
of translation u, which the rigid body has relatively to the rotating 




-56 PRINCIPLES or CINEMATICS. 

plane. Then each point in the rigid body which arrives at the 
position T, or at any position in a line traversing T parallel to the 
Hxed axis O, is at rest at the instant of its occupying that position; 
therefore the line traversing T j^arallel to the fix^ axis O is the 
ifistantanecma aads; the motion at a given instant of any point in 
the rigid body, such as A, is at right angles to the radius-vector 
A T drawn perpendicular to the instantaneous axis; and the 
velocity of that motion is given by the equation 



t? = a-AT. 

All the lines in the rigid body which successively occupy the 
position of instantaneous axis are situated in a plane of that body, 
J? T P, perpendicular to O C; and all the positions of the instan- 
taneous axis are situated in a cylinder described about O with the 

radius O T; so that the motion of the rigid body is such as is pro- 
duced by the rolling of the plane TV an the cylinder whose radius is 

O T = — . Each point in the rigid body, such as A, describes a 

plane spiral about the fixed axis O. For each point in the rolling 
plane, P P, that spiral is the involute of the circle whose radius is 

O T. The simplest method of understanding the nature of this 
curve, is to wrap a cord round the perimeter of a cylinder, placed 
on a sheet of paper, to attach a tracing point to any point in the 
cord in juxtaposition with the cylinder, and then to unwrap the 
€ord from the cylinder, keeping the cord always in the same plane 
parallel to the plane of the paper; the tracing point will trace the 
involute of a circle on the sheet of paper. For each point whose 
path of motion traverses the fixed axis O ; that is, for each point 
in a plane of the rigid body traversing O parallel to P P, the spiral 
is Archimedean, having a radius-vector increasing by the length 
u for each angle a through which it rotates; this spiral is traced 
by a point moving uniformly from the centre along the radius, 
while the radius itself revolves. 

102. Combined Parallel Botations.— In figs. 38, 39, and 40, let 
O be an axis assumed as fixed, and C a plane traversing that 
axis, and rotating about it with the angular velocity a. Let C be 
an axis in that plane, parallel to the fixed axis O ; and about the 
moving axis C let a rigid body rotate with the angular velocity b 
relatively to the plane O ; and let the directions of the rotations 
a and b be distinguished by positive and negative signs. The body 
is said to have the rotations about the parallel axes O and C com- 
bined or compounded, and it is required to find the result of that 
combination of parallel rotations. 

Fig. 38 respresents the case in which a and b are similar in 
direction; fig. 39, that in which a and b are in opposite directions. 
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and h is the greater; and fig. 40, that in which a and b are in 
opposite directions, and a is l^e greater. 






Let a common perpendicuhir O C to the fixed and moving axes 
be intersected in T by a straight line parallel to both those axes, in 
such a manner that the distances of T from the fixed and moving 
axes respectively shall be inversely proportional to the angular 
velocities of the component rotations about them, as is expressed 
by the following proportion : — 



a:b: :CT:OT, 



(1.) 



When a and b are similar in direction, let T fall between O and C, 
as in ^g, 38 ; when they are contrary, beyond, as in figs. 3 9 and 

40. Then the velocity of the line T of the plane O C is a • O T ; 
and the velocity of the line T of the rigid body, relatively to the 
plane O C, is & * T, equal in amount and contrary in direction to 
the former; therefore each line of the rigid body which arrives at 
the position T is at rest at the instant of its occupying that position, 
and is then the instantcmeous oasis. The resuUamJt a/ngvila/r velocity 
is given by the equation 

c = a + 6; (2.) 

regard being had to the directions or signs of a and b ; that is to 
say, if we now take a and b to repi'esent anrithmeitical magnitudes, 
and affix explicit signs to denote their directions, the direction of 
c will be the same with that of the greater ; the case of fig. 38 
will be represented by Equation 2, already given ; and those of 
figs. 39 and 40 respectively by 

c = b-ai c = a — 6 (2 A.) 

The relative proportions of a, 5, and c, and of the distances 
between the fixed, moving, and instantaneous axes, are given by 
the equation 

a\b\c\ :UT:0T:&C (3.) 

The motion of any point, such as A, in the rigid body, is at each 
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instant at right angles to the radius-vector AT drawn from the 
point perpendicuLir to the instantaneous axis; and the velocity of 
that motion is 

t7 = c • AT (4.) 

103. Cylinder Boiling on Cylinder; Epitrochoids.-— All the lines 
in the rigid body which successively occupy the position of instan- 
taneous axis are situated in a cylindrical surface described about C 

with the radius CT; and all the positions of the instantaneous 
axis are contained in a cylindrical surface described about O with 
the radius O T; therefore the resultant motion of the rigid body is 
that which is produced by rolling the former cylinder, attached to 
the body, on the latter cylinder, considered as fixed. 

In ^g, 38, a convex cylinder rolls on a convex cylinder; in fig. 
39, a smaller convex cylinder rolls in a larger concave cylinder; in 
fig. 40, a larger concave cylinder rolls on a smaller convex cylinder. 

Each point in the rolling rigid body traces, relatively to the 
fixed axis, a curve of the kind cidled epUrochoids, The epitrochoid 
traced by a point in the surface of the rolling cylinder is an 
epicycloid. 

In certain cases, the epitrochoids become curves of a more 
simple class. For example, each point in the moving axis traces 
a circle. 

When a cylinder, as in fig. 39, rolls within a concave cylinder 
of double its radiuSy each point in the surface of the rolling cylinder 
moves backwards and forwards in a straight line, being a diameter 
of the fixed cylinder; each point in the axis of the rolling cylinder 
traces a circle of the same radius with that cylinder, and each other 
point in or attached to the rolling cylinder traces an ellipse of 
greater or less eccentricity, having its centre in the fixed axis O. 

In the examples shewn in figs. 41, 42, and 43 the ratio of the 

roUing-circle to the base-circle* is -^j so that the epitrochoids are 

three-lobed. Each figure shews an external and an internal epitro- 
choid, traced by I'oUing the rolling-circle outside and inside the 
base-circle respectively. The centres of the base-circles are marked 
A; those of the external rolling-circles, B; those of the internal 
rolling-circles, 6; and the tracing points of the external and in- 
ternal rolling-circles are marked C and c respectively. 

In fig. 41 the tracing-points are in the circumferences of the 
rolling-circles; and the curves traced are epicycloids, distinguished 
by having cusps at the points where the tracing-point coincides 
with the base-circle. In fig. 42 the tracing points are inside the 
rolling-circles; and the curves tmced are prolate epitrochoids, dis- 
tinguished by their wave-like form. In fig. 43 the tracing-points 

* The fixed circle is called a base- circle. 
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are outside the rolling-circles; and the curves traced are curtail 
epltrochoidSf distinguished by their looped form. 

An important property of curves traced by rolling is that at 




Fig. 43. 

every instant the straight line joining the tracing-point and the 
pitch-point) or point of contact of the rolling-curve and base-curve^ 
is normal to the traced curve at the tracing point. 

The distance B C or be may in each case be called the tracinff- 
a/rm. 

In mechanism for the tracing of epitrochoids (used chiefly in 
ornamental turning), the rolling and base-circles are the pitch- 
circles of a pair of spur-wheels, made with great accuracy. 

Elliptic paths traced by rolling form a particular case of internal 
epitrochoids. In fig. 44 is represented a rolling-circle, which rolls 
inside a base-circle of exactly twice its radius. Then (considering 
a quarter of a revolution at a time), while the centre of the rolling- 
circle traces a quadrant, £ b, of an equal circle about A, a point 
D in the circumference of the rolling-circle traces a straight line 
traversing A, and a point C, inside the rolling-circle, traces a 
quadrant, C c, of an ellipse whose semiaxes are AC = AB + BC, 
and Ac = OD = AB-BC; also a point C' outside the rolling- 
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circle, but rigidly attached to it, traces a quadrant, C c', of an 
ellipse whose semiaxes are A C = B C + A B, and A c' = CT D = 
B C' - A B. The former may be called an internal^ and the latter 
an extemcU, ellipse. The proportions of the axes of either of then» 




Fig. 44. 

may be indefinitely yaried by adjusting the position of the tracing- 
point; but in every internal ellipse the sum, and in every external 
ellipse the difference, of the semiaxes is equal to the diameter of 
the rolling-circle; that is, to the radius of the base-circle. 

This is the principle of the mechanism commonly used for 
taming ellipses. 

It is evident that by having a number of tracing-points carried 
by one rolling-circle, several ellipses differently proportioned and 
in different positions may be traced at the same time. 




€2 PRINCIPLES OF CINEMATICS. 

< 

104. Equal and Opposite Parallel Rotations Combined. — ^Let a 
plane O C rotate with an angular velocity a about an axis O con- 
tained in the plane, and let a rigid body rotate about the axis C 
in that plane parallel to O, with an angular velocity - a, equal and 
opposite to that of the plane. Then the angular velocity of the 
rigid body is nothing; that is, its motion is one of transloHan only, 
all its points moving in equal circles of the radius OC, with the 

velocity a * O C. This case is not capable of being represented by 
a rolling action. 

105. Ilotations about Intersecting Axes Combined. — In fig. 45^ 
let O A be an axis assumed as 

fixed; and about it let the plane 
A O C rotate with the angular 
velocity a. Let O be an axis 
in the rotating plane ; and about 
that axis let a rigid body rotate 
with the angular velocity b re- 
latively to the rotating plane. Pig. 45, 

Because the point O in the 
rigid body is fixed, the instantaneous axis must traverse that points 
The direction of that axis is determined, as before, by considering 
that each point which arrives at that line must have, in virtue of 
the rotation about O C, a velocity relatively to the rotating plane, 
equal and directly opposed to that which the coincident point of 
the rotating plane has. Hence it follows, that the ratio of the 
perpendicular distances of each point in the instantaneous axis 
from the fixed and moving axes respectively — ^that is, the ratio of 
the sines of the angles which the instantaneous axis makes with 
the fixed and moving axes — must be the reciprocal of the ratio of 
the component angular velocities about those axes; or symbolically, 
if O T be the instantaneous axis, 

sinA0T:sinC0T::6: a (1.) 

This determines the direction of the instantaneous axis, which may 
Also be found by graphic construction as follows : — On O A take 

O a itroportional to a; and on O take O b proportional to 6. Let 
those lines be taken in such directions, that to an observer looking 
from tlieir extremities towards O, the component rotations seem 
both li^t-handed. Complete the parallelogram Obea; the dia- 
gonal O i will represent the direction of the instantaneous axis. 

The resultant angular velocity about this instantaneous axis is 
found by considering, that if C be any point in the moving axis, 
the linear ^«locity of that point must be the same, whether com- 
puted from ^e angular velocity a of the rotating plane about the 
ixed axis O A. or from the resultant angular velocity c of the rigid 
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body about the instantaDeous axis. That is so say, let D, C E^ 
be perpendiculars from C upon O A, O T, respectively; then 



but C D : C E : : sinZ A O C : sinZC O T; and therefore 

sinZCOT:sinZAOC: :a:c; 

and, combining this proportion with that given in Equation 1, we 
obtain the following proportional equation: — 



sinZCOT 

a 
Oa 



sinZAOT 
Ob 



sinZAOC 

_c_ } (2.) 

Oe 



that is to say, the angftUar velociHes of the comp<ment cmd reeuUcmt 
ratcUiona are each proportional to the sine of the amgU betweeti the 
aacee of the other two; and the diagonal of the paraUdogram% O b c a 
repreaefnU both the direction of the inetafntaneoue aode amd the crngti- 
Icur velocity about thai axie, 

106. Rolling Cones. — All the lines which successively come into 
the position of instantaneous axis are situated in the surface of a 
cone described by the revolution of O T about 0; and all the 
positions of the instantaneous axis lie in the surface of a cone 
described by the revolution of O T about O A. Therefore the 
motion of the rigid body is such as would be produced by the 
rolling of the former of those cones upon the latter. 

It is to be understood, that either of the cones may become a 
£at disc, or may be hollow, and touched internally by the other. 
For example, should Z A O T become a right angle, the fixed cone 
would become a flat disc ; and should Z A O T become obtuse, 
that cone would be hollow, and would be touched internally by the 
rolling cone ; and similar changes may be made in the rolling cone. 

The path described by a point in or attached to the rolling cone 
is a spherical epitrochoid: but for the purposes of the present trea- 
tise, it is unnecessary to enter into details respecting the properties 
of that class of curves. 

107. Comparative Motions in Compound Rotations. — The velo- 
city ratio of two points in a rotating rigid body at any instant, is 
that of their perpendicular distances from its instantaneous axis ; 
and the angle between the directions of motion of the two points 
is equal to that between the two planes which traverse the points 
and the instantaneous axis. 

Section 4. — Varied Rotation. 

108. Variation of Angular Velocity is measured like variation 
of linear velocity, by comparing the change which takes place in 
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the angular velocity of a rotating body, A a, during a given 
interval of time, with the length of that interval, A t, and the 
rate qfva/riation is the value towards which the ratio of the change 

of angular velocity to the interval of time, -r— , converges, as the 

A V 

length of the interval is indefinitely diminished ; being represented 

by -=—y and found by the operation of differentiation. 

109. Components of Varied Botation. — The most convenient 
way, in most cases, of expressing the mode of variation of a rotatory 
motion, is to resolve the angular velocity at each instant into three 
component angular velocities about three rectangular axes fixed in 
direction. The values of these components, at any instant shew 
at once the resultant angular velocity and the direction of the 
instantaneous axis. For example, let a^ a,, a,, be the rectangular 
components of the angular velocity of a rigid body at a given 
instant, — 

rotation about x from y towards z, 

about y from z towards x, 

and about z from x towards y, 

being considered as positive; then 

«->/W + V + a.2) (1.) 

is the resultant angular velocity, and 

cos« = -^: co8/8 = -2': cosy = — : (2.) 

a a a' ' 

are the cosines of the angles which the instantaneous axis makes 
with the axis of x, y, and z respectively. 
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CHAPTER ni. 

MOTIONS OF PLIABLE BODIES, AND OF FLUIDS. 

110. Division of the Subject. — The subject of the present 
chapter will be considered under the following branches : — 

L The Motions of Flexible Cords. 
XL The Motions of Fluids not altering in Yolume. 

111. The Motions of Fluids altering in v olume. 

Section 1. — Motions op Flexible Cords. 

111. General Principles. — ^As those relative motions of the 
points of a cord which may arise from its extensibility, belong to 
the subject of resistance to tension, which is a branch of that of 
strength and stifiness, the present section is confined to those 
motions of which a flexible cord is capable when the length, not 
merely of the whole cord, but of each part lying between two 
points fixed in the cord, is invariable, or sensibly invariable. 

In order that the figure and motions of a flexible cord may be 
determined from cinematical considerations alone, independently of 
the magnitude and distribution of forces acting on the cord, its 
weight must be insensible compared with the tension on it, and it 
must everywhere be tight; and when that is the case, each part of 
the cord which is not straight is maintained in a curved figure by 
passing over a convex surface. The line in which a tight cord lies 
on a convex surface is the shortest line which it is possible to draw 
on that surface between each pair of points in the course of the 
cord. (It is a well-known principle of the geometry of curved 
surfaces, that the osculating plcme or tangential plane at each point 
of such a line is perpendicular to the curved sui^ace.) 

Hence it appears, that the motions of a tight flexible cord of 
invariable length and insensible weight are regulated by the follow- 
ing principles : — 

I. The length between each pair of points in the cord is constant. 

II. That length is the shortest line which can be drawn between its 
eostremities over the sfwrfaces by which the cord is guided, 

112. Motions Classed. — The motions of a cord are of two 
kinds — 

I. Travelling of a cord along a track of invariable form; in 
which case the velocities of all points of the cord are equal. 

p 
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II. Alteration of the figure of the track by the motion of the 
guiding surfaces. 

Those two kinds of motion may be combined. 

The most usual problems in practice respecting the motions of 
cords are those in which cords are the means of transmitting 
motion between two pieces in a train of mechanism. Such pro- 
blems will be considered in Part 11. of this treatise. 

Next in point of frequency in practice is the problem to be 
considered in the ensuing Article. 

113. Cord Guided by Surfkces of Bevolution.— Let a cord in 
some portions of its course be straight, and in others guided by the 
surfaces of circular drums or pulleys, over each of which its track 
is a circular arc in a plane perpendicular to the axis of the guiding 
surface.* Let r be the radius of any one of the guiding surfaces, 
i the angle of inclination which the two straight portions of the 
cord contiguous to that surface make with each other, expressed in 
length of arc to radius unity. Then the length of the portion of 
the cord which lies on that surface is r »; and if « be the length of 
any straight portion of the cord, the total length between two given, 
points fixed in the cord may be expressed thus : — 

L = S-* + 2-rt (1.) 

Let c be the distance between the centres of a given adjacent pair 
of guiding surfaces, a the length of the straight portion of cord 
which lies between them, and r, r^, their respective radii; then 

evidently 

*= ^c8-(r±r')2 (2.) 

the < ^^ > of the radii being employed^ according as the cord 

{1 . > the line of centres c 

does not cross j 

The case most common in practice is that in which the plies^ or 

straight parts of the cord, are all parallel to each other; so that 

i = 180^ in each case, while a certain number, n, of the guiding 

bodies or pulleys all move simultaneously in a direction parallel to 

the plies of the cord with the same velocity, u; where u represents 

the velocity of translation of the guiding sur&ces, and i; the 

longitudinal velocity of any point in ^e cord 

v = 2nu (3.) 

Section 2. — Motions of Fluids of Constant Density. 

114. Velocity and Flow. — The density of a moving fluid mass 
may be either exactly invariable, from the constancy or the adjust- 
ment of its temperature and pressure, or sensibly invariable, from 
the smallness of the alterations of volume which the actual altera- 
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iiions of pressure and temperature are capable of produciug. The 
latter is the case in most problems of practical mechanics affecting 
liquids. 

Conceive an ideal surface of any figure, and of the area A, to be 
-situated within a fluid mass, the parts of which have motion rela- 
tively to that surface; and let u denote, as the case may be, the 
tmiform velocity, or the mecm value of the varying velocity, 
resolved in a direction perpendicular to A, with which the particles 
•of the fluid pass A. Then 

Q = wA (1.) 

is the volume of fluid which passes from one side to the other of 
the sur£su$e A in an unit of time, and is called the JloWy or rcUe of 
Jiow. through A. 

When the particles of fluid move obliquely to A, let $ denote 
the angle which the direction of motion of any particle passing A 
makes with a normal to A, and v the velocity of that particle; 
•then 

u = v*cos $ (2.) 

115. Principle of Continuity. — Axiom. Whm the motion of a 
Jltdd of constant density is considered relcUively to cm enclosed space 

qfinvarioible volume which is always JUled with the fluidy tks flow 
into the space and the flow out of it, in any one given interval of ttme, 
^must be equal — a principle expressed symbolically by 

2Q = (3.) 

The preceding self-evident principle regulates all the motions of ' 
fluids of constant density, when considered in a purely cinematical 
manner. The ensuing articles of this section contain its most usual 
Applications. 

116. Flow in a Stream. — A stream is a moving fluid mass, 
indefinitely extended in length, and limited transversely, and 
having a continuous longitudinal motion. At any given instant^ 
.let A, A', be the areas of any two of its transverse sections, con- 
sidered as fixed; Uy u\ the mean normal velocities through them; 
Q, Q', the rates of flow through them; then in order that the 
principle of continuity may be fulfilled, those rates of flow must be 
•equal; that is, 

t« A = u' A' = Q = Q' = constant for all cross 

sections of the channel at the given instant; (1.) 

•consequently, 

s-r> <»•) 

or, ^ normal velocities at a given instant at two fixed cross sections 
■are inversely as the area^ of these sections. 

117. Pipes, Channels, Cnirents, and Jets. — When la stream of 
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fluid completely fills a pipe or t^lI)e, the area of each cross section 
is given by the figure and dimensions of the pipe, and for similar 
forms of section varies as the square of the diameter. Hence the 
mean normal velocities of a stream flowing in a full pipe, at 
different cross sections of the pipe, are inversely as the squares of 
the diameters of those sections. 

A channel partially encloses the stream flowing in it, leaving the- 
upper surface free; and this description applies not only to channels^ 
commonly so called, but to pipes partially filled. In this case the 
area of a cross section of the stream depends not only on the figure 
and dimensions of the channel, but on the figure and elevation of 
the free upper surface of the stream. 

A current is a stream bounded by other portions of fluid whose 
motions are different. 

A jet ia 9L stream whose surface is either free all round, or is 
touched by a solid body in a small poi*tion of its extent only. 

118. Steady Motion of a fluid relatively to a given space con- 
sidered as fixed is that in which the velocity and direction of the 
motion of the fluid at each Jixed paint is uniform at every instant 
of the time under consideration ; so that although the velocity and 
direction of the motion of a given particle of the fluid may vary 
while it is transfen*ed from one point to another, that particle 
assumes, at each fixed point at which it arrives, a certain definite 
velocity and direction depending on the position of that point 
alone; which velocity and direction are successively assumed by 
t^ach particle which successively arrives at the same fixed point. 

The steady motion of a stream is expressed by the two conditions, 
that the area of each fixed cross section is constant, and that the 
flow through each cross section is constant, then the differential 
coefficient of a constant being equal to (see Article 26, page 11)^ 

dt ' dt ^^-I 

If u represents the normal velocity of a fluid moving steadily^ 
tU a given fixed point, 

l?-"^ w 

expresses the condition of steady motion. 

119. Motion of Bistons. — Let a mass of fluid of invariable 
volume be enclosed in a vessel, two portions of the boundary of 
which (called piaUma) are movable inwards and outwards, the rest 
of the boundary being fixed. Then, if motion be transmitted 
between the pistons by moving one inwards and the other out- 
wards, it follows, from the invariability of the volume of the 
enclosed fluid, that the velocities of the two pistons at each instant 
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will be to each other in the inverse ratio of the areas of the respec- 
tive projections of the pistons on planes normal to their directions 
•of motion. This is the principle of the transmission of motion in 
the hydra/ulic press and hydranMc crane. 

The flaw produced by a piston whose velocity is u, and the are9 
•of whose projection on a plane perpendicular to the direction of its 
motion is A, is given^ as in other cases, by the equation 

Q = uA. (1.) 

Section 3. — Motions op Fluids oy Varying Density. 

120. Flow of Volume and Flow of Mass. — In the case of a fluid 
of varying density, the volumey which in an unit of time flows 
through a given area A, with a normal velocity u, is still repi'e- 
sented, as for a fluid of constant density, by 

Q = A«i; (1.) 

but the absoltUe quantity, or mass of fluid which so flows, bears no 
longer a constant proportion to that volume, but is proportional 
to the volume multiplied by the density. The density may be 
expressed, either in units of weight per unit of volume, or in 
arbitrary units suited to the particular case. Let c be the density; 
then the flow qf mass may be thus expressed : — 

eQ = «^«* (2.) 

121. The Principle of Continuity, as applied to fluids of varying 
density, takes the following form : — the jlow into or otU qf amy 
fixed space of constant vdwnM is that due to the variation qf dmsUy 
4done, 

To express this symbolically, let there be a fixed space of the 
constant volume Y, and in a given interval of time let the density 
of the fluid in it, which in the first place inay be supposed uniform 
at each instant, change from ei to es* Then the mass of fluid which 
at the banning of the interval occupied the volume V, occupies 

at the end of the interval the volume — ^ : and the diflerenoe of 

those volumes is the volume which flows through the surfiice 
bounding the space, outward if f , is less than f^, inward if fs is 
greater than ^i. Let ^ - ^ be the length of the interval of time ; 
then the rate of flow of volume is expressed as follows :— 
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PABT 11. 

THEORY OF MECHANISM. 



CHAPTER I. 
DEFINITIONS AND GENERAL PRINCIPLES. 

122. Theory of Fore Mechanism DeMed.— Machines are bodies,, 
or assemblages of bodies, which transmit and modify motion and 
force. The word " machine/' in its widest sense, may be applied 
to eyery material substance and system, and to the material uni- 
verse itself; but it is usually restricted to works of human art, and 
in that restricted sense it is employed in this treatise. A machine 
transmits and modifies motion when it is the means of making one 
motion cause another ; as when the mechanism of a clock is the 
means of making the descent of the weight cause the rotation of 
the hands. A machine transmits and modifies force when it is the 
means of making a given kind of physical energy perform a given 
kind of work; as when the furnace, boiler, water, and mechanism 
of a marine steam engine are the means of making the energy of 
the chemical combination of fuel with oxygen perform the work of 
overcoming the resistance of water to the motion of a ship. The 
acts of transmitting and modifying motion, and of transmitting and 
modifying force, take place together, and are connected by a cer- 
tain law ; and until lately, they were always considered together 
in treatises on mechanics ; but recently great advantage in point 
of clearness has been gained by first considering separately the act- 
of transmitting and modifying motion. The principles which re- 
gulate this function of machines constitute a branch of Cinematics^ 
called the theory qfpu/re mechanism. The principles of the theory 
of pure mechanism having been first established and understood, 
those of the theory of the work of machines^ which will form the 
subject of Part VI. of this work, which regulate the act of trans- 
mitting and modifying force, are much more readily demonstrated 
and apprehended than when the two departments of the theory 
of machines are mingled. The establishment of the theory of 
pui'e mechanism as an independent subject has been mainly ac» 
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complished by the labours of Professor Willis, whose nomenclature 
and methods are, to a great extent, followed in this treatise. 

123. The General rroblem of the theory of pure mechanism 
may be stated as follows : — Given the mode of connection of two 
or more movable points or bodies with each other, and with certain 
fixed bodies; required the compa/rative motions of the movable 
points or bodies : and conversely, when the compa/rative motions of 
two or more movable points a/re given, to find their proper mode of 
connection. 

The term '* comparative motion" is to be understood as in 
Articles 70, 81, 93, and 107. In those Articles, the comparative 
motions of points belonging to one body have already been consid- 
ered. In order to constitute mechanism, two or more bodies must 
be so connected that their motions depend on each other through 
einematical principles alone. 

124. Frame; Moving Pieces; Connectors; Bearings. — Theframs 
of a machine is a structure which supports the vnoving pieces, and 
regulates the path or kind of motion of most of them directly. In 
considering the movements of machines mathematically, the frame 
is considered as fixed, and the motions of the moving pieces are 
referred to it. The frame itself may have (as in the case of a ship 
or of a locomotive engine) a motion relatively to the earth, and in 
that case the motions of the moving pieces relatively to the earth 
are the resultants of their motions relatively to the frame, and of 
the motion of the frame relatively to the earth ; but in all problems 
of pure mechanism, and in many problems of the work of machines, 
the motion of the frame relatively to the earth does not require to 
be considered. 

The momng pieces may be distinguished into jonmor^ and second- 
a/ry; the former being those which are directly carried by the 
frame, and the latter those which are carried by other moving 
piece& The motion of a secondary moving piece relatively to the 
frame is the resultant of its motion relatively to the primary piece 
which carries it, and of the motion of that primary piece relatively 
to the frame. 

Connectors are those secondary moving pieces, such as links, 
belts, cords, and chains, which transmit motion from one moving 
piece to another, when that transmission is not effected by imme- 
diate contact. 

Bearings are the surfaces of contact of primary moving pieces 
with the frame, and of secondary moving pieces with the pieces 
which carry them. Bearings guide the motions of the pieces 
which they support, and their figures depend on the nature of those 
motions. The bearings of a piece which has a motion of transla- 
tion in a straight line, must have plane or cylindrical surfaces, 
exactly straight in the direction of motion. The bearings of rotat- 
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ing pieces must have Burfaoes accurately tnmed Uifigwres ofrwc^ 
tioUf such as cylinders, spheres, conoids, and flat discs. The bearing 
of a piece whose motion is helical, must be an exact sereWj of a 
pitch equal to that of the helical motion (Article 96). Those 
parts of moving pieces which touch the bearings, should have 
surfaces accurately fitting those of the bearings. They may be 
distinguished into slides, for pieces which move in straight lines, 
gvdgeonsj joumaiUj hushes, and pivots, for those which rotate, and 
screws for those which move helically. 

125. The Motions of Primary Moving Pieces are limited by the 
fact, that in order that different portions of a pair of bearing sur- 
faces may accurately fit each other during their relative motion, 
those surfaces must be either straight, circular, or helical ; from 
which it follows, that the motions in question can be €i three 
kinds only, viz. : — 

I. Straight translation, or shifting, which is necessarily of limited 
extent, and which, if the motion of the machine is of indefinite 
duration, must be reciprocating ; that is to say, must take place 
alternately in opposite directions. (See Part I., Chapter II., 
Section 1.) 

II. Simple rotation, or turning about a fixed axis, which motion 
may be either continuous or reciprocating, being called in the 
latter case oscillation, (See Part I., Chapter II., Section 2.) 

III. Helical or screw-like motion, to which the same remarks 
apply as to straight translation. (See Part I., Chapter IL, Section 
3, Article 96.) 

126. The Motions of Secondaiy Moving Pieces relatively to the 
pieces which carry them, are limited by the same principles which 
apply to the motions of primary pieces relatively to the frame. But 
the motions of secondary moving pieces relatively to the frame may 
be any motions which can be compounded of straight translations 
and simple rotations according to the principles already explained 
in Part I., Chapter TI., Section 3. 

127. An Elementary Combination in mechanism consists of a 
pair of primjo/ry moving pieces, so connected that one transmits 
motion to the other. 

The piece whose motion is the cause is called the driver; that 
whose motion is the eflect, the /oUower. The eomiection between 
the driver and the follower mav be— 

I. By rolling contact of their surfaces, as in toothless wheels. 

II. By sliding contact of their surfaces, as in toothed wheels^ 
screws, wedges, ca/ms, and escapem/&nJts. 

III. By haTids or wrapping connectors, such as belts, cords, and 
gearing-chains. 

lY. By link-u)ork, such as conneotimg rods, tmiversal joints, and 
clicks. 
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y. By redupliccUian of cords, as in the case of ropes and pulleys. 

YI. By an intervening jimdy transmitting motion between two 
-pistons. 

The various cases of the transmission of motion from a driver to 
a follower are further classified, according as the relation between 
their directions of motion is constant or changeable, and according 
;as the ratio of their velocities is constant or variable. This latter 
principle of classification was employed by Professor Willis, in the 
-first edition of his Principles of Mechomism^ as the foundation of a 
primary division of the subject of elementary combinations in 
mechanism into classes, which are subdivided according to the 
mode of connection of the pieces. In the present treatise, elemen- 
tary combinations will be classed primarily according to the mode 
of connection; which is the classification employed by Professor 
Willis in the Edition of 1870. 

128. LiiiQ of Connection. — In every class of elementary combina- 
tions, except those in which the connection is made by reduplica- 
tion of cords, or by an intervening fluid, there is at each instant a 
•certain straight line, called the line of connection, or line of mutual 
-action of the driver and follower. In the case of rolling contact, 
this is any straight line whatsoever traversing the point of contact 
of the surfaces of the pieces; in the case of eliding contact^ it is a 
line perpendicular to those surfaces at their point of contact; in 
the case of wrapping connectors, it is the centre line of that part 
of the connector by whose tension the motion is transmitted; in 
the case of link-work, it is the straight line passing through the 
points of attachment of the link to the driver and follower. 

129. Principle of Connection. — The line of connection of the 
•driver and follower at any instant being known, their comparative 
velocities are determined by the following principle : — The respec- 
■tive linecur velocities of a point in the driver , and a point in thefol- 
lower, each situated anywhere in the line of connection, are to each 
•other inversely as the cosine of the respective angles made by the paths 
of the points with the lineof connection. This principle might be other- 
wise stated as follows : — The components, (dong the line of connec- 
iirniy of the velocities of any two points situated in that line, wre equal. 

130. AdQustments of Speed. — The velocity-ratio of a driver and 
its follower is sometimes made capable of being changed at will, by 
means of apparatus for varying the position of their line of con- 
nection, as when a pair of rotating cones are embraced by a belt 
which can be shifted so as to connect portions of their sui^ces of 
•different diameters. 

131. A Train of Mechanism consists of a series of moving pieces, 
•each of which is follower to that which drives it, and driver to that 
which follows it. 

132. Agregate Combinations in mechanism are those by which 
compound motions are given to secondary pieces. 
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CHAPTER 11. 

ON ELEMENTARY COMBINATIONS AND TRAINS OP 

MECHANISM. 

SeOTION 1. — EOLUNG CONTACT. 

133. Bitch Surfaces are those surfaces of a pair of moving pieces^ 
which touch each other when motion is communicated by rolling: 
contact. The line of contact is that line which at each instant 
traverses all the pairs of points of the pair of pitch surfaces which 
are in contact. 

134. Smooth Wheels, Rollers, Smooth Racks.— Of a pair of pri- 
mary moving pieces in rolling contact, both may rotate, or one may 
rotate and the other have a motion of sliding, or straight transla- 
tion. A rotating piece, in rolling contact, is called a smooth wheely 
and sometimes a roller; a sliding piece may be called a smooih^ 
rack, 

135. General Conditions of Rolling Contact. — The whole of the^ 
principles which regulate the motions of a pair of pieces in rolling 
contact follow from the single principle, thxiA each 'pair of points in- 
ihe pitch sfwrfaceSy which a/re in contact ai a given instant, must at 
that instant be moving in the sams direction with the sa/ms velocity; 
that this must be the case is evident from the rigidity of the bodies,. 
for did the pair of points vary in velocity, it would follow that 
there was motion among the particles, or in a particle at least, of 
the body, which is contrary to the hypothesis of rigidity. 

The direction of motion of a point in a rotating body being per- 
pendicular to a plane passing through its axis, the condition, that 
each pair of points in contact with each other must move in the 
same direction leads to the following consequences: — 

I. That when both pieces rotate, their axes, and all their point» 
of contact, lie in the same plane. 

II. That when one piece rotates and the other slides, the axis of 
the rotating piece, and all the points of contact, lie in a plane per- 
pendicular to the direction of motion of the sliding piece. 

The condition, that the velocities of each pair of points of con- 
tact must be equal, leads to the following consequences : — 

III. That the angular velocities of a pair of wheels, in rolling^ 
contact, must be inversely as the perpendicular distances of any 
pair of points of contact from the respective axes. 

IV. That the linear velocity of a smooth rack in rolling contact 
with a wheels is equal to the product of the angular velocity of th& 
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-wheel by the perpendicular distance from its axis to a pair of points* 
of contact. 

Bespecting the line of contact, the above principles III. and lY. 
lead to the following conclusions : — 

V. That for a pair of wheels with parallel axes, and for a wheel 
and rack, the line of contact is straight, and parallel to the axes or- 
axis; and hence that the pitch surfaces are either plane or cylin- 
drical (the term " cylindrical" including all surfaces generated by 
the motion of a straight line parallel to itself). 

VI. That for a pair of wheels, with intersecting axes, the line of 
contact is also straight, and traverses the point of intersection of 
the axes; and hence that the rolling surfaces are conical, with a 
common apex (the term " conical" including all surfaces generated 
by the motion of a straight line which traverses a fixed point). 

136. Circular Cylindrical Wheels are employed when an uniforn^ 
velocity-ratio is to be communicated between parallel axes. Figs. 
38, 39, and 40, of Article 102, may be taken to represent pairs 
of such wheels j C and O, in each figure, being the parallel axes or 
the wheels, and T a point in their line of contact. In fig. 38, 
both pitch surfaces are convex, the wheels are said to be in outside- 
gearing, and their directions of rotation are contrary. In figs. 39 
and 40, the pitch surface of the larger wheel is concave, and that< 
of the smaller convex ; they are said to be in inside gearing, and 
their directions of rotation are the same. 

To represent the comparative motions of such pairs of wheels* 
symbolically, let 

OT = ri, CT = ra. 

be their radii : let O C = c be the line of centres, or perpendicular 
distance between the axes, so that for 

outside ) . . /T \ 

inside |««»™«' c = r,±r, (1.) 

Let Ox, Os, be the angular velocities of the wheels, and v the common^ 
linear velocity of their pitch surfaces; then 

v = a^ri = a^r^', ) /gx 

e :ri : r^ : : ai± ai : a^ : Oi', } '" ^ *^ 

the sign ± applying to | ?^^®jg® | gearing. 

137. A Straight Back and Circular Wheel, which are used when^ 
an uniform velocity-ratio is to be communicated between a sliding 
piece and a turning piece, may be represented by fig. 36 of Article- 
99, C being the axis of the wheel, P T P the plane surface of the- 
rack, and T a point in their line of contact Let r be the radius^ 
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•of the wheel, a its angular velocity, and v the linear velodly of the 
rack; then 

t7=ra. 

138. Bevel YHieels, whose pitch sur&ces are frastra of r^^olar 
•cones are used to transmit an uniform angular velocity-ratio 
between a pair of azes which intersect each other. Fig. 45 of 
Article 105 will serve to illustrate this case; O A and O being 
the pair of axes, intersecting each other in O, O T the line of oon- 
i;act, and the cones described by the revolution of O T about O A 
and O C respectively being the pitch surfaces, of which narrow 
jsones or frustra are used in practice. 

Let Oi, o^, be the angular velocities about the two axes respec- 
tively; and let ii = ZAOT, ta = ZOOT, be the angles made 
loy those axes respectively with the line of contact; then from 
the principle III. of Article 135 it follows, that the angular velocity- 
xatio is ^ 

?S = ?^4; (1.) 

Ox sm is ^ ^ 

Which equation serves to find the angular velocity-ratio when the 
^axes and the line of contact are given. 

Conversely, let the angle between the axes, 

ZAOC = ii + i,=y, 

be given, and also the ratio -^ ; then the position of the line of 
•contact is given by either of the two following equations : — 

sm tj = - ^ •' 




. ._ «! sm^ 

**" J{ai+al + 2aia^coBJ)^ 

'Which are formed from equation (1) by substituting for t| its valae 
= 0* - ^)i ^T^^ ^or ij its value = {j - ij). 

As this is the first instance of the use of Trigonometrical 
■am^lysis, the method of formation of these equations will be ex- 
|)lained : — 

'Fxom Equation (1) it follows that-— 

sin tx - Oi = sin ^2 * Os 

= sin (i - O • «a 

= sin^' • cos i i'tti" coBJ • sin £i • Oj 

= siny • ^(1 - sin^ ti) • o^ - cos^ • sin ii 'Oj. 
{See Trigc^^iometrical Rules, Sections 19 and 21.) 

Squaring bidth sides, and transposing 
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sin^y • sin* h • oj + (sin ii'ih + OOHJ • sin i^ • Oj)* = sin^J • oj 
sin* ii ci" C08*y • sin* ii'al + sin* ii ' aj + cos*^ • sin* ii • a} 

+ 2 sin ^ • Oi • cos^ • a^ = sin*^ • aj 
sin* h * <>s + sill* h • «^ + 2 sin ^ • Oj • cos^ • o^ = sin*^ • oj 



sin*ti= -^ 



sin*y • a| 



.•. sm ii = 



0^ + oj + 2 o^ * Oa' cos j 
a, • sini 



^(aJ+a| + 2 Oj • Oa • cos J)' 

Graphically, the same problem is solved as follows : — On tbe two 
axes respectively, take lengths to represent the angular velocities 
of their respective wheels. Complete the parallelogram of which> 
those lengths are the sides, and its diagonal will be 
the line of contact. As in the case of the rolling 
cones of Article 106, one of a pair of bevel wheels 
may be a flat disc, or a concave cone. 

139. Non-Gircnlar Wheels are used to transmit 
a variable veloeity-ratio between a pair of parallel 
axes. In fig. 46, let Ci, 0,, represent the axes of 
such a pair of wheels; T^, T^, a pair of points which 
at a given instant touch each other in the line of 
contact (which line is parallel to the axes and in 
the same plane with them) ; and TJi, Us, another 
pair of points, which touch each other at another 
instant of the motion ; and let the four points, T^, 
^» Ui, IJs, be in one plane perpendicular to the two axes, and to 
the line of contact. Then for every such set of four points, the 
two following equations must be fulfilled : — 




Fig. 46. 



Ciiri + CaUa = CiTi + C,Tj = C70a 
arc Ti Ui = arc % U, 

and those equations shew the geometrical relations which must- 
exist between a pair of rotating surfaces in order that they may" 
move in rolling contact round fixed axes. 

Section 2. — Sliding Contact. 
140. Skew-Bevel Wheels are employed to transmit an unifom^ 





Fig. 47. 



Fig. 48. 
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•velocity-ratio between two axes which are neither parallel nor 

intersecting. The pitch surface of a 

skew-bevel wheel is a frustrum or 

zone of a hyperboloid of revolution. 

In fig. 47, a pair of large portions of 

such hyperboloids are shewn, rotat- 

'/ ing about axes A B, C D. In fig. 48 

.5 are shewn a pair of narrow zones of 

the same figures, such as are employed 

in practice. 

Fig. 49. A hyperboloid of revolution is a 

surface resembling a sheaf or a dice 
l)Ox, generated by the rotation of a straight line round an axis from 
which it is at a constant distance, and to which it is inclined at a 
constant angle. If two such hyperboloids, equal or unequal, be 
placed in the closest possible contact, as in ^g. 47, they will touch, 
each other along one of the generating straight lines of each, which 
will form their line of contact, and will be inclined to the axes 
A B, C D, in opposite directions. The axes will neither be parallel, 
tnor will they intersect each other. 

The motion of two such hyperboloids, rotating in contact with 
-each other, has sometimes been classed amongst cases of rolling 
•contact; but that classification is not strictly correct; for although 
the component velocities of a pair of points of contact in a direction 
at right angles to the line of contact are equal, still, as the axes are 
neither parallel to each other nor to the line of contact, the velo- 
cities of a pair of points of contact have components along the line 
•of contact, which are unequal, and their diifference constitutes a 
lateral sliding. 

The directions and positions of the axes being given, and the 

required angular velocity-ititio, -?, it is required to find the obli- 

equities of the generating line to the two axes, and its radii vectorea, 
•or least perpendicular distances from these axes. 

In fig. 49, let A B, C D, be the two axes, and G K their common 
perpendicular. 

On any plane normal to the common perpendicular G K A, draw 
.a & II A B, c 6? II D, in which take lengths in the following pro- 
portions : — 

Oiia^i :hp:hq; 

•complete the parallelogram hp e 9, and draw its diagonal e h/; the 
line of contact E H F will be parallel to that diagonal. 

From p let fall p m perpendicular to ^ 6. Then divide the 
•common perpendicular G K in the ratio given by the proportional 

'equation 
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Fig. 60. 



4lien the two segments thus found will be the least distances of 
ihe line of contact from the axes. 

The first pitch surface is generated by the rotation of the line 

E H F about the axis A B with the radius vector GH = ri ; the 
second, by the rotation of the same line about the axis C D with 

the radius vector H K = rj. 

To draw the hyperbola* which is the longitudinal section of a 
skew-bevel wheel whose generating line has a given radius vector 
and obliquity, let A G B, fig. 50, re- 
present the axis, G H J. A G B, the 
radius vector of the generating line, 
and let the straight line E G F make 
with the axis an angle equal to the 
•obliquity of the generating line. H 
will be the vertex, and E G F one of 
the asymptote8,t of the required hyper- 
bola. To find any number of points 
in that hyperbola, proceed as follows : — Dra w X W Y p ar allel to 
G H, cutting G E in W, and make X Y = ^(G H^ + X W^). 
Then will Y be a point in the hyperbola. 

141. Principle of Sliding Contact.— The line o/actiony or of can-* 
necHon, in the case of sliding contact of two moving pieces, is the 
oommon perpendicular to their surfaces at the point where they 
touch j and the principle of their comparative motion is, that the 
components f cdong that perpendiculcMr, of the velodtiea of any two 
points tra/versed by it, a/re eqtud. 

Case 1. Two shifting pieces, in sliding contact, have linear velo- 
<5ities proportional to the secants of the angles which their directions 
of motion make with their line of action. 

Case 2. Two rotating pieces, in sliding contact, have angular 
velocities inversely proportional to the perpendicular distances 
from their axes of rotation to their line of action, each multiplied 
by the sine of the angle which the line of action makes with the 
particular axis on which the perpendicular is let fall. 

In fig. 51, let Ci, Ca, represent the axes of rotation of the two 
pieces; Aj, A„ two portions of their respective surfaces; and Ti, 
T„ a pair of points in those surfaces, which, at the instant under 
^consideration, are in contact with each other. Let Pj Pj be the 
common perpendicular of the surfaces at the pair of points Ti, Ti; 

* The Hyperbola is the curve traced out by a point which moves in such 
« manner that its distance firom a given fixed point (I), continually bears the 
iutme ratio grecUer than unity to its distance from a given fixed lino (A B). 

t An Asymptote is a straight line whose distance firom a curve dmmushes 
4M the curve extends away from the origin. 
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that is, the line of action; and let Cj Pj, C, Pt, be the common per- 
pendiculars of the line of action and of the two axes respectively. 

Then at the given instant, the components 
along the line Pj P, of the velocities of the 
points Pi, Pft are equal. Let «i, i,, be the 
angles which that line makes with the direc- 
tions of the axes respectively. Let Oj, a,, be 
the respective angular velocities of the moving 
pieces; then 

«i • Ci Px • sin »i = Oi • Ct Pt • sin ii; 
consequently, 




a>_Ci PiSini| ^ . . 

^1 ^t Ps sm tf 

which is the principle stated above. 

When the line of action is perpendicular in direction to both 
9LX.es, then sin t| = sin t) = 1 ; and Equation 1 becomes 






(lA.) 



When the aooes are paraUely h = t|. Let I be the point where 
the line of action cuts the plane of the two axes ; then the triangles 
Pi Oi I, P, Of I, are similar; so that Equation 1 A is equivalent to 
the following : — 



a 



a _ 



ICi 



.(IB.) 



oi IC, 

Case 3. A rotoHng piece OTid a shi/Hng piece, in sliding contact^ 
have their comparative motion regulated by the following prin- 

ciple : — Let C P denote the perpendicular distance from the axis of 
the rotating piece to the line of action; i the angle which the direc- 
tion of the line of action makes with that axis; a the angular 
velocity of the rotating piece; t;the linear velocity of the sliding 
piece; ^ the angle which its direction of motion makes with the 

line of action ; then 

v = a 'CP • sin i* secy (2.) 

When the line of action is perpendicular in direction to the axi» 
of the rotating piece, sin i = 1 ; and 

i; = a*0P'sec7 =a •! C; (2a.) 

where I denotes the distance from the axis of the rotating piece 
to the point where the line of action cuts a perpendicular from that 
axis on the direction of motion of the shifting piece. 
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142. Teeth of Wheels. — The most usual method of communi- 
cating motion between a pair of wheels, or a wheel and a rack, 
and the only method which, by preventing the possibility of the 
rotation of one wheel unless accompanied by the other, insures the 
preservation of a given velocity-ratio exactly, is by means of the 
projections called teeth. 

The pitch »wrfcbce of a wheel is an ideal smooth surface, inter- 
mediate between the crests of the teeth and the bottoms of the 
spaces between them, which, by rolling contact with the pitch sur- 
face of another wheel, would communicate the same velocity-ratio 
that the teeth communicate by their sliding contact. In designing 
wheels, the forms of the ideal pitch surfaces are first determined, 
and from them are deduced the forms of the teeth. 

Wheels with cylindrical pitch surfaces are called sptir wheels; 
those with conical pitch surfaces, heod wheeU; and those with 
hyperboloidal pitch surfaces, skew-bevel wheds. 

The pitch line of a wheel, or, in circular wheels, the pUch cvrde, 
is a transverse section of the pitch surface made by a surface per- 
pendicular to it and to the axis; that is, in spur wheels, by a plane 
perpendicular to the axis; in bevel wheels, by a sphere described 
about the apex of the conical pitch surface; and in skew-bevel 
wheels, by any oblate spheroid generated by the rotation of an 
ellipse whose foci are the same with those of the hyperbola that 
generates the pitch surface. 

The pitch povrU of a pair of wheels is the point of contact of their 
pitch lines; that is, the transverse section of the line of contact of 
the pitch surfaces. 

Similar terms are applied to racks. 

That part of the acting surface of a tooth which projects beyond 
the pitch surface is called the ^oce; that which lies within the pitch 
Bur&ce, ^eflamk. 

The radius of the pitch circle of a circular wheel is called the 
geometrical rcuivus; that of a circle touching the crests of the teeth 
is called the reed radius; and the difference between those radii, 
the add&ndv/m. 

143. Pitch and Number of Teeth.-~The distance, measured 
along the pitch line, from the face of one tooth to the face of the 
next, is called the pitch. 

The pitch, and the number of teeth in circular wheels, are regu- 
lated by the following principles : — 

I. In wheels which rotate continuously for one revolution or 
more, it is obviously necessary that the pitch should be am> aliquot 
pari of the circumference. 

In wheels which reciprocate without performing a complete 
revolution, this oondition is not necessary. Such wheels are called 
sectors. 
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II. In order that a pair of wheels, or a wheel and a rack^ may 
work correctly together, it is in all cases essential thoA ike pitch 
should be the semis in each. 

III. Hence, in any pair of circular wheels which work together, 
the numbers of teeth in a complete circumference are directly as 
the radii, and inversely as the angular velocities. 

lY. Hence also, in any pair of circular wheels which rotate 
continuously for one revolution or more, the ratio of the numbers 
of teeth, and its reciprocal, the angular velocity -ratio, must be 
expressible in whole numbers. 

v. Let n, N, be the respective numbers of teeth in a pair of 
wheels, N being the greater. Let t, T, be a pair of teeth in the 
smaller and larger wheel respectively, which at a particular instant 
work together. It is required to find, first, how many pairs of 
teeth must pass the line of contact of the pitch sur£su}es before^ and 
T work together again (let this number be called a); secondly, 
with how many different teeth of the laiger wheel the tooth t will 
work at different times (let this number be called b) ; and thirdly, 
with how many different teeth of the smaller wheel the tooth T 
will work at d&erent times (let this be called c). 

Case 1. If 9» is a divisor of N, 

a = N; 6 = ^; c=l (1.) 

Ca^ 2. If the greatest common divisor of K and nheda, number 
less than n, so that n = mdy N = 'Md, then 

a = m'N = 'M.n = Mmd; 6 = M; c = i» (2.) 

Cctse 3. If N and n be prime to each other, 

a = l^n; 6 = N; c = n. (3.) 

It is considered desirable by millwrights, with a view to the 
preservation of the uniformity of shape of the teeth of a pair of 
wheels, that each given tooth in one wheel should work with as 
many different teeth in the other wheel as possible. They, there- 
fore, study to make the numbers of teeth in each pair of wheels 
which work together such as io be either prime to each other, or to 
have their greatest common divisor as small as is possible con- 
sistently with the purposes of the machine. 

YI. The amaUeet number of teeth which it is practicable to give 
to a pinion (that is, a small wheel), is regulated by the principle, 
that in order that the communication of motion from one wheel to 
another may be continuous, at least one pair of teeth should always 
be in action ; and that in order to provide for the contingency of a 
tooth breaking, a second pair, at least, should be in action also. 
For reasons which will appear when the forms of teeth are con- 
sidered, this principle gives the following as the least numbers of 
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teeth which can be ut/wsB/y employed in pinions having teeth of the 
three classes of figures named below, whose properties will be 
•explained in the sequel : — 

I. Involute teeth, 25. 

II. Epicycloidal teeth, 12. 

III. Cylindrical teeth, or «toi7e9, 6. 

144. Hunting Gog. — ^When the ratio of the angular velocties of 
two wheels, being reduced to its least terms, is expressed by small 
numbers, less than those which can be given to wheels in practice, 
■and it becomes necessary to employ multiples of those numbers by 
a common multiplier, which becomes a common divisor of the 
numbers of teeth in the wheels, millwnghts and engine-makers 
:avoid the evil of frequent contact between the same pairs of teeth, 
by giving one additional tooth, called a hwnting cog, to the larger 
of the two wheel& This expedient causes the velocity-ratio to be 
not exactly but only approximately equal to that which was at 
first contemplated; and therefore it cannot be used where the 
•exactness of certain velocity-ratios amongst the wheels is of impor- 
tance as in clockwork. 

145. A Train of Wheelwork consists of a series of axes, each 
having upon it two wheels, one of which is driven by a wheel on 
the preceding axis, while the other drives a wheel on the following 
axis. If the wheels are all in outside gearing, the direction of 
rotation of each axis is contrary to that of the adjoining axes. In 
some cases, a single wheel upon one axis answers the purpose both 
of receiving motion from a wheel on the preceding axis and giving 
motion to a wheel on the following axis. Such a wheel is called 
an idle wheel: it affects the direction of rotation only, and not the 
velocity-ratio. 

Let the series of axes be distiuguished by numbers 1, 2, 3, 
•Jec. .... m; let the numbers of teeth in the driving wheels be 
denoted by N's, each with the number of its axis affixed; thus, 

Kj, Ns, iiQ ^m-i> <^<^ 1®^ ^^^ numbers of teeth in the driven 

<>v fcUowirig wheels be denoted by n's, each with the number of its 

axis affixed; thus, n^ n,, &c n^. Then the ratio of the 

angular velocity a^ of the m^ axis to the angular velocity Oi of the 
first axis is the product of the m - 1 velocity-ratios of tiie suoces* 
sive elementaiy combinations, viz. : — 

Oj n^'n^'&Q, . . . . n^» * ^ '' 

that is to say, the velocity-ratio of the last and first axes is the 
tatio of the product of the numbers of teeth in the drivers to the 
product of the numbers of teeth io the followers; and it is obvious 
that so long as the same drivers and followers constitute the train^ 
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the arder in which they succeed each other does not affect the 
resultant velocity-ratio. 

Supposing all the wheels to be in outside gearing, then as each 
elementary combination reverses the direction of rotation, and a9 
the number of elementary combinations, m - 1, is one less than the 
number of axes, m, it is evident that if m is odd, the direction of 
rotation is preserved, and if even, reversed. 

It is often a question of importance to determine the numbers of 
teeth in a train of wheels best suited for giving a determinate 
velocity-ratio to two axes. It was shewn by Young, that to do 
this with the least total nv/mher of teeth, the velocity-ratio of each 
elementary combination should approximate as nearly as possible 
3*59. This would in many cases give too many axes; and as a. 
useful practical rule it may be laid down, that from 3 to 6 ought 
to be the limit of the velocity-ratio of an elementary combinatioui 
in wheelwork. 

Let p be the velocity-ratio required, reduced to its least terms,. 

and let B be greater than C. 

If p is not greater than 6, and C lies between the prescribed 

minimum number of teeth (which may be called t), and its double 
2 1, then one pair of wheels will answer the purpose, and B and C* 
will themselves be the numbers required. Should B and C be 
inconveniently large, they are if possible to be resolved into factors, 
and those factors, or if they ai*e too small multiples of them, used 
for the numbers of teeth. Should B or 0, or both, be at once 
inconveniently large, and prime, then inst^Eul of the exact ratio- 

^f some ratio approximating to that ratio, and capable of resolu- 

tion into convenient factora, is to be found by the method of 
continued fractions. See Mathematical Introduction, page 2^ 
Article 4. 

B 

Should p be greater than 6, the best number of elementary 

combinations, is found by dividing by 6 again and again till a 
quotient is obtained less than unity, when the number of divisions- 
will be the required number of combinations, m—l. 

Then, if possible, B and C themselves are to be resolved each 
into m-l factors, which factors, or multiples of them, shall be not- 
less than t, nor greater than 6t; or if B and C contain incon- 
veniently large prime factors, an approximate velocity-ratio, found 

by the method of continued fractions, is to be substituted for ^y as- 

before. When the prime factors of either B or are fewer in. 
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number than m - 1, the required number of factors is to be made 
tip by inserting 1 as often as may be necessary. In multiplying 
factors tliat are too small to serve for numbers of teeth, prime 
numbers differing from those already amongst the fiustors are to be 
preferred as multipliers; and in general, where two or more factors 
require to be multiplied, different prime numbers should be used 
for the different £Etctors. 

So far as the resultant velocity-ratio is concerned, the crder of 
the drivers N, and of the followers n, is immaterial ; but to secure 
•equable wear of the teeth, as explained in Article 143, Principle Y., 
the wheels ought to be so arranged that for each elementary com- 
bination the greatest common divisor of N and n shall be either 
1, or as small as possible; and if the preceding rules have been 
observed in the choice of multipliers, this will be insured by so 
placing each driving wheel that it shall work with a following 
wheel whose number of teeth does not contain any of the same 
multipliers; for the original numbers B and C contain no common 
&ctor except 1. 

The following is an example of a case requiring the use of 
additional multipliers: — ^Let the required velocity-ratio, in its least 
terms, be 

B 360 

To get a quotient less than 1, this ratio must be divided by 6 
three times, therefore m - 1 = 3. The prime factors of 360 are 
^'2*2*3*3*5; these may be combined so as to make three 
factors in various different ways; and the preference is to be given 
to that which makes these factors least imequal, viz., 5*8*9. 
Hence, resolving numerator and denominator into three fiictors 
«ach, we have 

B_ 5*8*9 

C'"l*ir 

It is next necessary to multiply the factors of the numerator and 
•denominator by a set of three multipliers. Suppose that the wheels 
to be used are of such a class that the smallest pinion has 12 teeth, 
then those multipliers must be such that none of their products by 
the existing factors shall be less than 12; and for reasons already 
ffiven, it is advisable that they should be different prime numbers. 
Take the prime numbers, 2, 13, 17 (2 being taken to multiply 7); 
then the numbers of teeth in the followers will be 

13x1 = 13; 17x1 = 17; 2x7 = 14. 

In distributing the multipliers amongst the factors of the num- 
•erator, let the smallest multiplier be combined with the largest 
£Eustor, and so on; then we have 
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17x5 = 85; 13x8 = 104; 2x9 = 18. 

finally, in combining the drivers with the followers, those 
numbers are to be combined which have no common fisMstor; the 
result being the following train of wheels : — 

85,18 J04 360 

14*13* 17 r* 

146. Teeth of Spur-Wheels and Backs. General Principle.— The 
figures of the teeth of wheels are regulated by the principle, tha^ 
this teeth of a pair ofiokede shall give the eanie velocUy-4'atio by their 
eliding contact^ tohich the ideal smooth pitch surfaces uxmld give hy^ 
their rolling contact. Let B^, B,, in fig. 51, be parts of the pitch 
lines (that is, of cross sections of the pitch surfaces) of a pair of 
wheels with parallel axes, and I the pitch point (that is, a section 
of the line of contact). Then the angular velocities which would 
be given to the wheels by the rolling contact of those pitch linea 

are inversely as the segments I O^, I Os, of the line of centres; and 
this also is the proportion of the angular velocities given by a pair 
of surfaces in sliding contact whose line of action traverses the point 
I (Article 141, Case 2, Equation 1 b). Heuce the condition of 
correct working for the teeth of wheels with parallel axes is, that 
the line of action of the teeth shall at every instant trcmerse the line 
of contact of ^ pitch surfaces; and the same condition obviously 
applies to a rack sliding in a direction perpendicular to that of the 
axis of the wheel with which it works. 

147. Teeth Described by Boiling Curves.— From the principle of 
the preceding Article it follows, that at every instant, the position 
of the point of contact T^ in the cross section of the acting surface 
of a tooth (such as the line Aj T^ in fig. 51), and the corresponding 
position of the pitch point I in the pitch line I B^ of the wheel to 
which that tooth belongs, are so related, that the line I T^ which 
joins them is normal to the outline of the tooth Ai T^ at the point 
Ti. Now, this is the relation which exists between the tracing^ 
poirU Tj, ofnd the instemtaneous aoois or Une of contact I, in a rolling 
curve of such a figure, that being rolled upon the pitch surfiau^e B^ 
its tracing-point T^ traces the outline of the tooth. (As to rolling 
curves, see Articles 100, 101, 103, and 106). 

In order that a pair of teeth may work correctly together, it ia 
necessary and sufficient that the instantaneous radii vectores from 
the pitch point to the points of contact of the two teeth should 
coincide at each instant, as expressed by the equation 

rT,=rp,; (1.) 

and this condition is fulfilled if the outlines qf the two teeth he traced 
by the motion qf the same tracing-pointy in roUing the same rolling 
curve on the same side of the pitch surfaces qfthe respective wheels. 
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Thejlcmk of a tooth is traced while the rolling curve rolls inside 
of the pitch line; the /ao6, while it rolls <mtaide. Hence it is 
evident that the Jkrnka of the teeth of the driving wheel drive the 
faces of the teeth of the driven wheel; and that the faces of the 
teeth of the driving wheel drive the flamks of the teeth of the 
driven wheel. The former takes place while the point of contact 
of the teeth is opproaMng the pitch point, as in fig. 51, supposing 
the motion to be from P^ towards Pa ; the latter, after the point of 
contact has passed, and while it is receding from, the pitch point. 
The pitch point divides the path of the point of contact of the teeth 
into two parts, called the jxUh of a/pproach and the paiih of recess; 
and the lengths of those paths must be so adjusted, that two pairs 
of teeth at least shall be in action at each instant. 

It is evidently necessary that the surfaces of contact of a pair 
of teeth should either be both convex, or that if one is convex 
and the other concave^ the concave surface should have the flatter 
curvature. 

148. The Sliding of a Pair of Teeth on each Other, that is, their 
relative motion in a direction perpendicular to their line of action, 
is found by supposing one of the wheels, such as 1, to be fixed, the 
line of centres G^ O3 to rotate backwards round Ci with the angular 
velocity Oi, and the wheel 2 to rotate round C3 as before with the 
angular velocity o^ relatively to the line of centres C^ Cs, so as to 
have the same motion as if its pitch surface rolled on the pitch 
surface of the first wheel. Thus the relative motion of the wheels 
is unchanged; but 1 is considered as fixed, and 2 has the resultant 
motion given by the principles of Article 102; that is, a rotation 
about the instantaneous axis I with the angular velocity Oi + a,. 
Hence the velocity of sliding is that due to this rotation about I, 

with the radius I T = r; that is to say, its value is 

r(oi + 0,); (1.) 

80 that it is greater, the farther the point of contact is from the 
Hne of centres ; and at the instant when that point, passing the 
line of centres, coincides with the pitch point, the velocity of sliding 
is null, and the action of the teeth is, for the instant, that of roll- 
ing contact. 

The roots of the teeth slide towards each other during the ap- 
proach, and from each other during the recess. To find the amount 
or total distcmce through which the sliding takes place, let ^ be the 
time occupied by the approach, and t% that occupied by the recess; 
then the distance of sliding is 

8= I ^r{(h+ a^ dt+ I 'r{ai-^at)dt; (2.) 

•'0 •'0 

or in another form, if di denote an element of the change of angu- 
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lar position of one wheel relatively to the other, ^ the amount of 
that change during the approach, and t, during the recess, then 

{cH-^<h) dt^di; and 

«= (%di^ f\di (3.) 

149. The Arc of Contact on the Pitch Lines is the length of that 
portion of the pitch lines which passes the pitch point during the 
action of one pair of teeth; and in order that two pairs of teeth at 
least may be in action at each instant, its length should be at least 
double of the pitch. It is divided into two parts, the arc of ap- 
proach and the arc of recess. In order that the teeth may be of 
length sufficient to give the required duration of contact, the dis- 
tance moved over by the point I upon the pitch line during the 
rolling of a rolling curve to describe the face and flank of a tooth, 
must be in all equal to the length of the required arc of contact. 
It is usual to make the arcs of approach and recess equal. 

150. The Length of a Tooth may be divided into two parts, 
that of the Hbuoq and that of the flank. For teeth in the driving 
wheel, the length of the flank depends on the arc of approach, — 
that of the face, on the arc of recess; for those in the following 
wheel, the length of the flank depends on the arc of recess, — ^that 
of the face, on the arc of approach. 

151. Involute Teeth for Circular WheelsL^In fig. 52, let Ci, C^ 
be the centres of two circular wheels, whose pitch circles are B^ B^. 
Through the pitch point I draw the intended line of cusHon P^, P^ 
making the angle 1 P = ^ with the line of centres. fVrom Oi, 0^ draw 



CiPi = ICisin^,) 
^, = r^sin^,j 



(1.) 



perpendicular to P^ P^, with which two perpendiculars as radii, 

describe circles (called base circles) D^, Dj|. 

Suppose the base circles to be a pair of 
circular pulleys, connected by means of a 
cord whose course from pulley to pulley is 
Pi I P,. As the line of connection of those 
pulleys is the same with that of the proposed 
teeth, they will rotate with the required 
velocity-ratio. Now suppose a tracing-point 
T be fixed to the cord, so as to be carried 
along the path of contact P^ I P,. That 
point will trace, on a plane rotating along 
with the wheel 1, part of the involute of 
the base circle Di, and on a plane rotating 
along with the wheel 2, part of the involute 
Fig. 62. of the base circle D^ and the two curves so 
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traced will always tonoh each other in the required point of contact 
T, and will therefore fulfil the condition required by Article 146. 

All involute teeth of the same pitch work smoothly together. 

To find the length of the path of contact on either side of the 
pitch point I, it is to be observed that the distance between the 
fronts of two successive teeth, as measured along P^ I P,, is less 
than the pitch in the ratio sin ^ : 1, for the former is proportional 
tor ' sin 0, and the latter to r * ^, and consequently that if dis- 
tances not less than the pitch x sin ^ be marked off either way from 
I towards Pi and P, respectively, as the extremities of the path of 
contact, and if the addendum circles be described through the 
points so found, there will always be at least two pairs of teeth in 
action at once. In practice, it is usual to make the path of contact 
somewhat longer, viz., about 2i times the pitch; and with this 
length of path and the value of which is usual in practice, viz., 
75V'» the addendum is about ^ of the pitch. 

The teeth of a rack, to work correctly with wheels having invo- 
lute teeth, should have plane surfaces, perpendicular to the line of 
4X>nnection, and consequently making, with the direction of motion 
of the rack, angles equal to the before-mentioned angle 0. 

152. The Smallest Pinion with Involute Teeth of a given pitch 
p, has its size fixed by the consideration that the path of contact 
of the flanks of the teeth, which must not be less than p * sin 0^ 
•cannot be greater than the distance along the line of action from 

IP 

the pitch point to the base circle, I P = r • cos ^. Then r = - — - 
*^ ^ cos ^ 

and substituting for I P its least possible value /> * sin ^, hence the 

least radma is 

r=p tan $; (1.) 

which, for = 751^ gives for the radius r = 3*867 p, and for the 
•circumference oi the pitch circle, p x 3*867 x 2 t » 24*3 p; to 
which the next greater integer multiple of je> is 25p; and therefore 
ivoenty'Jvoe^ as formerly stated, in Article 143, is the least number 
of involute teeth to be employed in ft pinion. 

153. Epicycloidal Teeth. — For tracing the figures of teeth, the 
most convenient rolling curve is the circle. The path of contact 
which a point in its circumference traces is identical with the circle 
itself; the flanks of the teeth are internal, and their faces external 
epicycloids, for wheels; and both flanks and faces are cycloids for 
A rack. 

Wheels of the same pitch, with epicycloidal teeth traced by the 
same rolling circle, all work correctly with each other, whatsoever 
may be the numbers of their teeth ; and they are said to belong to 
4^ sot/me set. 

For a pitch circle of twice the radius of the rolling or describing 
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circle (as it is called), the internal epioydoid is a straight line^ 
being in fact a diameter of the pitch circle ; so that the flanks of 
the teeth for snch a pitch circle are planes radiating from the axis. 
For a smaller pitch circle, the flanks would be convex, and in-- 
curved or trnder-eut^ which would be inconvenient ; therefore the- 
smallest wheel of a set should have its pitch circle of twice the 
radius of the describing circle, so that tiie flanks may be either 
straight or concave. 

In fig. 53, let B be part of the pitch circle of a wheel, C the 

line of centres, I the pitch-pointy 
It the internal, and K the equal 
external describing circles, so placed 
as to touch the pitch circle and each 
other at I; let D I D' be the path 
' of contact, consisting of the path of 
n approach D I, and the path of re- 
cess I !>'. In order that there may 
always be at least two pairs of teeth 
in action, each of those arcs should 
be equal to the pitch. 

The angle ^, on passing the line 
of centres, is 90° ; the least value 
of that angle is ^ = ZOID==Z 

criD'. 

It appears from experience that- 
the least value of ^ should be about 60^; therefore the arcs D I = 
ID' should each be one-sixth of a circumference; therefore the 
circumference of the describing circle should be six times the pitch. 

It follows that the smallest pinion of a set, in which pinion the 
flanks are straight, shoiild have twelve teeth, as has been already 
stated in Article 143. 

154. Teeth of Wheel and Trundle.— A trundle, as in fig. 54^ 
has cylindrical pins called staves for teeth. The face of the teeth 




Fig. sa 





Kg. 54. Kg. 65. 

of a wheel suitable for driving it, in outside gearing, are described 
by first tracing external epicycloids by rolling the pitch circle B, of 
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the trandle on the pitch circle B^ of the driying wheel, with the 
centre of a stave for a tracing point, as shewn by the dotted lines, 
and then drawing curves parallel to and within the epicycloids, at 
a distaDce from them equal to the radius of a stave. Trundles 
having only six staves will work with large wheels. 

To drive a trundle in inside gearing, the outlines of the teeth of 
the wheel should be curves parallel to internal epicycloids. A 
peculiar case of this is represented in fig. 55, where the radius of 
the pitch circle of the trundle is exactly one-half of that of the- 
pitch circle of the wheel; the trundle has three equi-distant staves > 
and the internal epicycloids described by their centres while the 
pitch circle of the trundle is rolling within that of the wheel, are 
three straight lines, diameters of the wheel, making angles of 60® 
with each other. Hence the surfaces of the teeth of the wheel 
form three straight grooves intersecting each other at the centre,^ 
each being of a breadth equal to the diameter of a stave of the 
trundle. 

155. Dimensions of Teeth. — ^Toothed wheels being in general 
intended to rotate either way, the hacks of the teeth are made 
similar to the fronts. The ^)ace between two teeth, measured on 
the pitch circle, is made about one-fifth part wider than the thick- 
ness of the tootJi on the pitch circle ; that is to say, 

5 
thickness of tooth = ^r pitch, 

width of space = ry pitch. 

The difference of ^ of the pitch is called the hack-laA. 

The clearance allowed between the points of teeth and the bot- 
toms of the spaces between the teeth of the other wheel, is about 
one-tenth of the pitch. 

The thickness of a tooth is fixed according to the principles of 
strength ; and the breadth is so adjusted, that when multiplied by 
pitch, the product shall contain one square inch for each 160 lbs. of 
force transmitted by the teeth. 

156. The Teeth of a Bevel-Wheel have acting surfaces of the 
conical kind, generated by the motion of a line traversing the apex 
of the conical pitch surface, while a point in it is carried round the 
traces of the teeth upon a spherical surfaoe described about that 
apex. 

The operations of describing the exact figures of the teeth of 
bevel- wheels, whether by involutes or by rolling curves, are in every 
respect analogous to those for describing the figures of the teeth 
of spur-wheels, except that in the case of bevel-wheels, all those- 
operations are to be performed on the surface of a sphere described 
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4lbout the apex, instead of ou a plane, substituting poles for centres, 
and great cvrdes for straight lines. 

In consideration of the practical difficulty, especially in the case 
of large wheels, of obtaining an accurate spherical surface, and of 
drawing upon it when obtained, the following approximate method, 
proposed originally by Tredgold, is generally used : — Let O, ^g. 56^ 

be tibe apex, and O C the axis of the pitch 
cone of a bevel- wheel; and let the largest 

pitch circle be that whose radius is C B. 
Perpendicular to O B draw B A cutting 
the axis produced in A, let the outer rim 
of the pattern and of the wheel be made 
a portion of the surface of the cone whose 
apex is A and side A B. The narrow zone 
of that cone thus employed will approach 
Fig. 66. sufficiently near to a zone of the sphere 

described about O with the radius O B, to be used in its stead. On 
a plane surface, with the radius A B, draw a circular arc B D ; a 
sector of that circle will represent a poiidon of the surface of the 
•cone ABC developed, or spread otU Jlat. Describe the figures of 
teeth of the required pitch, suited to the pitch circle B D, as if it 
were that of a spur-wheel of the radius A B; those figures will be 
the required cross sections of the teeth of the bevel-wheel^ made by 
the conical zone whose apex is A* 

157. The Teeth of Non-Circular ¥nieelB are described by tolling 
circles or other curves on the pitch surfaces, like the teeth of cir- 
cular wheels; and when they are small compared with the wheels 
to which they belong, each tooth is nearly similar to the tooth of a 
circular wheel, having the same radius of curvature with the pitch 
«ur£Eu;e of the actual wheel at the point where the tooth is situated. 

158. A Cam or Wiper is a single tooth, either rotating continu- 
ously or oscillating, and driving a sliding or turning-piece, either 
constantly or at intervals. Ail the principles which have been 
stated in Article 141, as being applicable to sliding contact, are 
applicable to cams; but in designing cams, it is not usual to deter- 
mine or take into consideration the form of the ideal pitch surfisu^ 
which would give the same comparative motion by rolling contact 
that the cam gives by sliding contact. 

159. Screws. Pitch. — ^The figure of a screw is that of a convex 
or concave cylinder with one or more helical projections called 
threads winding round it. Convex and concave screws are dis- 
tinguished technically by the respective names of mode and female^ 
or extemod and internal; a short internal screw is called a nut; 
«nd when a screw is not otherwise specified, eostemal is understood. 

The relation between the advance and the rotation^ which com- 
pose the motion of a screw working in contact with a fixed nut or 
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helical guide, has already been demonstrated in Article 96, Equa- 
tion 1; and the same relation exists between the rotation of a 
screw about an axis fixed longitudinally relatively to the frame- 
work, and the advance of a nut in which that screw rotates, the- 
nut being free to shift longitudinally, but not to turn. The advance- 
of the nut in the latter case is in the direction opposite to that of 
the advance of the screw in the former case. 

A screw is called right-handed or leftrhanded, according as its- 
advance in a fixed nut is accompanied 
by right-handed or left-handed rotation, 
when viewed by an observer ^rowi whom 
the advance takes place. Fig. 57 re- 
presents a right-handed screw, and fig. p\ 
58 a leftrhanded screw. 

The pitch of a screw of one thread, -^- 
and the total pitch of a screw of any 
number of threads, is the pitch of the 
helical motion of that screw, as ex- 
plained in Article 96, and is the dis- ^fr ^7. Fig 58. 
tance (marked p in figs. 57 and 58) measured parallel to the axis* 
of the screw, between the corresponding points in two consecutive 
turns of the same thread. 

In a screw of two or more threads, the distance measured parallel 
to the axis, between the corresponding points in tux) adjacent 
threads, may be called the divided pitch. 

160. Normal and Circnlar Pitch. — ^When the pitch of a screw is 
not otherwise specified, it is always understood to be measured 
parallel to the axis. But it is sometimes convenient for particular- 
purposes to measure it in other directions; and for that purpose a. 
cylindrical pitch siMrface is to be conceived as described about the- 
axis of the screw, intermediate between the crests of the threads- 
and the bottoms of the grooves between them. 

If a helix be now described upon the pitch cylinder, so as to* 
cross each turn of each thread at right angles, the distance between 
two corresponding points on two successive turns of the same 
thread, measured along this normal helix, may be called the normal 
pitch; and when the screw has more than one thread, the normal 
pitch from thread to thread may be called the normal divided pitch. 

The distance from thread to thread measured on a circle described 
on the pitch cylinder, and called the pitch circle, may be called the- 
cireular pitch ; for a screw of one thread it is one circumference^ 
for a screw of n threads 

one circumference 
n 

The following set of formuln shew the relations amongst the differ^ 



^4 THEORY OF MECHANISM. 

-ent modes of measuring the pitch of a screw. The piich, properljr 
speaking, as originally defined, is distinguished as the (ixud piieh, 
and is the same for all parts of the same screw : the normal and 
•circular pitch depend on the radius of the pitch cylinder. 

Let r denote the radius of the pitch cylinder; 

n, the number of threads; 

t, the obliquity of the threads to the pitch circles, and of the 
normal helix to Uie axis; 

P V the axial iP^*®^^ 

"^ =Pa\ \ divided pitch; 



n 



'i-^\ 



the normal < ?. .j'j .. ,. 
\ divided pitch; 




jp„ the circular pitch; 
Then 

. . . 2vr 
Pc =Pa ' cotan t=p^ • cosec i= ; 

. . 2xr'tant 
jE?.=p«-8ect=;?,-tani = ; 

. . . 2xr*sint 
p^=pesm»=p.-008t = . 

Fig. 59 will make these formuke clear, in which the several 
lines are lettered to represent the pitches : the hypotenuse 
of the larger triangle is the linear development on the plane 
of the paper of one coil of the screw which, it will be remarked^ 

= JiPa-^P^)} Pn *^e normal pitch is normal to this: it is also 
evident from the figure that with a constant axial pitch, the normal 
and radial or circumferential pitch, as well as the angle of obliquity 
of the threads to the pitch cylinders, vary with the radii of those 
oylinders. 

161. Screw Gearing. — ^A pair of convex screws, each rotating 
about its axis, are used as an elementary combination, to transmit 
motion by the sliding contact of their threads. Such screws are 
commonly called endless screws. At the point of contact of the 
screws, their threads must be parallel; and their line of connection 
is the common perpendicular to the acting surfaces of the threads 
At their point of contact. Hence the following principles : — 

I. If the screws are both right-handed or both left-handed, the 
angle between the directions of their axes is the sum of their obli- 
•quities: — if one is right-handed and the other left-handed, that 
Angle is the difiTerence of their obliquities. 

II. The normal pitch, for a screw of one thread, and the normal 
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divided pitch, for a screw of more than one thread, must be the 
«ame in each screw. 

III. The angular velocities of the screws are inversely as their 
number of threads. 

162. The Wheel and Screw is an elementary combination of 
two screws, whose axes are at right angles to each other, both 
being right-handed or both lefb-handed. As the usual object of 
this combination is to produce a change of angular velocity in a 
ratio greater than can be obtained by any single pair of ordinary 
wheel^ one of the screws is commonly wheel-like, being of large 
diameter and many-threaded, while the other is short and of few 
threads; and the angular velocities are inversely as the number 
of threads. 





Fig. 6a Fig. 61. 

Fig. 60, represents a side view of this combination, and fig. 61 
s cross section at right angles to the axis of the smaller screw. It 
has been shewn by Prof. Willis, that if each section of both screws 
be made by a plane perpendicular to the axis of the large screw or 
wheel, the outlines of the threads of the larger and smaller screw 
should be those of the teeth of a wheel and rack respectively: B^ Bi, 
in fig. 60 for example, being the pitch circle of the wheel, and 
B, B, the pitch line of the rack. 

The periphery and teeth of the wheel are usually hollowed to 
"Gt the screw, as shewn at T, fig. 61. 

To make the teeth or threads of a pair of screws fit correctly and 
work smoothly, a hardened steel screw is made of the figure of the 
«maller screw, with its thread or threads notched so as to form a 
-cutting tool ; the larger screw, or wheel, is cast approximately of 
the required figure ; the larger screw and the steel screw are fitted 
up in their proper relative position, and made to rotate in contact 
with each other by turning the steel screw, which cuts the threads 
•of the lan;er screw to their true figure. 

163. The Relative Sliding of a Pair of Screws at their point of 
<x)ntact is found thus : — Let r^, r,, be the radii of their pitch cylin- 
ders, and i^ i^ the obliquities of their threads to their pitch circles^ 
one of which is to be considered as negative if the screws are con- 
trary-handed. Let u be the common component of the velocities 
of a pair of points of contact along a line touching the pitch sur- 
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&c«a and perpendicular to the threads at the pitch point, and v 
the Teloci^ of eliding of the threadB over each other, where « may 
be oonndered to be made up of the algebraical Bnm of two quantities, 
Vi and V|, which act perpendicalarly to u, and whose values are 
Vi = Oi 7*1 COB ii, and v, = a, r, cos i, the sum or difference being taken 
as the screws are similar or contiatj-handed. Then 



,..(1.) 



«=airi'oosti + o,r, ■co8^=u(cotan^ + cotan^).,,.,(2.) 

When the screws are contrary-handed, the difference instead of the 
sum of the terms in Equation 2 is to be taken. 

164. Oldham'8 Coupling. — A coupling is a mode of oonnecting a 
pair of sh^ts so that they shaU rotate ia 
the same direction, with the same mean 
angular velocity If the axes of the shaflB 
are in the same straight line, the coupling 
consiBte in so connecting their contiguoua 
ends, that they shall rotate as one piece} 
but if the axes are not in the Bame straight 
line, combinations of meoh&nism are re- 
, quired. A coupling for parallel shafts- 
pji, ^2. which acts by Hiding contact was invented 

by Oldham, and is represented in fig. 62. 
Ou Of, are the axes of the two parallel shafts; D], D), two cross- 
heads, &cing each other, fixed on the ends of the two shafts 
I'espectively ; E,, E,, a bar, sliding in a diametral groove in the 
face of D,; E^ £^, a bar, sliiling in a diametral groove in the 
face of D, ; those bars are fixed together at A, so as to form » 
rigid cross. The angular velocities of the two shafts and of the 
cross are all equal at every instant. The middle point of the 
cross, at A, revolves in the dotted circle described upon the lino 
of centres Ou Ct, as a diameter, twice for each turn of the shafts- 
and cross; the instantaneous axis of rotation of the cross, at any 
instant, is at I, the point in the circle Oi C^ diametrically oppo- 
site to A. 

Oldham's coupling may be need with advantage where the axes 
of the shafts are intended to be as nearly in the same straight line 
as is possible, but where there is some doubt as to the practicability 
or permanency <^ their exact oontiDnity. 
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Section 3. — Oonnection by Bands. 

165. Bands Glassed. — Bands, or wrapping connectors, for com- 
municating motion between pulleys or drums rotating about fixed 
axes, or between rotating piillejs and drums and shifting pieces, 
may be thus classed : — 

I. Belts, which are made of leather or of gutta percha, are flat 
and thin, and require nearly cylindrical pulleys. A belt tends to 
move towards that part of a pulley whose radius is greatest; 
pulleys for belts therefore, are slightly swelled in the middle, in 
order that the belt may remain on the pulley unless forcibly 
shifted. A belt when in motion is shifted off a pulley, or from one 
pulley on to another of equal size alongside of it, by pressing 
against that part of the belt which is moving towards the pulley. 

II. Cords, made of catgut, hempen or other fibres, or wire, are 
nearly cylindrical in section, and require either drums with ledges, 
or grooved pulleys. 

III. Chains, which are composed of links or bars jointed together, 
require pulleys or drums, grooved, notched, and toothed, so as to 
fit the links of the chains. 

Bands for communicating continuous motion are encUess. 

Bands for communicating reciprocating motion have usually their 
ends made fast to the puUeys or drums which they connect, and 
which in this ca^ may be sectors. 

166. Principle of Connection by Bands. — ^The line of conmction 
of a pair of pulleys or drums connected by means of a band, is tlie 
central line or axis of that part of the band whose tension transmits 
the motion. The principle of Article 129 being applied to this case, 
leads to the following consequences : — 

I. For a pcwr of roUxting pieces, let r^, r„ be the perpendiculars 
let fall from their axes on the centre line of the band, o^, c^, their 
angular velocities, and i^, i^ the angles which the centre line of the 
band makes with the two axes respectively. Then the longitudinal 
velocity of the band, that is, its component velocity in the direction 
of its own centre line, is 

u = riCbi sin ti-^i^ sui i^y. (1.) 

whence the angular velocity-ratio is 

(H^n^j, 

Oi rt sm «> ^ ' 

When the axes areparailel (which is almost always the case), h'='% 
and 

a.-r, <^) 
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The Rame equation holds when both axes, whether parallel or not, 
are perpendicular in direction to that part of the band which 
transmits the motion; for then sin t^ = sin «,= 1. 

II. For a rota^mg piece cmd a diding piece, let r be the perpen- 
cular from the axis of the rotating piece on the centre line of the 
band, a the angular velocitj, t the angle between the directions of 
the band and axis, u the longitudinal velocity of the band, j the 
angle between the direction of the centre line of the band and that 
of the motion of the sliding piece, and v the velocitj of the sliding 
piece; then 



u = ra sm % = v cos^;. 



(4.) 

for r sin t is the projection on the plane of motion of r, and u the 
longitudinal velocity of the band must necessarily be equal to 
V cos J, the longitudinal velocity of the sliding piece owing to the 
rigidity of the band; and 



t; = 



r a sm t 
cos^' 



.(6.) 



When the centre line of the band is parallel to the direction of 
motion of the sliding piece, and perpendicular to the direction of 
the axis of the rotating piece, sin i (90°) = cos^' (0"*) = 1, and 



v = u = ra. 



(6.) 



167. The Pitch Surface of a Pulley or Dnun is a surface to 
which the line of connection is always a tangent; that is to say, it 
is a sur£Etce parallel to the acting surface of the pulley or drum, and 
distant from it by half the thickness of the band. 

168. Circnlar Pulleys and Dnuns are used to commuicate a 





Fig. 64. 

constant velocity-ratio. In each of them, the length denoljpd by r 
in the equations of Article 166 is constant, and is called the ^eO" 
tive radius, being equal to the real radius of the pulley or drum 
added to half the thickness of the band. 

A crossed belt connecting a pair of circular pulleys, as in fig. 63, 
reverses the direction of rotation; an open beUf as in fig. 64, pre- 
serves that direction. 
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169. The length of an Endless Bel t, con nectiag a pair of pulleys 

whose eflfective radii are CiTi = ri, CaTj = ra, with parallel axes 

whose distance apart is Ci Cj = c, is given by formulae founded on 
Equation 1 of Article 113, viz., L = s-«+s'rt. Each of the two 
«qual straight parts of the belt is evidently of the length 



(1.) 



« = TiTa= ^c2-.(ri + ra)2 for a crossed belt; 
« = Ti Ta = /c2 _ ^|.^ _ y^Y for an open belt : 

Ti being the greater radius, and r^ the less. Let i^ be the arc to 
radius unity of the greater pulley, and i^ that of the less pulley, 
with which the belt is in contact; then for a crossed belt 



h = h=y 



«• + 2 arc • sin 



. r^ + raX 



for the angle Ui 0^ W^ at the centre is double of the angle at 
the circumference Ci Tj Wj, and this is equal to the angle 
Si Ca Ci as they both differ from a right angle by the same 
«Lngle Tj Cj Vj; and for an open belt^ 



tj= f «- + 2 arc'sin -^^ -J; ia=fir-2 



arc * sm 



Ti-r, 



'')'i 



(2.) 



And the introduction of those values into Equation 1 of Article 113 
gives the following results : — 
For a crossed belt 



L==2Vc2-(ri + ra)2 + (ri + ra)-(x + 2arc-8in-!i:!:!i); 

and if similar reasoning be applied, it may be shewn that 
for an open belt, 

L = 2Vc2-(ri-ra)2 + T(ri + ra) + 2(ri-ra) -arc-sin -^i:^*. 

c 



(3.) 



As the last of these equations would be troublesome to employ in 
a practical application to be mentioned in the next Article, an 
approximation to it, sufBciently close for practical purposes, is 
obtained by considering, that if rj - r, is small compared with c, 

V^^^(iw^ = c-^^^^ nearly, and arc • sin -^i-^i^tLZi* 
nearly; whence, for an open belt, 

L nearly = 2c + »(ri + r,) + ^^^!^^ (3a.) 
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170. Speed-Cones (figs. 65, 66, 67, 68) are a contrivance for 






Fig. 66. 



Fig. 66. 



Fig. 67. 



Fig. 68. 



varying and adjusting the velocity-ratio communicated between a 
pair of parallel shafts by means of a belt, and may be either conti- 
nuous cones or conoids, as in figs. 65, 66, whose velocity-ratio can 
be varied gradually while they are in motion by shifting the belt ;. 
or sets of pulleys whose radii vary by steps, as in figs. 67, 68, in 
which case the velocity-ratio can be changed by shifting the belt- 
from one pair of pulleys to another. 

In order that the belt may be equally tight in every possible 
position on a pair of speed-cones, the quantity L in the equations 
of Article 169 must be constant. 

For a crossed belt, as in figs. 65 and 66, L depends solely on 
c and on r^ + r^. Now c is constant, because the axes ar^ parallel,, 
therefore the sum of the radii of the pitch circles connected in every 
position of the belt is to be constant. That condition is fulfilled 
by a pair of continuous cones generated by the revolution of two 
straight lines inclined opposite ways to their respective axes at 
equal angles, and by a set of pairs of pulleys in which the sum of 
the radii is the same for each pair. 

For an open belt, the following practical rule is deduced from tho 
approximate Equation 3a of Article 169: — 

Let the speed-cones be equal and similar conoids, as in fig. 66,. 
but with their large and small ends turned opposite ways. Let r^ 
be the radius of the large end of each, r^ that of the small end, r^ 
that of the middle ; and let y be the sagittay measured perpendi- 
cular to the axis, of the arc by whoso revolution each of the conoids 
is generated, or, in other words, the bulging of the conoids in the- 
middle of their length; then 

y='*-^--\vr <^> 

where the second value is obtained from the first by considering 

(r - r ^2 
that in Equation 3a, 2 » r^ = » (r^ + r^) + ^^ — ^ ; 2 «• - 62832; but 

6 may be used in most practical cases without sensible error. 
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The radii at the middle and ends being thus determined, make 
the generating curve an arc either of a circle or of a parabola. 

For a pair of stepped cones, as in fig. 68, let a series of differ- 
ences of the radii, or values of r^— rs, be assumed; then for each 
pair of pulleys, the sum of the radii is to be computed from the 
•difference by the formula 

n + r, = 2r,-^i^*j (2.) 

2 Tq being that sum when the radii are equal. 

SbOTION 4. — LiNKWORK. 

171. DefiniUoru. — The pieces which are connected by linkwork, 
if they rotate or oscillate, are usually called cranks, beams, and 
Severs, The link by which they are connected is a rigid bar, which 
may be straight or of any other figure ; the straight figure being 
the most favourable to strength, is used when there is no special 
reason to the contrary. The link is known by various names under 
various circumstances, such as cou]ding rod, connecting rod, crcmk 
rod, eccentric rod, &c. It is attached to the pieces which it con- 
nects by two pins, about which it is free to turn. The effect of the 
link is to maintain the distance between the centres of those pins 
invariable; hence the line joining the centres of the pins is the line 
of connection; and those centres may be caUed the connected povrUa, 
In a turning piece, the perpendicular let fall from its connected 
point upon its axis of rotation is the wrm or cramk arm, 

172. Principles of Connection. — The whole of the equations 
already given in Article 166 for bands, are applicable to link work. 
The axes of rotation of a pair of turning pieces connected by a link 
are almost always parallel, and perpendicular to the line of connec- 
tion; in which case the angular velocity-ratio at any instant is the 
reciprocal of the ratio of the common perpendiculars let fisdl from 
the line of connection upon the respective axes of rotation (Article 
166, Equation 3)j. 

173. Dead Points. — If at any instant the direction of one of the 
•crank arms coincides with the line of connection, the common 
perpendicular of the line of connection and. the axis of that crank 
arm vanishes, and the directional relation of the motions becomes 
indeterminate. The position of the connected point of the crank 
arm in question at such an instant is called a dead point. The 
velocity of the other connected point at such an instant is null, 
unless it also reaches a dead point at the same instant, so that the 
line of connection id in the plane of the two axes of rotation, in 
^hich case the velocitv-ratio is indeterminate. 

174. Coupling of Parallel Axes. — The only case in which an nni- 
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form angular velocity-ratio (being that of equality) is communicated 
by linkwork, is that in which two or more parallel shafts (such a» 
those of the driving wheels of a locomotive engine) are made to 
rotate with constantly equal angular velocities, by having equal 
cranks, which are maintained parallel by a coupling rod of such a. 
length that the line of connection is equal to the distance betweeik 
the axes. The cranks pass their dead points simultaneously. To 
obviate the unsteadiness of motion which this tends to cause, the 
shafts are provided with a second set of cranks at right angles to 
the first, connected by means of a similar coupling rod, so that one- 
set of cranks pass their dead points at the instant when the other 
set are farthest from theirs. 

175. The Comparative Motion of the Connected Points in a piece 
of linkwork at a given instant is capable of determination by the 
method explained in Article 98 ; that is, by finding the instantan- 
eous axis of the link ; for the two connected points move in the- 
same manner with two points in the link, considered as a rigid 
body. 

If a connected point belongs to a turning piece, the direction of 
its motion at a given instant is perpendicular to the plane contain* 
ing the axis and crank arm of the piece. If a connected point 
belongs to a shifting piece, the direction of its motion at any 
instant is given, and a plane can be drawn perpendicular to that 
direction. 

The line of intersection of the planes perpendicular to the paths- 
of the two connected points at a given instant, is the instcmUmeau^ 
aais of the link at that instant ; and the velocities of the connected 
points (vre directly <m their distcmces/rom thcU axis. 

In drawing on a plane surface, the two planes perpendicular to- 
the paths of the connected points are represented by two lines 
(being their sections by a plane normal to them), and the instanta- 
neous axis by a point; and should the length of the two lines- 
render it impracticable to produce them until they actually inter- 
sect, the velocity-ratio of the connected points may be found by 
the principle, that it is equal to the ratio of the segments which a 
line parallel to the line of connection cuts off from any two lines 
drawn from a given point, perpendicular respectively to the paths- 
of the connected points. 

Example I. Two Rotating Pieces with Parallel Axes (fig. 69)^ 
Let Ci, Cj, be the parallel axes of the pieces; T^, T,, their cod» 
nected points; Cj Tj, CtT„ their crank arms ; Tj T„ the link. At 
a given instant, let Vx be the velocity of Ti; v, that of T,. 

To find the ratio of those velocities, produce Ci Ti, C, T„ till 
they intersect in K ; K is the instantaneous axis of the link or 
counectiug rod, and the velocity ratio is 

Vi :t72: : KTj .KT, (1.) 



AN ECGENTBIO. 
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Should K be inconveniently far off, draw any triangle with its 
Bides respectively parallel to Ci Tj, Cj T„ and Ti T,; the ratio of 
the two sides first mentioned will be the velocity-ratio required. 
For example^ draw Ot A parallel to Ci Ti, cutting Ti T, in A, then 



ViiVgi : Ct A : Ct T] 



,(3.) 





^ 



Kg. 69. 

Examfiple II. Rotating piece and sliding piece (fig. 70). — Let 
C, be the axis of a rotating piece, and Ti B the straight line along 
which a sliding piece moves. Let Ti, Ti, be the connected points, 
CsTs the crank arm 'of the rotating piece, and Ti T^ the link or 
connecting rod. The point Tj, T,, and the line Ti R, are supposed 
to be in one plane, perpendicular to the axis C. Draw Tj K per- 
pendicular to Ti K, intersecting Cs Ti in K ; K is the instantaneous 
axis of the link; and 

Viiv, ::KT, :KT, 

Or otherwise draw from a point Ci, 0, A perpendicular to Ti R the 
direction of motion of the sliding piece, C% T^ perpendicular to the 
direction of motion of the rotating piece, then the line Ti T„ or a 
line parallel thereto cuts off the segments 0^ A, C, T^ or segments 
proportional thereto, and the velocity-ratio of the rotating piece 
to the sliding piece is as Ci T, to Cs A. 

176. An Eccentric (fig. 71) being a circular disc keyed on a 
shaft, with whose axis its centre does not coin- 
cide, and used to give a reciprocating motion to 
a rod, is equivalent to a crank whose con- 
nected point is T, the centre of the eccentric v\^ ^^;p>^ Jh-^ZZA, 
disc, and whose crank arm is T, the distance 
of that point from the axis of the shaft, called 
the eccentricity. 




Kg. 71. 
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177. The Length ot Stroke of a point in & reoiprocatiiig piece is 
the disbuioe between the two ends of the path in which that point 

moves. When it is connected by a link with 

A point in k continuously rotating piece, the 

ends of the stroke of the reciprocating point 

correspond with the dead poinlt oi the oontiau' 

onsly revolving piece (Article 173). 

^ Let S= B be the length of stroke of 

', the reciprocating piece, L = E C = D B the 

\ length of the line of connection, and R = A E = 

) A D the crank arm of the continuously taming 

piece. Then if the two ends of the stroke be 

in one stiMght line with the axis of the 

crank, 

8 = 2 R; (1.) 

and if their ends be not in one straight line 
with that axis, then S, L-R, and L + B, are 
the three sides of a triangle, having the angle 
opposite S at that axis; so that if f be the 
supplement of the arc between the dead points, 
DandE, 
8* = (L-B)» + (L + R^-2(L-E) 

(L + R)coB*; % 

S* = 2 (L* + R") - 2 ; 17 - R») cos 9; I 
2L« + 2R«— 8» r- 

178. Hooke'B Univerial Joint (fig. 73) is a contrivance for 
coupling shafts whose axes intersect each other in a point 

Lot be the point of intersection of the axes O C^ 0^ and » 

, their angle of inclination to each 

other. The pair of shafts C„ C, 

terminate in a pair of forks, F„ F^ 

in bearings at the extremities of 

which turn the gudgeons at the 

ends of the arms of a rectangular 

cross, having its centre at 0. This 

cross is the link; the connected 

points are the centres of the bear- 

Pj- y3_ mgs Fi, Fr At each instant each 

of those points moves at right angles 

to the centra] plane of its shaft and fork, therefore the line of 

intersection of the central planes of the two forks, at any instant, 

is the instantaneous axis of the cross, and the velocity-ratio of the 




n«.72. 



..(2.) 
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points Fj, Ft (which, as the forks are equal, is also the amgvlar 
-velodty-ratio of the shafts), is equal to the ratio of the distances of 
those points from that instantaneous axis. The mean value of that 
velocity-ratio is that of equality; for each successive quarter turn 
is made by both shafts in the same time; but its actual value 
fluctuates between the limits, 



,(1.) 



(h f* 1 "^ 

= -' — Tcu^o — ^ = when Fi is in the plane 

^ r • sm (90° ~ t) cos « '^ 

of the axis; 
^ = cos i when F. is in that plane. 

179. The Donble Hooke's Joint (fig. 74) is used to obviate the 
vibratory and unsteady motion caused by the fluctuation of the 
velocity-ratio indicated in the equa- 
tion of Article 178. Between the 
two shafts to be connected, Ox, Ct, 
there is introduced a short interme- 
diate shaft Cs, making equal angles 
with Ci and C,, connected with each 
■of them by a Hooke's joint, and ^fr '^ 

having both its own forks in the same plane. 

By this arrangement the angular velocities of the first and third 
49hafts are equal to each other at every instant. 

180. A GHck, being a reciprocating bar, acting upon a raohet 
wheel or rack, which it pushes or puUs through a certain arc at 
•each forward stroke, and leaves at rest at each backward stroke, is 
an example of intermittent linkwork. During the forward stroke, 
the action of the click is governed by the principles of linkwork ; 
<iuring the backward stroke, that action ceases. A. catch or paU^ 
turning on a fixed axis, prevents the ratchet wheel or rack from 
reversing its motion. 




Section 5. — Reduplication op Cords. 



181. De/mitions — The combination of pieces connected by the 
several plies of a cord or rope consistR of a pair of cases or frames 
called blocks, each containing one or more pulleys called sheaves. 
One of the blocks called the /aU-block, Bi, is fixed ; the other, or 
rtrnning-block, B^, is movable to or from the fall-block, with which 
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it is coaaeoted by mdooa of a rope of whicli one end is attached 
either to the &ll-block or t» 
the runniiig-block, while th& 
other end, T„ caUed the /all, 
or tackle-fall, is free ; while- 
the intermediate portion ol 
the rope passes alternately 
rotind the pulleys in the fall- 
block and running-block. Tb» 
V whole combination is called a. 

tackle or pterehaae. 
i 182. The Velocity-Ratio chief- 
ly considered in a tackle is that 
between the velocitiea of the 
running-block, u, and of the 
taokle-fall, v. That ratio is 
given by Equation 3 of Article 
Pig; 7& Kg. 76a. 1 13 (which see), viz. : — 



..(1.) 



where n is the ntiml&r of plies of rope by which the running-block 
is connected with the fell-blook. Thus, in fig. 75 n= 7; and ia 
fig. 75aji = 6. 

1S2a. The Veloci^ of any Ply of ^e rope is found in the follow- 
ing manner : — 

I. For a ply on the side of the iall-block next the tackle-&ll, 
snch as 2, 4, 6, fig, 75, and 3, 6, fig. 75a, it is to be considered 
what would be the velocity of that ply if it were itself the tackle- 
fall. Let that velocity be denot«d by i^, and let n' be the number 
of plies between the ply in question and the point of attachment by 
which the first ply (marked 1 in the figures) is fixed to one or 
other block. Then 

»' = n'u (1.) 

II. For a ply on the aide of the &lI-block &rthe3t from the- 
tackle-fall, the velocity is equal and contrary to that of the next 
succeeding ply, with which it ia directly connected over one of the- 
sheaves of the fall-block. 

III. If the first ply, as in fig. 75a, is attached to the fall-block^ 
its velocity is nothing; if to the running-block, its velocity is equal 
to that of the block. 

183. White's Tackle. — The sheaves in a. block are usually mado 
all of the same diameter, and turn on a fixed pin; and they have, 
consequently, difierent angular velocities. But by making the 
diameter of each sheaf proportional to the velocity, rdatively to the. 
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block, of the ply of rope which it is to carry, the angular velocities 
of the sheaves in one block may be rendered equal, so that the 
sheaves may be made all in one piece, and may have journals- 
turning in fixed bearings. This is called WhMa TacMe, from the: 
inventor, and is represented in figs. 75 and 75a. 

Section 6. — Compahative Motion in the " Mechanical 

Powers." 

184. Classification of the Mechanical Powers.— '' Mechanical 
Powers" is a name given to certain simple or elementary machines, 
all of which, with the single exception of the pulley, are more 
simple than even an elementary combination of a driver and fol- 
lower; for, with that exception, a mechanical power consists 
essentially of only one primary moving piece ; and the comparative 
motion taken into consideration is simply the velocity-ratio either 
of a pair of points in that piece, or of two components of the 
velocity of one point. There are two established classifications of 
the mechanical powers; an older classification, which enumerates 
six ; and a newer classification, which ranges the six mechanical 
powers of the older system under three heads. The following table 
shews both these classifications : — 

NBWKK ClABSHIOAIIOS OlDKK CLASSinCATIOW. 

The Lever, | rj^^ ^^®^\ ^^^ ^^j^ 

i The Inclined Plane. 
The Inclined Plane, < The Wedge. 

( The Screw. 
The Pulley, The Pulley. 

In the present section the comparative motions in the mechanical 
powers are considered alone. The relations amongst the forces 
which act in those machines will be treated of in the kinetic 
division of this Treatise. 

In the lever and the wheel and axle of the older classification, 
which are both comprehended under the lever of the newer classi- 
fication, the primary moving piece turns about a fixed axis; and 
the comparative motion taken into consideration is the velocity- 
ratio of two points in that piece, which may be called respectively 
the driving point and the fdlounng point. The principle upon 
which that velocity-ratio depends has already been stoted in Article 
93, page 50 — viz., that the velocity of each point is proportional 
to the radius of the circular path which it describes; that is, to its- 
perpendicular distance from the axis of motion. 

The distinction between the lever and the wheel and axle is- 
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ihis: that in the lever^ the driving point, D, and the following 

point, F, are a pair of determinate 
points in the moving piece^ as in 
figs. 76a to 76d; whereas in the 
wheel and axle they may be any 
pair of points which are situated 
respectively in a pair of cylindrical 
pitch-surfaces, D and F, described 
about the axis A, fig. 76. 

In each of these figares the plane 
of projection is normal to the axis, 
and A is the trace of the axis. In 
fiig. 76, D and F are the traces of 
two cylindrical pitch-surfaces. In 
figs. 76a to 76d, D and F are the 
^' '"' projections of the driving and 

following points respectively. 

The axis of a lever is often called the Julcrum. 

A lever is said to be straight, when the driving point, D, and 

following point, F, are in one plane traversing the axis A, as in 

figs. 76a, 76b, and 76c. In other cases the lever is said to be bent, 

AS in fig. 76d. 




I 
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Fig. 76a. 
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Fig. 76a 

The straight lever is said to be of one or other of three kinds, 

according to the following classification : — 
In a lever of the first kind, fig. 76a, the 
driving and following points are at opposite 
sides of the fulcrum A 

In a lever of the second kind, fig. 76b, the 

driving and following points are at the same 

side of the fulcrum, and the driving point is 

the further from the fulcrum. 

In a lever of the third kind, fig. 76c, the driving and following 

-points are at the same side of the fulcrum, and the following point 

is the further from the fulcrunu 

In the inclined plane, and in the wedge, the comparative motion 
•considered is the velocity-ratio of th6 entire motion of a straight- 
gliding primary piece and one of the components of that motion ; 
the principles of which velocity-ratio have been stated in Article 
70, pages 38, 39. 



Fig. 76d. 
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In the inclined plane, fig. 76b, A A is the trace of a fixed plane;. 
B, a block sliding on that 
plane in the direction BC; 
the plane of projection being 
perpendicular to the plane 
A A, and parallel to the 
direction of motion of B. 
B D is some direction oblique 
to B C. From any convenient 
point, C, in B C, let fall C D 
perpendicular to B D; then 
B D -4- B C is the ratio of 




Fig. 76b. 



the component velocity in the direction B D to the entire velocity 
ofB. 

In ^g, 76p, a a is the trace of a fixed plane; BCD, the trace- 
of a wedge which slides on that plane. While the wedge advances 
through the distance c, its oblique face advances from the posi- 
tion D to the position c d; and if C be drawn normal to the- 
plane C D, the ratio borne by the component velocity of the wedge- 




Fig, 76f. 

in a direction normal to its oblique face to its entire velocity will! 
be expressed by 6 : C c. 

In the screw the comparative motion considered is the ratio* 
borne by the entire velocity of some ix)int in, or rigidly connected 
with, the screw, to the velocity of advance of the screw. 

The helical path of motion of a point in, or rigidly attached to,, 
a screw may be developed (as has been already explained in Article- 
160, page 94) into a straight line : being the hypotenuse of a 
right angled triangle whose height is equal to the pitch of the- 
screw, and its l)ase to the circumference of a circle whose radius- 
is the distance of the given point from the axis of the screw. Then* 
if B D in fig. 76e be taken to represent the pitch of the screw, and 
D 0, perpendicular to B D, the circumference of the circle described 
by the point in question about the axis, B C will be the develop- 
ment of one turn of the screw-line described by that point as it 
revolves and advances along with the screw; and B •?- B D will 
be the ratio of its entire velocity to the velocity of advance; just. 
as in the case of a body sliding on an inclined plane, A A, parallel 
to B 0. This shews why the screw is comprehended under the> 
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general head of the inclined plane, in the newer classification of 
the mechanical powers. 

The term puJley^ in treating of the mechanical powers, means 
any purchase or tackle of the class already described in Section 
b of this Chapter, pages 105 to 107. 

Section 7. — Hydraulic Connection. 

185. The General Principle of the communication of motion 
between two pistons bj means of an intervening fluid of constant 
density has already been stated in Article 119, viz., that the velo- 
cities of the pistons are inversely as their areas, measured on planes 
vnormal to their directions of motion. 

Should the density of the fluid vary, the problem is no longer 

•one of pure mechanism; because in that case, besides the communi- 

-cation of motion from one piston to the other, there is an additional 

motion of one or other, or both pistons, due to the change of volume 

of the fluid. . 

186. Valves are used to regulate the communication of motion 
through a fluid, by opening and shutting passages through which 
the fluid flows; for example, a cylinder may be provided with 
valves which shall cause the fluid to flow in through one passage, 
and out through another. Of this use of valves, two cases may be 
distinguished. 

L Wlven the piston moves the fluid, the valves may be what is 

•called sdf-acting; that is, moved by the fluid. If there be two 
passages into the cylinder, one provided with a valve opening 
inwards, and the other with a valve opening outwards; then 
during the outward stroke of the piston the former valve is opened 

-and the latter shut by the inward pressure of the fluid, which 
flows in through the former passage; and during the inward stroke 
of the piston, the former valve is shut and the latter opened by the 

'Outwanl pressure of the fluid, which flows out through the latter 
passage. This combination of cylinder, piston, and valves, consti- 
tutes a pump. 

II. When the fluid moves the piston, the valves must be opened 

.and shut by mechanism, or by hand. In this case the cylinder is 

. a worldng cylinder. 

187. In the Hydranlic Press, the rapid motion of a small piston 
in a pump causes the slow motion of a large piston in a working 

. cylinder. The pump draws water from a reservoir, and forces it 
into the working cylinder : during the outward stroke of the pump 
piston, the piston of the working cylinder stands still; during the 
inward stroke of the pump piston, the piston of the working 
-cylinder moves outward with a velocity as much less than that of 
i^he pump piston as its area is greater. When the piston of the 
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'working cylinder has finished its outward stroke, which may be of 
■any length, it is permitted to be moved inwards again by opening 
■a valve by hand and allowing the water to escape. 

188. In the Hydranlic Hoist, the slow inward motion of a large 
piston drives water from a large cylinder into a smaller cylinder, 
and causes a more rapid outward motion of the piston of the 
smaller cylinder. When the latter piston is to be moved inward, 
a valve between the two cylinders is closed, and the valve of an 
outlet from the smaller cylinder opened, by hand, so as to allow 
the water to escape from the smaller cylinder. The larger cylinder 
is filled and its piston moved outward, when required, by means of 
a pump, in a manner resembling the action of a hydraulic press. 

Section 8. — ^Trains of Mechanism. 

189. Trains of Elementary Combinations have been defined in 
Article 131, and illustrated in the case of wheel work, in Article 145, 
and in the case of a double Hooke's joint, in Article 179. The 
general principle of their action is that the comparative motion of 
the first driver and last follower is expressed by a ratio, which is 
found by multiplying together the several velocity-ratios of the 
•seiies of elementary combinations of which the train consists, each 
with the sign denoting the directional relation. 

Two or more trains of mechanism may «m«»y« into one; as 
when the two pistons of a pair of steam engines, each through its 
own connecting rod, act upon one crank shaft. One train of 
mechanism mnj diverge into two or more; as when a single shaft, 
-driven by a prime mover, carries several pulleys, each of which 
drives a different machine. The principles of comparative motion 
in such converging and diverging trains are the same as in simple 
trains. 
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CHAPTER III. 

ON AGGREGATE COMBINATIONS. 

190. The General Principles of aggregate combinations have 
already been given in Part I., Chapter II., Section 3. The pro- 
blems to which those principles are to be applied may be divided 
into two classes. 

I. Where a secondary moving piece is connected at three, or at 
two points, as the case may be, with three or with two other pieces 
whose motions are given ; so that the problem is, from the motiona 
qf three or of two points in the aeconda/ry piece, to find its motion as 
a whole, anJd the motion of cmy point in it. The solution of this 
problem is given in Articles 97 and 98. 

IT. Where a secondary piece, C, is carried by another piece, B; 
and denoting the frame of the machine by A, there are. given two 
out of the three motions of A, B, and C, relatively to each other, 
and the third is required. The motion of C relatively to A is the 
resultant of the motion of C relatively to B, and of B relatively to 
A; and the problem is solved by the methods already explained in 
Articles 99 to 107, inclusive. 

Professor Willis distinguishes the effects of aggregate combina- 
tions into aggregate velocitiesy whether linear or angular, produced 
in secondary pieces by the combined action of different drivers, and 

(aggregate paths, being the curves, such 
as cycloids and trochoids, epicycloids and 
epitrochoids, described by given points in 
such secondary pieces. 

The following Articles give examples- 
of two simple agmgate combinations. 

191. DifferentialWindlass.— Infig.77, 
the axis Aj carries two barrels of different 
radii, r^ being the greater, and r, the less. 
A running block containing a single 
pulley is hung by a rope which passes 
below the pulley, and has one end wound 
round the laiger barrel, and the other 
wound the contrary way round the 
smaller barrel. When the two barrels 
rotate together with the common angular velocity a, the division 
of the rope which hangs from the laiger barrel moves with the 




Fig. 77. 



COMPOUND SCREWS. 
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velocity ar^j and the division which hangs from the smaller barrel 
moves in the contrary direction with the velocity - a ra (whose 
direction is denoted by the negative sign). These are also the 
velocities of the two points at opposite extremities of a diameter of 
the pulley, where it is touched by the two vertical divisions of the 
rope. The velocity of the centre of the pulley is a mean between 
those two velocities; that is, their half-difference, because their 
signs are opposite; or denoting it by v, 



a{ri-r,) 
•- 2 



(1.) 



The vn8t<mkme<yu8 aods of the pulley may be found by the method 
of Article 98, as foUows : — ^In fig. 35o, let A and B be the two 
ends of the horizontal diameter of the pulley, and let A V, = <3( r^, 

and B Vj = arj represent their velocities; join "V« Yj cutting A B 
in O ; this is the instantaneous axis. Now 

A0-0B = AC + C0-0B = BC + C0-0B = 200, 
AO + OB:AO-OB::AV. + BV»:AV.-BVj, 
AB: 200:: a{r'^-¥r^i a^-rj); 

and hence the distance of the instantaneous axis from the centre 
or moving axis of the pulley is obviously 



AB 



3(rx + r,)' 



(2.) 



The motion of the centre of the pulley is the same with that of a 

point in a rope wound on a barrel of the radius -^p ^* The use of 

the contrivance is to obtain a slow motion of the pulley without 
using a small, and therefore a weak, barrel. 

192. Compound Screws.— (Fig. 78). On the same axis let 
there be two screws SiS^, and S^Sg, of the respective pitches 





Kg. 78. 

Pi and p^ pi being the greater, and let the screws in the first 
instance be both right-handed or both left-handed. Let N^ and N, 
be two nuts, fitted on the two screws respectively. When the com- 
pound screw rotates with the angular velocity a, the nuts ap roach 
towards or recede firom each other with the relative velocity 

I 



114 THEORY OF MECHANISM. 

.=%^; .(1.) 

being that due to a screw whose pitch is the diffwetyce of the two 
pitches of the compound screw. (See Article 96, Equation 1.) 
The object of this contrivance is to obtain the slow advance dae to 
a fine pitch, together with the strength of large threads. 

Fig. 79 represents a compound screw in which the two screws 
are contrary-handed, and the relative velocity of the nuts N^ N, is 
that due to the vwm, of the two pitches; or as they are usually 
equal, to double the pitch of each screw. This combination is 
used in coupling railway-carriages. 
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PRINCIPLES OF STATICS. 



CHAPTER L 
SUMMARY OF GENERAL PRINCIPLES. 

Nature and Division of the Subject. 

The present Chapter contains a summary of the Principles of 
Statics. 

193. Forces — Action and Re-action.— Every force is an action 
€xerted between a pair of bodies, tending to alter their condition 
«8 to relative rest and motion; it is exerted equally, and in con- 
trary directions, upon each body of the pair. That is to say, if A 
and B be a pair of bodies acting mechanically on each other, the 
force exerted by A upon B is equal in magnitude and contrary in 
direction to the force exerted by B upon A. This principle is 
sometimes called the equality of action amd re-action. It is ana- 
logous to that of relative motion, explained in Article 61, page 34. 

194. Forces, how Determined and Expressed. — A force, as 
respects one of the two bodies between which it acts, is deter- 
mined, or made known, when the following three things are 
known respecting it :— first, the place; or part of the body to which 
it is applied; secondly, the direction of its action; ikirdly, its 
wagnibjude. 

The Place of the application of a force to a body may be the 
whole of its volume, as in the case of gravity; or the surfEuse at 
which two bodies touch each other, or the bounding surface 
between two parts of the same body, as in the case of pressure, 
tension, shearing stress, and friction. 

Thus every force has its action distributed over a certain space, 
•either a volume or a surface; and a force concentrated at a single 
point has no real existence. Nevertheless, in investigations respect- 
ing the action of a distributed force upon the position and move- 
ments, as a whole, of a rigid body, or of a body which without 
-error may be treated as rigid, like the solid parts of a machine, 
fixed or moving, that force may be treated as if it were concen- 
4rated at a point or points, determined by suitable processes ; and 
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such is the use of those numerous propositions in statics which 
relate to forces concentrated at points; or single /orces, as they 
are called. 

The Direction of a force is that of the motion which it tends- 
to produce. A straight line drawn through the points of applica- 
tion of a single foi*oe, and along its direction, is the line of action 
of that force. 

The Magnitudes of two forces are equal when, being applied to 
the same body in opposite directions along the same line of action, 
they balance each other. 

The magnitude of a force is expressed arithmetically by stating^ 
in numbers its ratio to a certain unit or standard of force, which, 
for practical purposes, is usually the weight (or attraction towards 
the earth), at a certain latitude, and at a certain level, of a known 
mass of a certain material. Thus the British unit of force is th& 
stcmdard pownd avoirdupois ; which is the weight, in the latitude 
of London, of a certain piece of platinum kept in a public office. 

For the sake of convenience, or of compliance with custom, other 
units of weight are occasioncdly employed in Britain, bearing certain, 
ratios to the standard pound; such 



The grain = y^nnr ^^ ^ pound avoirdupois. 

The troy pound = 5,760 grains = 0*82285714 pound avoirdupois^ 

The himdred weight = 112 pounds avoirdupois. 

The ton = 2,240 pounds avoirdupois. 

The French standard of weight is the Mlograffmne, which is the 
weight, in the latitude of Paris, of a certain piece of platinum kept- 
in a public office. It was originally intended to be the weight of 
a cubic decimetre of pure water, measured at the temperature at 
which ^the density of water is greatest — ^viz., 4°-l Cent., or 39°*4 
Fahr., and under the pressure which supports a barometric column 
of 760 millimetres of mercury ; but it is in reality a little heavier. 

A kilogramme is 2*20462125 lbs. avoirdupois. 
A pound avoirdupois is 0*4535926525 of a kilogramme. 

For scientific purposes, forces are sometimes expressed in 
Absolute Umts, The "Absolute Unit of Force" is a term used to 
denote the force which, acting on an unit of mass for an unit of 
time, produces an \mit of velocity. 

The unit of time employed is always a second. 

The unity of velocity is in Britain one foot per second ; in 

France one m^tre per second. 
The unit of mass Ib the mass of so much matter as weighs on& 
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unit ot weight near the level of the sea, and in some 
definite latitude. 

In Britain the latitude chosen is that of London; in France, 
that of Paris. 

In Britain the unit of weight chosen is sometimes a grain, 
sometimes a pound avoirdupois ; and it is equal to 32*187 
of the corresponding absolute units of force. In France the 
unit of weight chosen is either a gramme or a kilogramme, 
and it is equal to 9*8087 of the corresponding absolute 
units of force. Each of those coefficients is denoted by the 
letter g, 

195. Measures of Force and Mass. — If by the unit of force 
is understood the weight of a certain standard, such as the 
avoirdupois pound, then the mass of that standard is l-i-g; and 
the unit of mass is g times the mass of the standard; and this 
is the most convenient system for calculations connected with 
mechanical engineering, and is therefore followed in the present 
work. 

But if we take for the unit of mass, the mass of the standard 
itself, then the unit of force is the ahsohUe unit; and the weight of 
the standard in such units is expressed by ^; for ^ is the velocity 
which a body's own weight, acting unbalanced, impresses on it 
in a second. This will be specially treated of in Part Y. This is 
the system employed in many scientific writings, and in particular, 
in Thomson and Tait's NaJtmral Philoaophy. It has great advan- 
tages in a scientific point of view; but its use in calculations for 
practical purposes would be inconvenient, because of the prevailing 
oustom of expressing forces in terms of the standard of weight. 

196. Representation of Forces by Lines. — A single force may be 
represented in a drawing by a straight line; an extremity of the 
line indicating the point of 
application of the force, — the 
direction of the line, the direc- 
tion of the force, — and the length 

of the line, the magnitude of the 

force, according to an arbitrary ^*a ^ ^^**^ 

«^®- Fig. 80. 

For example, in fig. 80, the 

fict that the body B B B B is acted upon at the point Oi by a 
given force, may be expressed by drawing from Oj a straight line 
Oi Fi in the direction of the force, and of a length representing the 
magnitude of the force. 

If the force represented by OiFj is balanced by a force applied 
either at the same point, or at another point O, (which must be in 
the line of action L L of the force to be balanced), then the secont' 

force will be represented by a straight line O^Fa, opposite in dire 
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tion, and equal in length to OiFj, and lying in the same line of 
action L L. 

If the body B B B B (fig. 81), be balanced by several forces acting 
in the same straigh t lin e LL, applied at points Oi O^, dsc, and 
xepresented by lines O^ F^, 0%F^ Ac ; then either direction in tho 

line L L (such as the direc- 
tion towards + L) is to \ie 
■*"3*' considered as positive, and 
the opposite direction (such 
as the direction towards 
- L) as negative ; and if the 
sum of all the lines repre- 
senting forces which point 
Pig gl positively be equal to the 

sum of all those which point- 
negatively, the algebraical sum of all the forces is nothing, and the 
body is balanced. * 

197. Resultant and Component Forces — Their Magnitude. — 
The Kesultakt of any combination of forces applied to one body 
is a single force capable of balancing that single force which 
balances the combined forces; that is to say, the resultant of the 
combined forces is equal and directly opposed to the force which 
balances the combined forces^ and is equivalent to the combined 
forces so far as the balance of the body is concerned. The com- 
bined forces are called componerUs of their resultant. 

The resultant of a set of mutually balanced forces is nothing. 

The magnitudea and di/rectiona of a resultant force and of its 
components are related to each other exactly in the same manner 
with the velocities and directions of resultant and component 
motions. 

As to the position of the resultant, if the components act through 
one point, the resultant acts through that point also; but if the 
components do not act through one point, the position of the re- 
sultant is to be found by methods which will be stated further on. 

198. Equilibrium or Balance is the condition of two or more 
forces which are so opposed that their combined action on a body 
produces no change in its rest or motion, and that each force 
merely tends to cause such change, without actually causing it. 

In treatises on statics, the word pressure is often used to denote 
any balanced force; although in the popular sense that word is 
used to denote a force, of the nature of a thrust or push, distributed 
over a surface. 

199. Parallel Forces are forces whose directions of motion are 
parallel, excepting couples and directly opposed forces. 

200. Couples. — Two forces of equal magnitude applied to the 
same body in parallel and oppouite directions, but not in the same 
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Hne of action (such as F, F, in fig. 82), constitute what is called a 

The <vrm or leverage of a couple (L, fig. 82) is the perpendicular 
distance between the lines of action of the two equal forces. 

The tendency of a couple is to turn the body to which it is 
applied in the plcme of the couple— that is, the plane which con- 
tains the lines of action of the two 
forces. (The plane in which a body 
turns is any plane parallel to those 
planes in the body whose position is not ^ 
altered by the turning). The turning 
of B body is said to be right-hamded 
when it appears to a spectator to take 
place in the same direction with that of ^* 

the hands of a watch, and left-hcmded when in the opposite direc- 
tion; and couples are designated as right-handed or left-handed 
according to the direction of the turning which they tend to pro- 
duca The couple represented in fig. 82 appears right-handed to 
the reader. 

The Moment of a couple means the product of the magnitude of 
its force by the length of its arm (F L); and may be represented 
by the area of a rectangle whose sides are F and L. If the force 
be a certain number of pounds, and the arm a certain number of 
feet, the product of those two numbers is called the moment in 
fooi-^awnde^ and similarly for other measures. The moment of a 
couple may also be represented by a single line on paper, by setting 
ofi* upon its aads (that is, upon any line perpendicular to the plane 
of the couple) a length proportional to that moment (O M, fig. 82) 
in such a direction, that to an observer looking from O towards M 
the couple shall seem right-handed. 

201. The Centre of Parallel Forces is the single point 
referred to in the following principle. The forces to which that 
principle is applied are in general either weights or pressures; 
and the point in question is then called the GenVre of Grcmty or 
the Centre qf Presfiwre, as the case may be. 

If there be given a system of poiTUs, emd the mutual ratios of a 
system of par olid forces applied to those points^ which forces have a 
single resultant, then there is one point, amd one ordy, which is tror 
versed by the line of auction of the residtant of every system ofparaUel 
forces having the given mutual ratios and applied to the given system 
of points, whatsoever may bet the absolute magnitudes of those forces 
amd the a/ngvla/r position of their lines of auction, 

202. Distributed Forces in General. — In Article 194, page 115, 
it has already been explained, that the action of every real force is 
distributed throughout some volume, or over some surface. It is 
always possible, however, to find either a single resultant, or a 
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re8tdt<mi couple, or a eombiruUian of a single force vfiih a couple, to 
which a given distributed force is eqaivalent, so far as it affects 
the equilibrium of the body, or part of a body, to which it is 
applied. 

In the application of Mechanics to Structures, the only force dis* 
tributed throughout the volume of a body which it is necessary to 
consider, is its weighty or attraction towards the earth ; and the 
bodies considered are in every instance so small as compared ¥dth 
the earth, that this attraction may, without appreciable error, be 
held to act in parallel directions at each point in each body. More- 
over, the forces distributed over surfaces are either parallel at each 
point of their surfaces of application, or capable of being resolved 
into sets of parallel forces; heao/^y pwraUel dietrihuted forces have 
alone to be considered ; and every such force is statically equivalent 
either to a single resultant, or to a resultant couple. 

The irUensity of a distribtUed force is the ratio which the magni- 
tude of that force, expressed in units of weight, bears to the space 
over which it is distributed, expressed in units of volume, or in 
units of surface, as the case may be. An umt of intensity is an 
unit of force distributed over an unit of volume or of sur&ce, as 
the case may be; so that there are two kinds of units of intensity. 
For example, one pound per cubic foot is an unit of intensity for a 
force distributed throughout a volume, such as weight; and one 
poimd per squan'e foot is an unit of intensity for a force distributed 
over a surface, such as pressure or friction. 

203. Specific Gravity — Heaviness — Density — BuUdness. — I. 
Specific Gravity is the ratio of the weight of a given bulk of a 
given substance to the weight of the same bulk of pure water at 
a standard temperature. In Britain the standard temperature 
is 62^ Fahr. = 16°'67 Cent. In France it is the temperature of 
the maximum density of water = 3^*94 Gent. — 39^*1 Fahr. 

In rising from 39^*1 Fahr. to 62® Fahr., pure water expands in 
the ratio of 1*001118 to 1 ; but that difference is of no consequence 
in calculations of specific gravity for engineering purposes. 

II. The heamness of any substance is the weight of an unit of 
volume of it in units of weight. In British measures heaviness is 
most conveniently expressed in lbs. ofooirdupois to the eubicfoot ; 
in French measures, in hilogrcvnvmes to the cubic decimkre (or to 
the litre). The values of the heaviness of water at 39^*1 Fahr., 
and at 62^ Fahr., are respectively 62425 and 62*355 lbs. to the 
cubic foot. 

III. The density of a substance is either the number of units of 
mass in an unit of volume, in which case it is equal to the heavi- 
uesft,— or the ratio of the mass of a given volume of the substance 
to the mass of an equal volume of water, in which case it is equal 
to the specific gravity. In its application to gcues, the term 
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Density" is often nsed to denote the ratio of the heaviness of a 
.given gas to that of air, at the same temperature and pressure. 

lY. The btdkiness of a substance is the number of units of 
volume which an unit of weight fills; and is the reciprocal of tfie 
/iecwmess. In British measures bulkiness is most conveniently 
-expressed in eu^bicfeet to the lb, a/ooi/rdupoia ; in French measures, 
in cubic decimHrea (or in litres) to the hilogra/mme. Bise of temper- 
ature produces (with certain exceptions) increase of bulkiness. 
The linear expansion of a solid body is one-third of its expansion 
in bulk. 

204. The Centre of Oravity of a body or of a system of bodies, 
is the point always traversed by the resultant of the weight of the 
body or system of bodies, — in other words, the centre of pwroML 

Jorcea for the weight of the body or system of bodies. 

To mipport a body, that is, to balance its weight, the resultant of 
the supporting force must act through the centre of gravity. 

When the centre of gravity of a geometrical figure is spoken of, 
it is to be understood to mean the point where the centre of 
^gravity would be, if the figure were formed of a substance of 
uniform heaviness. 

205. The Centre of Pressure in a plane surface is the point 
traversed by the resultant of a pressure that is exerted at that 
43urfibce. When the intensity is uniform, the centre of pressure is 
•at the cen^ of magnitude of the pressed surface. 

206. The Centre of Buoyancy of a solid wholly or partly im- 
mersed in a liquid is the centre of gravity of the mass of liquid 
displaced. The resultant pressure of the liquid on the solid is 
«qual to the weight of liquid displaced, and is exerted vertically 
upwards through the centre of buoyancy. 

207. The Intensity of Pressure is expressed in units of weight 
on the unit of area; as pounds on the square inch, or kilogrammes 
<on the square m^tre ; or by the height of a column of some fluid ; 
or in atmosphereSf the unit in this case being the average pressure 
•of the atmosphere at the level of the sea. 
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CHAPTER IL 

COMPOSITION, RESOLUTION, AND BALANCE OP FORCES. 

Section 1. — Forces Acting Through One Point. 

208. Resultant of Forces Acting in One Straiglit Line. — ^The 
resultant of any number of forces acting on one body in the same 
straight line of action, acts along that line, and is equal in magni- 
tude to the sum of the component forces; it being understood, that 
when some of the component forces are opposed to the others, the 
word *^8tmi'' is to be taken in the algebraical sense; that is to say^ 
that forces acting in the same direction are to be added to, and 
forces acting in opposite directions subtracted from each other. 

When a system of forces acting along one straight line are 
balanced, the sum of the forces acting in one direction is equal to- 
the sum of the forces acting in the opposite direction. 

209. Resultant and Balance of- Inclined Forces — FaraUelogram 
of Forces. — The smallest number of inclined forces which can 
balance each other is three. Those three forces must act through 
one point, and in one plane. Their relation to each other depends 
on the following theorem, called the " Parallelogram op Forces,** 
from which the whole science of statics may be deduced. 

If two forces whose lines of action traverse one point be repre- 
sented in di/rection and magnitude by the sides of a pa/raUdogramy 
iheH/r resultant is represerUed by the diagonoL 

For example, through the point O (fig. 83) let two forces act, 

represented in direction and magnitude by O A and O B. The re- 

^ sultant or equivalent single force of 

those two forces is represented in 
direction and magnitude by the 
diagonal O C of the parallelogram 
O A C B. Its magnitude is given 
algebraically by the equation. 




Fig. 83. 



00=\/ |0A2 + 0B2 
^+20AOBcosAOb| 



(1.) 



210. Triangle of Forces. — To balance the forces O A and O B, 
a force is required equal and directly opposed to their resultant 
O C. This may be expressed by saying, that if the directions and 
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Fig. 84. 



magnihides of three forces be represented by the three sides of a 
tricmgle, taken in the same order (such as OA, AC, ^O), then iiose 
three forces, acting tJmmgh one jmnt, bakmce each other, or in other 
words, that three forces in the same plane balance each other at> 
one point, when each is proportional to the sine of the angl& 
between the other two. 

211. Polygon of Forces.— 7/* a number of forces acHng through 
the same point be represented by Unes 
eqtud and parallel to the sides of a 
closed polygon, taken in tine sams order, 
^lose forces balance ea>ch other. To fix 
the ideas, let there be five forces 
acting through the point O (fig. 84), 
and represented in direction and 
magnitude by the lines F,, V^, F3, 
F^ F5, which are equal and parallel to the sides of the dosed poly- 
gon O A B C D O; viz. :— 

Fi = and 11 O A; F2 = and 11 AB; F3 = and 11 BO; 
*F^ = andll,CD; F5 = andllD0. 
Then, by the principle of the parallelogram of forces, the resultant 
of Fi and F-is O B; the resultant of F^ Fo, and Fj is O C ; the 
resultant of F^, Fg, Fg, and F^ is O D, equal aivi opposite to Fg,. 
80 that the final resultant is nothing. 

The closed polygon may be either plane or ** gauche" — that is,, 
not in one plane. 

212. Principles of the Parallelopiped of Forces. — The simplest 
gauche polygon is one of four sides. Let AOBCEFGH (fig» 
85), be a parallelopiped whose diagonal is O H. 
Then any three successive edges so placed as 
to begin at O and end at H, form, together 
with the diagonal H O, a closed quadrilateral; 
consequently, if three forces F^, Fg, Fg, acting 
through O, be represented by the three edges 

A O, OB, O 0, of a parallelopiped, the dia- 
gonal O H represents their resultant, and a 
fourth force F^ equal and opposite to 

H balances them. 

213. Resolution of a Force into two 
Components. — In order that a given 
single force may be resolvable into two Fig. 85. 
components acting in given lines in- 
clined to each other, it is necessary, first, that the lines of action 
of those components should intersect the line of action of the 
given force in one point; and secondly, that those three lines of 
action should be in one plane. 
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Returning then to fig. 83, let O represent the given force, 
•which it is required to resolve into two component forces, acting in 
the lines O X, O Y, which lie in one plane with O C, and intersect 
it in one point 0. 

Though C draw C A ii O Y, cutting O X in A, and C B ii O X, 
cutting O Y in B. Then will O A and O B represent the com- 
ponent forces required. 

Two_forces respectively equal to and directly opposed to O A 
And O B will balance O C. 

The magnitudes of the forces are in the following proportions: — 

OC:OA:OB 

: : sin A O B : sin B O C : sin A O C (1.) 

214. Resolation of a Force into three Components. — ^In order 
that a given single force may be resolvable into three components 
acting in given lines inclined to each other, it is necessary that the 
lines of action of the components should intersect the line of action 
of the given force in one point. 

Beturning to fig. 85, let O H represent the given force which 
it is required to resolve into three component forces, acting in the 
lines O X, O Y, O Z, which intersect O H in one point O. 

Through H draw three planes parallel respectively to the planes 
Y O Z, Z O Y, X O Y, and cutting respectively O X in A, O Y in 

B, O Z in C. Then will O A, O B, O C, represent the component 
forces required. 

Three forces respectively equal to, and directly opposed to O A, 



O B, and O 0, will balance O H. 

215. Resolntion of a Force. Rectangular Components.— The 
rectangular components of a force are those into which it is resolved 
when the directions of their lines of action are at right angles to 
'each other. 

For example, in fig. 85, suppose O X, O Y, O Z, to be three 
axes of co-ordinates at right angles to each other. Then O H is 
resolved into three rectangular components, A O, O B, O C, simply 
by letting fall from H perpendiculars on O X, O Y, O Z, cutting 
them at A, B, 0, respectively. 

Let the three rectangular components be denoted respectively by 
X, Y, Z, the resultant by R, and the angles which it makes with 
the components by «, /3, y, respectively; then the relations between 
the three rectangular components and their resultant are expressed 
by the following equations : — 

X = R cos et; Y = R cos /3; Z = R cos y; (2.) 

R2 = X2 + Y2 + Z2. (3.) 
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When the resultant is in the same plane with two of its com- 
ponents (as X and Y), the third component is null, and the 
Equations 2 and 3 take the following form : — 

X = E cos « = R sin/Sj Y = Tt cos /3 = R sin «; Z = 0;...(4.) 

R2=:X» + Y2 (5.) 

In using Equations 2, 3, 4, and 5, it is to be remembered that 
cosines of obtuse angles are negative. 

216. Resultant and Balance of any number of inclined Forces, 
acting through one Point. — To find this resultant by calculation, 
assume any three directions at right angles to each other as axes; 
resolve each force into three components (X, Y, Z) along those- 
axes, and consider the components along a given axis which act in 
one direction as positive, and those which act in the opposite direc- 
tion as negative; take the algebraical sums of the components 
along the three axes respectively (2 • X, 2 • Y, S • Z); these will be 
the rectomgula/r componeTUa of the restdtcmt of all Ike forces; and it» 
magnitude and direction will be given by the following equations :— - 

R2 = (2-X)2 + (2-Y)« + (2-Z)2; (1.) 

2-X ^ 2-Y S-Z .^. 

cos « = -w— ; cos^= -g— ; cos y = -^- (2.) 

If the forces all act in one plane, two rectangular axes in that 
plane are sufficient^ and the terms containing Z disappear from the 
equations. 

If the forces balance each other, the components parallel to each, 
axis balance each other independently; that is to say, the three 
following conditions are fulfilled : — 

2-X = 0; S-Y = 0; 2-Z = (3.) 

If the forces all act in one plane, these conditions of equUibriuTm 
are reduced to two. 

Section 2. — Resultant and Balance of Couples. 

217. Equivalent Couples. — If the moments of two cov^es acting- 
in the same direction amd in the sa/me or pa/ralld pkmes are equal, 
those couples a/re equivalent : that is, their tendencies to turn the 
body to which they are applied are the same. 

The following propositions are the chief consequences of the 
principle just stated : — 

218. Resultant of Couples. — ^The resultant of any number of 
couples acting in the same or parallel planes is equivalent to a 
couple whose moment is the algebraical sum of the moments of the- 
combined couples. 
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219. Equilibrimn of Couples with same Axis. — Two opposite 
couples of equal moment in the same or parallel planes balance 
«ach other. Any number of couples in the same or parallel planes 
balance each other when the moments of the right-handed couples 
are together equal to the moments of the left-handed couples ; in 
other words, when the resultant moment is nothing — a condition 
expressed algebraically by 



2FL = 0. 



XI.) 



220. Parallelogram of Couples. — If the two sides of a parallelo- 
gram represent the axes and moments of two couples acting on 
the same body in planes inclined to each other, the diagonal of the 
parallelogram will represent the axis and moment of the resultant 
couple, which is equivalent to those two. 

In other words, three couples represented by the three sides of a 
triangle, taken in the same order, balance each other. 

221. Polygon of Couples. — If any number of couples acting on 
the same body be represented by a series of lines joined end to end, 
and taken in the same order so as to form sides of a polygon, and 
if the polygon is closed, those couples balance each other. 

These propositions are analogous to corresponding propositions 
relating to single forces; and couples, like single forces, can be 
resolved into components acting about two or three given axes. 

222. Resultant of a Couple and Single Force in Parallel Planes. 
—Let M denote the moment of a couple applied to a body (fig. 86); 
and at a point O let a single force F be applied, in a plane parallel 

to that of the couple. For the 
given couple substitute an equi- 
valent couple, consisting of a 
force - F equal and directly op- 
posed to F at O, and a force F 
acting through the point A, the 

arm A O perpendicular to F 

M 
being =p and parallel to the 

Fig. 86. plane of the couple M. Then 

the forces at O balance each 
other, and F acting through A is the resultant of the single force 
F applied at O, and the couple M ; that is to say, that if with a 
single force F there be combined a couple M whose plane is parallel 
to the force, the effect of that combination is to shift the line of 

M 

action of the force parallel to itself through a distance O A = ^j ; — 

to the left if M is right-handed — ^to the right if M is left-handed 
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223. Moment of Force with respect to an Axis. — In fig. 87, 
let the straight line F represent a force. Let 
O X be any straight line perpendicular in direc- 
tion to the line of action of the force^ and not 
intersecting it, and let A B be the common per- 
pendicular of those two lines. At B conceive a 
pair of equal and directly opposed forces to be 
applied in a line of action parallel to F, viz. : — 
F' = F, and - F' = - F. The supposed application 
of such a pair of balanced forces does not alter the 
statical condition of the body. Then the original 
single force F, applied in a line traversing A, is 
equivalent to the force F' applied in a line travers- 
ing B, the point in O X which is nearest to A, 
oombined with the couple composed of F and - F', 
whose moment is F * A B. This is called the momefnJt of the force 
F rdatiml/y to the axis O X, and sometimes also, the moment of the 
force F rdatively to the plane traversing O X, parallel to the line 
of action of the force. 

If from the point B there be drawn two straight lines B D and 
B E, to the extremities of the line F representing the force, the 
area of the triangle B D E being =j^ F * A B, represents one-half of 
the moment of F relatively to O 




Kg. 87. 



Section 3. — Resultant and Balance of Parallel Forces. 

224. Magnitude of Besnltant of Parallel Forces. — A balanced 
system of parallel forces consists either of pairs of directly opposed 
equal forces, or of couples of equal forces, or of combinations of 
such pairs and couples. 

Hence the following propositions as to the relations amongst the 
magnitiidee of systems of parallel forces. 

I. In a balanced system of parallel forces the sums of the forces 
acting in opposite directions are equal ; in other words, the alge- 
braical sum of the magnitudes of all the forces taken with their 
proper signs is nothing. 

II. The magnitude of the resultant of any combination of parallel 
forces is the algebraical sum of the magnitudes of the forces. 

The relations amongst the posUuma of the lines of action of 
balanced parallel forces remain to be shewn; and in this inquiry 
all pairs of directly opposed equal forces may be left out of con- 
sideration; for each such pair is independently balanced whatso- 
ever its position may be ; so that the question in each case is to be 
solved by means of the theory of couples. 

The following is the simplest case : — 
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22S. Diiection of BeBoltant of Parallel Foices — Principle of tho 

Lever. — If three parallel Joree^ 

applied to one body balance each 

other, they vuut hem one plane; 

the two extreme /ornxs must act 

in the eaime direction ; the middle 

force muBt act in the opposite 

direction; and the Tnagmiude of 

each force must be proportioTud 

to Ae dietanee betuieea th« lines 

„ qf action of the other two. Let 

*^- ^- a body (fig. 88) be maintained 

in equilibrio by tvro opposite conplea acting in the same plane, and 

of equal momente, 

F.L, = F.L, 
and let those couples be so applied to the body that the lines of 
action of two of those forces, - F. — F„ which act in the same 
direction, shall coincide. Then those two forces are equivalent to 
the single middle force F„ = - (F^ + FJ, eqnal and opposite to the 
Bum of the extreme forces + F^ -i- F„ and in the same plane with 
them ; and if the straight line A. C B be drawn perpendicular to 
the lines of action of the forces, then 

AO = L,; 0B = L,; XB = L»+I^; 
■ and consequently 

: F, : : UB : AjD : AB> (1.) 

kl 1 This propofdtion holds also when the etraight line A C B orossea 

Be 1 1 the lines of action of the three forces obliquely. 

r ■ 11 226. To find the Resnltant of Two Parallel Forces.— The 

^'J resultant is in the same plane with, and parallel to, the com- 

■ B^ ponents. It is their gom or difference, according as they act in 

ft \kY^4 the Bame or contrary directions; and in the latter case its direction 

1^ I V J is that of the greater component. To find its line of action by 

i&*> l."constmction, proceed as follows: — Fig. 89 representing the case 

'a which the components act in the same direction, fig. 90 that in 

f which they act in contrary direotiona. Let A D and B G be the 

components. Join A £ and B D, cutting each other in F. In 

*BD (produced in fig. 90) take BG = DF. Through G draw a 

line parallel to the components; this will be the line of action of 

' he resultant To find its magnitude by construction : parallel to 

L Kj draw B and D H, cutting the line of action of the resnlt- 

nt in C and H; H will represent the resultant required; and a 

ft^jg force equal and opponte to G H will balance A D and B E, 



?(* 




f action of the resultant t^ calculation; make 
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BG = 



ADDB 



orDG = 



Fig. 90. 
BEDB 




Fig. 9L 



OH ' CH 

When the two given parallel forces are opposite and equal, they 
form a couple, and have no single resultant. 

227. To find the Relative Proportions of 
Three Parallel Forces which Balance each 
other, Acting in One Plane: their Lines of 
Action being given. — Across the three lines 
of action, in any convenient position, draw 
a straight line A B, fig. 91, and measure 
the distances between the points where it 
cuts the lines of action. Then each force 
will be proportional to the distance between 
the lines of action of the other two. The 
direction of the middle force, C, is contrary 
to that of the other two forces, A and B. 

In symbols, let A, B, and C be the forces; then, 

A + B + C = 0; AB:BC:CA::C:A:B. 

Each of the three forces is equal and opposite to the resultant of 

the other two; and each pair of forces are ^ 

equal and opposite to the components of the 

third. Hence this rule serves to resolve a 

given force into two parallel components 

acting in given lines in the same plana 

228. To find the Relative Proportions of 
Poor Parallel Forces which Balance each 
other, not Acting in One Plane: their Unes 
of Action being given. — Conceive a plane to 
cross the lines of action in any convenient Fig. 92. 
position; and in fig. 92 or fig. 93, let A, B, 0, D repre- 
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sent the points where the four lines of action cut the plane. 

Draw the six straight lines joining those four 
points by pairs. Then the force which acts through 
each point will be proportional to the area of the 
triangle formed by the other three points. 

In fig. 92 the directions of the forces at A, B, 
and C are the same, and are contrary to that of 
the force at D. In fig. 93 the forces at A and D 
act in one direction, and those at B and C in the 

contrary direction. 

In symbols, A + B + C + D = Oj 

BCD:CDA:DAB:ABO 



4>- 



Fig. 93. 






B 



C 



D. 



Each of the four forces is equal and opposite to the resultant 
of the other three ; and each set of three forces are equal and oppo- 
site to the components of the fourth. Hence the rule serves to resolve 
a force into three parallel components not acting in one plane. 

229. Moments of a Force with respect to a fair of Rectangular 
^zes. — In fig. 94, let F be any single force; O an arbitrarily- 
assumed point, called the " origin 
of co-ordinat^ ; " - X O + X, 
- Y O + Y, a pair of axes travers- 
ing O, at right angles to each 
other and to the line of action 
of F. Let A B = y, be the com- 
mon perpendicular of F and 
O X; let A C = 0?, be the common 
perpendicular of F and O Y. x 
and y are the '^ rectangular co- 
ordinates" of the line of action 
of F relatively to the axes 
-XO + X, -YO + Y, respec- 
tively. According to the arrange- 
ment of the axes in the figure, 
a; is to be considered as positive 
to the right, and negative to the 
left, of — Y O + Y; and y is to be considered as positive to the left, 
and negative to the right, of -XO + X; right and left referring 
to the spectator's right and left hand. In the particular case 
represented, x and y are both positive. Forces, in the figure, are 
considered as positive upwards, and negative downwards ; and in 
the particular case represented, F is positive. 

At B conceive a pair of equal and opposite forces, F' and - F', 
to be applied ; F' being equal and parallel to F, and in the same 
direction. T|ien, as in Article 223, F is equivalent to the single force 




Fig. 94. 
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F' = F applied at B, combined with the couple constituted by F and 

- F' with the arm y, whose moment is ^ F ; being positive in the 
case represented, because the couple is right-handed. Next, at the 
oiigin O, conceive a pair of equal and opposite forces, F" and - F", 
to be applied, F" being equal and parallel to F and F', and in the 
same direction. Then the single force F' is equivalent to the 
single force F* = F' = F applied at O, combined with the couple 
constituted by F' and - F* with the arm OB = a:, whose moment is 

- a? F; being negative in the case represented, because the couple 
is left-handed. 

Hence, it appears finally, that a force F acting in a line whose 
co-ordinates with respect to a pair of rectangular axes perpendicular 
to that line are x and ^, is equivalent to an equal and parallel 
force acting through the origin, combined with two couples whose 
moments are, 

y F relatively to the axis O X, and - a? F relatively to the axis 
OY right-handed couples being considered positive; and + Y lying 
to the left of + X, as viewed by a spectator looking from + X 
towards O, with his head in the direction of positive forces. 

230. Balance of any System of Parallel Forces in one Plane. — 
In order that any system of parallel forces whose lines of action 
are in one plane may balance each other, it is necessary and 
sufficient that the following conditions should be fulfilled : — 

First — (As already stated) that the algebraical sum of the forces 
shall be nothing. 

Secondly — That the algebraical sum of the moments of the forces 
relatively to any axis perpendicular to the plane in which they 
act shall be nothing, 

two conditions which are expressed symbolically as follows : — 
Let F denote any one of the forces, considered as positive or 
negative, according to the direction in which it acts; let y be the 
perpendicular distance of the line of action of this force from an 
arbitrarily assumed axis O X, ^ also being considered as positive 
or negative, according to its direction ; then, 

2-F^ 0; 2-yF = 0. 

In summing moments, nght-banded couples are usually con- 
sidered as positive, and left-handed couples as negative. 

231. Let E denote the Resultant of any System of Parallel 
Forces in one Plane, and y^ the distance of the line of action of 
that resultant from the assumed axis O X to which the positions 
of forces are referred; then, 

R = 2F; 
y*- " 2 • F • 
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In some cases the forces may have no single resultant, S * F 
being = ; and then, unless the forces balance each other com- 
pletely, their resultant is a couple of the moment Z ' ^ F. 

232. Balance of any System of Parallel Forces. — In order that 
any system of parallel forces, whether in one plane or not, may 
balance each other, it is necessary and sufficient that the three 
following conditions shall be fulfilled : — 

Fi/rst — (As already stated) that the algebraical sum of the forces- 
shall be nothing. 

Sec(mdly cmd Thirdly — That the algebraical sums of the moments 
of the forces, relatively to a pair of axes at right angles to each 
other, and to the lines of action of the forces, shall each be nothing, 

two conditions which are expressed symbolically as follows : — 
Let O X and O Y denote the pair of axes; let F be the magnitude 
of any one of the forces ; y its perpendicular distance from O Xy 
and X its perpendicular distance from O Y ; then, 

2F = 0; 2yF = 0; 2-a:F = 0; 

233. Let E denote the Resultant of any System of Parallel 
Forces, and x^ and y^ the distances of its line of action from twa 
rectangular axes ; then, 

^ ^ ^ 2^ajF 2 vF 

In some cases the forces may have no single resultant, 2 ' F" 
being = ; and then, unless the forces balance each other com- 
pletely, their resultant is a couple, whose axis, direction, and 
moment, are found as follows : — 

Let M, = 2-yF; M, = -2-a?F; 

be the moments of the pair of partial resultant couples about the 
axes O X and O Y respectively. From O, along those axes, set off" 
two lines representing respectively M, and M^ ; that is to say, pro- 
portional to those moments in length, and pointing in the direction 
from which those couples must respectively be viewed in order that 
they may appear right-handed. Complete the rectangle whose 
sides are those lines ; its diagonal will represent the axis, direction, 
and moment of the final resultant couple. Let M,. be the moment 
of this couple ; then 

and if « be the angle which its axis makes with O X, 
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234. To find the Centre of Parallel Force8.-~Let O in fig. 95 
be any convenient point, taken aa the origin of co-ordinates, and 
O X, O Y, O Z, three axes of co-ordinates at right angles to each 
other. 

Let A be any one of the points to which the system of parallel 
forces in question is applied. From A, draw x parallel to O X, 
and perpendicular to the plane Y Z, 
y {Parallel to O Y, and perpendicular 
to the plane Z X, and z parallel to 
O Z, and perpendicular to the plane 
X Y. X, y^eiuAz are the rectangu- 
lar co-ordinates of A, which, being 
known, the position of A is deter- 
mined. Let F denote either the 
magnitude of the force applied at A, 
or any magnitude proportional to 
that magnitude, a;, y, z, and F are 
supposed to be known for every point of the given system of 
points. 

The position of the centre of parallel forces depends solely on 
the proportioncUe magnitudes of the parallel forces, not on their 
absolute magnitudes, nor on the angular positiona of ikeir lines of 
auctions; so that for any system of parallel forces another may be 
substituted in any angular position : this is the statement of the 
principle of the centre of parallel forces given at Article 201, 
page 119. This is evident since, in considering the relations of 
parallel forces, they are not considered with reference to any parti- 
cular plane, and hence these relations must hold for any plane. 

Firsty conceive all the parallel forces to act in lines parallel to 
the plane Y Z. Then the distance of their resultant, and of the 
centre of parallel forces from that plane is 




Fig. 95. 



«r = 



2'a;F 
2-F • 



(1) 



Secondly, conceive all the parallel forces to act in lines parallel 
to the plane Z X. Then the distance of their resultant, and of the 
centre of parallel forces from that plane is 



yr = 



2'yF 
2F* 



.(2.) 



Thirdly, conceive all the parallel forces to act in lines parallel to 
the plane X Y. Then the distance of their resultant, and of the 
centre of parallel forces from that plane is 



«r = 



2-«F 
2F' 



.(3.) 
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If the forces have no single resultant, so that 2 * F = 0, there is 
no centre of parallel forces. This may be the case with pressures, 
but not with weights. 

If the parallel forces applied to a system of points are all equal 
and in the same direction, it is obvious that the distance of the 
centre of parallel forces from any given plane is simply the mean 
of the distances of the points of the system from that plane. 



Section 4, — Op ant System of Forces. 

235. Resultant and Balance of any System of Forces in One 
Plane. — Let the plane be that of the axes O X and O Y in fig. 95; 
and in looking from Z towards O, let Y lie to the right of X, so 
that rotation from X towards Y shall be nght-handed. Let a; and 
y be the co-ordinates of the point of application of one of the 
forces, or of any point in its line of action, relatively to the assumed 
origin and axes. Resolve each force into two rectangular com- 
ponents X and Y, as in Article 215, page 125; then the rectangular 
components of the resultant are 2 * X and 2 ' Y ; its magnitude is 
given by the equation 

R2 = (2-X)« + (2-Y)2, ...(1.) 

and the angle «^ which it makes with O X is found by the equations 

2-X . 2-Y 
cos «^ = — ^— ; sin«^= -^5— (2.) 

This angle is acute or obtuse according as 2 * X is positive or nega- 
tive; and it lies to the right or left of O X according as 2 • Y is 
positive or negative. 

The perpendicular distance from of the line of action of any 
force is a? sin « - ^ cos «, and hence the resultant moment of the 
system of forces about the axis O Z is 

M=2(aY-3^X), (3.) 

and is right or left-handed according as M is positive or negative. 
The perpendicular distance of the resultant force R from is 

1.4 ('■) 

Let Xr and y^ be the co-ordinates of any point in the line of 
action of that resultant; then the equation of that line is* 

aj,2Y-y,2-X = M (5.) 

* The method ot obtaining this result by Co-ordinate Geometry is the 
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If M = the resultant acts through the origin O; if M has 
magnitude, and R = (in which case 2*X = 0, 2-Y = 0) the 
resultant is a couple. The conditions of equilibrium of the system 
of forces are 



2-X = 0; 2Y = 0; M = 0. 



(6.) 



236. Besultant and Balance of any System of Forces. — To 
find the resultant and the conditions of equilibrium of any 
system of forces acting through any system of points, the forces 
and points are to be referred to three rectangular axes of co- 
ordinate& 

As before, let O in fig. 95, p. 133, denote the origin of co-or- 
dinates, and O X, O Y, O Z, the three rectangular axes : and let 
them be arranged so that in looking from 



X ] (Y towards Z 

Y > towards O, rotation from < Z towards X 



Z j 



( X towards Y 



} 



shall appear right-handed. 

Let X, Y, Z, denote the rectangular components of any one 
of the forces; x, y, «, the co-ordinates of a point in its line of 
action. 

Taking the algebraical sums of all the forces which act along the 
same axes, and of all the couples which act round the same axes, 

following :- Let OC^-L, A B^R^ ZXAB=«r; and let E G-av and 

O Ga^r be the co-ordioates of the 

point E. Then by Trigonometry 

sin «r=-sinOA0=0O8CO A»8in 

DOG=>coBDGO-8inEGF and 

-COB «r=scos OAC=Bin GO A 

scosDOG. 

L=DC+OD=FB+OD 

sEG *8inEGF+ 
OGcobDOG 

multiplying by R 

L •B=M=av-R*8in«r- 

y^'R'Qoamr 
=«av 'sY-yr • 2X 




Fig. 96. 



by BnbBtituting the yalues in Equation 2 mipra. 
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the six following quantities are found, which compose the resultant 
of the given system of forces: — 

Forces. 
2-X; 2-Y; 2'Z; (!•) 

Couples. 

about OX; Mi = 2 (yZ-2 Y); ) 

„ OY; M2 = :S(«X-a:Z);V (2.) 

„ OZ;M3 = 2(xY-yX);) 

found as already explained in Article 235. 

The three forces are equivalent to a single force 

R=a/ |(2-X)« + (2-Y)2 + (2-Z)2l (3.) 

acting through O in a line which makes with the axes the angles 
given by the equations 

S-X ^ 2Y 2-Z .,. 

cos •!= -w—; cos^=— ^-; cos y= ~^- (4.) 

The three couples, M^, Mj, M3, are equivalent to one couple, 
whose magnitude is given by the equation 

M= ^(m;+mi + m|), (5.) 

and whose axis makes with the axes of co-ordinates the angles 
given by the equations 

^ M, Mo Mo ... 

cos x=-^; cos ^ = ^; cos m = ^, (6.) 

h' hi I denote respectively the angles 
I '* j made by the axis of M with 

The conditions of equilibrium of the system of forces may be 
expressed in either of the two following forms : — 




or 



2X = 0; 2Y = 0; 2Z = 0; Mi = 0; Mj = 0; M8 = 0; (7.) 

R = 0; M = (8.) 



When the system is not balanced, its resultant may fall under 
one or other of the following cases : — 

Case I. — When M = 0, the resultant is the single force R acting 
through O. 
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Case II. — When the aods of Mis at right angles to the direction of 
B, — ^a case expressed by the following equation : — 

cos » cos ^-}-cos fi cos A* + cos y cos 1^ = 0; (9.) 

(an equation of Co-ordinate Geometry) 

the resultant of M and E, is a single force equal and parallel to R, 
acting in a plane perpendicular to the axis of M, and at a perpen- 
dicular distance from O given by the equation 

L = f (10.) 

Case III. When 11 = 0, there is no single resultant; and the 
only resultant is the couple M. 

Case IV. When the axis of lAis paraUd to the line of action of 
K, that isy wheu either 

x=r«; i«« = ^; i' = y, (H.) 

or 

x= — «; ^= -/8; »= -y; (12.) 

there is no single resultant ; and the system of forces is equivalent 
to the force R and the couple M, being incapable of being farther 
simplified. 

Case V. — When the axis of M is obliqus to the direction of R, 
making with it the angle given by the equation 

cos ^ = cos X cos « + cos fA cos /3 + cos » cos y,....(13.) 

the couple M is to be resolved into two rectangular coraponentSy 
viz: — 



M sin ^ round an axis perpendicular to R, and in 
the plane containing the direction of R and of 
the axis of M ; 

M cos 6 round an axis parallel to R. 



(14.) 



The force R and the couple M sin ^ are equivalent, as in Case 
II., to a single force equal and parallel to R, whose line of action 
is in a plane perpendicular to that containing R and axis of M, 
and whose perpendicular distance from O is 

T Msin^ ,,^. 

L= -^ (lo.) 

The couple M cos 0, whose axis is parallel to the line of action of 
R, \& incapable of further combination. 

Hence it appears finally, that every system of forces which is not 
«elf-balanced, is equivalent either, (A); to a single force, as in 
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Cases I. and II. (B) ; to a couple, as in Case III. (C) ; to a 
force, combined with a couple whose axis is parallel to the line of 
action of the force, as in Cases IV. and Y. This can occur witk 
inclined forces only ; for the resultant of any number of parallel 
forces is either a single force or a couple. 

237. Parallel FrojectionB or TransformationB in Statics. — If two 
figures be bo related, that for each point in one there is a corre- 
sponding point in the other, and that to each pair of equal and 
pai-allel lines in the one, there con-esponds a pair of equal and 
parallel lines in the other, those figures are said to be paballei. 
PKOJECTiOMS of each other. 

The relations between such a pair of figures is expressed alge- 
braically as follows : — Let any figure be referred to axes of co- 
ordinates, whether rectangular or oblique ; let x, y, z, denote the 
co-ordinates of any point in it, which may be denoted by A : let a 
second figure be constructed from a second set of axes of co-ordinates, 
either agreeing with, or difiering from, the first set as to rectanga- 
larity or obliquity; let x\ y\ z\ be the co-ordinates in the second 
figure, of the point A' which corresponds to any point A in the 
first figure, and let those co-ordinates be so related to the co-ordi- 
nates of A, that for each pair of corresponding points, A, A', in 
the two figures, the three pairs of corresponding co-ordinates shall 
bear to each other three constant ratios, such as 

- =a; ^ =6; - =c; 
X y z 

then are those two figures parallel projections of each other. 

For example, all circles and ellipses are parallel projections of 
each other; so are all spheres, spheroids, and ellipsoids; so are all 
triangles; so are all triangular pyramids; so are all cylinders; so 
are all cones. 

The following are the geometrical properties of parallel projec- 
tions which are of most importance in statics : — 

I. A parallel projection of a system of three points, Ipng in one 
straight line and dividing it in a given proportion, is also a system 
of three points, lying in one straight line and dividing it in the 
same proportion. 

II. A parallel projection of a system of parallel lines, whose 
lengths bear given ratios to each other, is also a system of parallel 
lines whose lengths bear the same ratios to each other. 

III. A parallel projection of a closed polygon is a closed 
polygon. 

IV. A parallel projection of a parallelogram is a parallelogram, 
y . A parallel projection of a parallelepiped is a parallelopiped. 
YI. A parallel projection of a pair of parallel plane surfaces^ 
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whose areas are in a given ratio, is also a pair of parallel plane 
surfaces, whose areas are in the same ratio. 

VII. A parallel projection of a pair of volumes having a given 
ratio, is a pair of volumes having the same ratio. 

The following are the mechanical properties of parallel projec- 
tions in connection with the principles set forth in this section : — 

Yltl. If two systems of points be parallel projections of each 
other; and if to each of those systems there be applied a system of 
parallel forces bearing to each other the same system of ratios, then 
the centres ofparcUlel forces for those two systems of points will be 
parallel projections* of each other, mutually related in the same 
manner with the other pairs of corresponding points in the two 
systems. 

IX. If a balanced system of forces acting through any system of 
points be represented by a system of lines, then will any parallel 
projection of that system of lines represent a balanced system of 
forces; and if any two systems of forces be represented by lines 
which are pai'allel projections of each other, the lines, or sets of 
lines, representing their resultants, are corresponding parallel pro- 
jections of each other, — it being observed that couples are to be 
represented by pairs of lines, as pairs of opposite forces, or by areas, 
and not by single lines along their axes. 
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CHAPTER III. 
DISTRIBUTED FORCES. 

Section 1. — Centres op Gravity. 

238. Centre of Gravity of a Symmetrical Homogeneous Body. 
— If a body is homogeneous, or of equal specific gravity throughout, 
and 80 far symmetrical as to have a c&rUre of figure ; that is, a 
point within the body, which bisects every diameter of the body 
drawn through it, that point is also the centre of gravity of the 
body. 

Amongst the bodies which answer this desciiption, are the 
sphere, the ellipsoid, the circular cylinder, the elliptic cylinder, 
prisms whose bases have centres of figure, and parallelepipeds, 
whether right or oblique. 

239. The Common Centre of Gravity of a Set of Bodies whose 

several centres of gravity are known, is the centre of paraMd forces 
for the weights of the several bodies, each considered as acting 
through its centre of gravity. (See Article 234, p. 133.) 

240. Planes of Symmetry ~ Axes of Symmetry. — If a homogeneous 
body be of a figure which is syrmnetrical on either side of a given 
plane, the centre of gravity is in that plane. If two or more such 
plcmes of symanetry intersect in one line, or axis of symmetry, the 
centre of gravity is in that axis. If three or more planes of 
symmetry intersect each other in a point, that point is the centre 
of gravity. 

241. To find the Centre of Gravity of a Homogeneous Body of 
any Figure, assume three rectangular co-ordinate planes in any 
convenient position, as in fig. 95, p. 133. 

To find the distance of the centre of gravity of the body from 
one of those planes (for example, that of Y Z), conceive the body 
to be divided into indefinitely thin plane layers parallel to that 
plane. Let s denote the area of any one of those layers, and d x 
its thickness, so that sdxY& the volume of the layer, and 



= j sdx, 



the volume of the whole body, being the sum of the volumes of 
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the layers. Let x be the perpendicular distance of the centre of 
the layer sdx from the plane of Y Z. Then the perpendicular 
distance x^ of the centre of gravity of the body from that plane i» 
given by the equation 

«^. = ^^^. (1.) 

Find, by a similar process, the distances y,, z^y of the centre of 
gravity from the other two co-ordinate planes, and its position will 
be completely determined. 

If the centre of gravity is previously known to be in a particular 
plane, it is sufficient to find by the above process its distances from 
two planes perpendicular to that plane and to each other. 

If the centre of gravity is previously known to be in a particular 
line, it is sufficient to find its distance from one plane, perpendicular 
to that line. 

242. If the Specific Gravity of the Body Varies, Jet w be the- 
mean heaviness of the layer adx, ao that 

W = I wsdx, 

is the weight of the body. Then 

/ xwsdx ,c% \ 

^.- ^ (2.) 

243. Centre of Gravity found by Addition. — When the figure of 
a body consists of parts, whose res])ective centres of gravity are 
known, the centre of gravity of the whole is to be found as in 
Article 239. 

244. Centre of Gravity fonnd by Subtraction. — ^When the figuro 
of a homogeneous body, whose centre of 
gravity is sought, can be made by taking 
away a figure whose centre of gravity is 
known from a larger figure whose centre 
of gravity is known also, the following 
method may be used : — 

Let A C D be the larger figure, G^ its 
known centre of gravity, W^ its weight 
Let A B E be the smaller figure, whose 
centre of gravity Gj is known, Wj its 
weight. Let E B C D be the figure whose 
centre of gravity G3 is sought, made by taking away ABE from 
A C D, so that its weight is 

Wj^Wx-Wj. 
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Join Gi Gaj G, will be in the prolongation of that straight line 
beyond G^. In the same straight line produced, take any point O 

AS origin of co-ordinates. Make O^^x^; OU^ = x^ O G, (the 
unknown quantity) = Xp 
Then 

^" Wi-w, • ^^^ 



245. Centre of Gravity Altered by Transposition.— In fig. 98, 

let A B D be a body of the weight Wo, 
whose centre of gravity G© is known. Liet 
the figure of this body be altei'ed, by transr 
posing a part whose weight is W^, from the 
position E C F to the position F D H, 
so that the new figure of the body is A B 
H E. Let. Gj be the original, and G, 
the new position of the centre of gravity 
of the transposed part. Then the centre 
of gravity of the whole body will be shifted 
to Gj, in a direction Gq Gj parallel to 
Ga Gi, and through a distance given by 
the formula. 




Fig. 9& 



W, 



GoG, = G,G,^ (4.) 



246. Centre of Gravity found by Projection or Transformation. 
— If the figures of two homogeneous bodies are parallel projections 
of each other, the centres of gravity of those two bodies are corres- 
ponding points in those parallel projections. 

To express this symbolically, — as in Article 237, let x, y, z, be 
the co-ordinates, rectangular or oblique, of any point in the figure 
of the first body; xfy y', z'j those of the corresponding point in the 
second body; x^ y„ «,, the co-ordinates of the centre of gravity of 
the first body; x'^ y\, z'^ those of the centre of gravity of the 
second body, then 



??=?^. y±^^' ^y 



^o ^ Vo y 



.(5.) 



This theorem facilitates much the finding of the centres of gravity 
of figures which are parallel projections of more simple or more 
symmetrical figures. 



STRESS — ITS INTENSITY. 
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For example, let it be supposed that the centre of gravity of a 
sector of a circular disc has been 
found (Case IX. Article 44), and let 
it be required to find the centre of 
gravity of a sector of an elliptic 
disc. In fig. 99, let A B' A B' be 
the ellipse, A A = 2 a, and 
B' O B' = 2 6, its axes, and C O D' 
the sector whose centre of gravity 
is required. About the centre of 
the ellipse, O, describe the circle, 
A B A B, whose radius is the semi- 
axis major a. Through (J and D' 
respectively draw E 0' C and F D' D, 
parallel to O B, and cutting the 
circle in C and D respectively; the circular sector CO D is the 
parallel projection of the elliptic sector Cf D'. Let G be the 
centre of gravity of the sector of the circular disc, its co-ordinates 
being 

OH = aj,; HG = y^ 




Fig. 99. 



Then the co-ordinates of the centre of gravity G' of the sector of 
the elliptic disc are 

" ' (6.) 

HG' = t/'=^''- ^ 






247. Centre of Gravity found Experimentally.— The centre of 
gravity of a body of moderate size may be found approximately by 
experiment, by hanging it up successively by a single cord in two 
different positions, and finding the single point in the body which 
in both positions is intersected by the axes of the cord. 



Section 2. — Op Stress. 

248. Stress — ^its Intensity. — The word Stress has been adopted 
as a general term to comprehend various forces which are exerted 
between contiguous bodies, or parts of bodies, and which are dis- 
tributed over the surface of contact of the masses between which 
they act. 

The Intensity of a stress is its amount in units of weight, 
divided by the extent of the surface over which it /icts, in units 
of area. 
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The following table gives a comparison of various units in which 
the intensity of stress is expressed : — 

Pounds on the PoondB on the 

square foot. square incb. 

One pound on the square inch,.... 144 1 

One pound on the square foot, 1 ytt 

One inch of mercury (that is, weight 

of a column of mercury at 32® 

Fahr., one inch high), 70-73 0-4912 

One foot of water (at 39*'l Fahr.), 62*425 04335 

One inch of water (at 39«-l Fahr.), 52021 0-036125 , 

One foot of water (at 62*» Fahr. ), . . . 62355 043302 

One inch of water (at 62° Fahr.),... 519625 0036085 

One atmosphere, of 29-922 inches 

of mercury, or 760 millimetres, 2116^*4 14*7 

One foot of air, at 32° Fahr., and 

under the pressure of one atmo- 
sphere, 0-080728 0-0005606 

One kilogramme on the square 

m^tre, 0-20481 000142228 

One kilogramme on the square 

millimetre, 204810 142228 

One millimetre of mercury, 2-7847 001934 

249. Glasses of Stress. — The various kinds of stress may be thus 
classed : — 

I. Thrtutf or Pressure, is the force which acts between two con- 
tiguous bodies, or parts of a body, when each pushes the other from 
itself. 

II. Full, or Tension, is the force which acts between two con- 
tiguous bodies, or parts of a body, when each draws the other 
towards itself. 

Pressure and tension may be either normal or Mique, relatively 
to the surface at which they act. 

III. Shear, or Tcmgential Stress, is the force which acts between 
two contiguous bodies, or parts of a body, when each draws the 
other sideways, in a direction parallel to their surface of contact 

In expressing a Thrust and a Pull in parallel directions alge- 
braically, if one is treated as positive, the other must be treated as 
negative. The choice of the positive or negative sign for either is 
a matter of convenience. 

The word " Pressure,** although, strictly speaking, equivalent to 
**tkrust** is sometimes applied to stress in general; and when this 
is the case, it is to be understood that thrust is treated as positive. 

The following are the processes for finding the magnU^de of ike . 
resultant of a stress distributed over a plane sur£Bioe| and the centre 
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of stress; that is, the point where the line of action of that resultant 
cuts the plane surface : — 

250. In Stress of Unifonn Intensity, the magnitude of the re- 
sultant is the product of that intensity and the area of the surface; 
and the centre of stress is at the centre of magnitude of the surface. 
Or in symbols, let S be the area of the surface, p the intensity of 
the stress, P its resultant, then — 

P=1>S. 

251. In Stress of Varying Intensity, but of One Sign, there is 
all tension, or all pressure, or all shear in one direction. 

In fig. 100, let A A be the given plane surface at which the stress 
acts; O X, T, two rectangular axes of co-ordinates in its plane; 
^ O Z, a third axis perpendicular to that plane. 

Oonceive a solid to exist, bounded at one end 

i by the given plane surface A A, laterally by a 

cylindrical or prismatic surface generated by 

-^ the motion of a straight line parallel to O Z 

^ _ ^ round the outline of A A, and at the other 

' Tiff iohl ^^^ ^^ ^ surface B B, of such a figure, that its 

^' ordinate z at any point shall be proportional to 

the intensity of the stress at the point a of the surface A A from 
which that ordinate proceeds, as shewn by the equation 

*=^ (1.) 

where p represents the intensity of the stress and w the heaviness, 
or weight per unit. 

Oonceive the surface A A to be divided into an indefinite number 
of small rectangular areas, each denoted hy dxdy, and so small 
that the stress on each is sensibly uniform; the entire area being 

%= j jdxdy. 

The volume of the ideal solid will be 

Y^ffz'dxdy (2.) 

So that if it be conceived to consist of a material whose heaviness 
iBW=^ the amount of the stress will be equal to the weight of the 
solid; that ia to say, 

2= J fpdxdy = toY (3.) 
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The cen^t of stress is the point on the surface A A perpendicu- 
larly opposite the centre of gravity of the ideal solid. 

The simplest, and at the same time the commonest, case of this 
kind is where the stress is untfor7nly-v<vrymg ; that is, where its 
intensity at a given point is simply proportional to the per- 
pendicular distance of that point from a given straight line in 
the plane of the sur&ce A A To express this symboHically, 
take the straight line in question for the axis O Y; conceive 
the substance to be divided into bands by lines parallel toO Y; 
let y denote the length of one of these bands, and dxi\i& breadth, 

so that ydx is its area, and S= iydx the area of the whole 

surface. Let x be the perpendicular distance of the centre of 
a band from the Une of no stress O Y, and let the intensity of the 
stress thera be 

p — axi (^.) 

a being a constant coefficient; then the amount or resultant of 
the stress is 

1^= lpydx = a fxydx; (5.) 

and the perpendicular distance of the centre of stress from O Y is 

\ pxydx I x^ydx; 

^-^ =J (6.) 

jpydx 



XQ = —r- = a 



252. In Stress of Contrary Signs, for example, pressure at 
one part of the surface and tension at another, the resultants 
and centres of stress of the pressure and tension are to be 
found separately. Those partial resultants are then to be treated 
as a pair of parallel forces acting through the two respective 
centres of stress; their final resultant will be equal to their 
difference, if any, acting through a point found as in Article 226, 

page 128. 

If the total pressure and total tension are equal to each other, 
they have no single resultant and no single centre of stress : their 
resultant being a couple, whose moment is equal to the total 
stress of either kind multiplied by the perpendicular distance 
between the resultant of the pressure and the resultant of the 
tension. 
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Section 3. — Principles op Hydrostatics and Internal 

Stress of Solids. 

253. Pressure and Balance of Fluids: Principles of Hydro- 
statics. — Fluid is a term opposed to aclidf and comprehending the 
liquid and gaseous conditions of bodies. The property common to 
the liquid and the gaseous conditions is that oinfiot tending to preserve 
-a dejmite shape, and the possession of this property by a Dody in 
perfection throughout all its parts, constitutes that body a perfect 
Jluid, 

A necessary consequence of that property is the following prin- 
•ciple/ which is the foundation of the whole science of hydro- 
statics: — 

I. In a perfect fluid, when still, the pressure exerted <xt a given 
point is normal to tJie surface on which it acts, a/nd of equcd irUensity 
for aU positions of that surface. 

The following are some of the most useful consequences of that 
principle : — 

II. A swrface of equal pressure in a sinU fluid mass is everywhere 
perpendicuUvr to the direction ofgramty; that is, horizontal through- 
out. In other words, the pressure at all points at the same level is 
of equal intensity. 

III. The intensity of the pressure at the lower of two points in a 
stUl flAiid mass is greater than the intensity ai the higher point, by 
■em amvonint eqaxd to the uoeight of a vertical cclwnvn, of dis fluid whose 
height is the difference of elevation of the points, ami base am, unit of 
a/rea. 

To express this symbolically, let p^ denote the intensity of the 
pressure at the higher of two points in a fluid mass, and p-^ the 
intensity at a point whose vertical depth below the former point is 
x. Let w be the m^ean heamness of the layer of fluid between those 
two points; then 

Pi=Po + wx (1.) 

In a gas, such as air, w varies, being nearly proportional to p ; but 
in a liquid, such as water, the variations of w are too small to be 
•considered in practical cases. 

For example, let the upper of the two points be the surface of a 
mass of water where it is exposed to the air; then p^ is the atmos- 
pheric pressure; let the depth x of the second point below the 
surfeu^e be given in feet, and let the temperature be 39°'l ; then 

Pi in lbs. on the square foot=j9o + 6^*^^^ ^ (^O 

In many questions relating to engineering, the pressure of the 
•atmosphere may be left out of consideration, as it acts with sensibly 
-equal intensity on all sides of the bodies exposed to it, and so 
balances its own action. The pressure calculated, in such cases, is 
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the excess of the pressure of the water above the atmospheria 
pressure, which may be thus expressed, — 

p' =p^-pQ = 62'i26 X nearly (3.) 

rV. The pressure of a liquid on a floating or immersed body, is 
equal to the weight of the volume of fluid displaced by that body;, 
and the resultant of that pressure acts vertically upwards through 
the centre of gravity of that volume; which centre of gravity is- 
called the "centre of buoyancy" 

Y. The pressure of a Hquid against a pkme surface vmmersed in. 
it is perpendicular to that surface in direction : its magnitude is- 
equal to the weight of a volume of the liquid, found by multiplying- 
the area of the surface by the depth to which its centre of gravity 
is immersed. 

.VI. The cenire of pressv/re on such a surface, if the surface is- 
horizontal, coincides with its centre of gravity; if the surface is 
vertical or sloping, the centre of pressure is always oelow the centre- 
of gravity of the surface, and is found by considering that the- 
pressure is an uniformly-va/rying stress, whose intensity at a given 
point varies as the distance of that point from the line where th& 
given plane surface (produced if necessary) intersects the upper 
surface of the liquid. 

To express the last two principles by symbols in the case in 
which the pressed surface is vertical or sloping, let the line where- 
the plane of that surface cuts the upper sur&ce of the liquid be- 
taken as the axis O Y. Let tf denote the angle of inclination of 
the pressed surface to the horizon. Conceive that surface to be 
divided by parallel horizontal lines into an indefinite number of 
narrow bands. Let y be the length of any one of those bands, dos^ 
its breadth^ x the distance of its centre from O Y ; then ydxia its- 
area, X sin B the depth at which it is immersed; and if t^ be the- 
weight of unity of volume of the fluid, the intensity of the pressure- 
on that band is 

p = wxsm0 (4.) 

The whole area of the pressed sur&ce, being the sum of the areas 
of all the bands, is S = jydx; the whole pressure upon it is 

P= I pydx = wmi Bjxydx; (5.), 

the mean intensity of the pressure is 

p Ipydx Ixydx 

^ = ^ = «8in d-^ ; (6.) 

/ ydx j ydx 



«o = - — p =—r (7.) 
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and the distance of the centre of pressure from O Y is 

jxpydx Ix^ydx 

Ixydx 

For example, let the sloping pressed surface be rectangular, like 
a sluice, or the back of a reservoir- wall; and in the first instance, 
let it extend from the surface of a mass of water down to a distance 
^c^i measured along the slope, so that its lower edge is immersed to 
the depth x^ sin $, Then its centre of gravity is immersed to the 
•depth x^ sin ^ -f- 2, and the mean intensity of the pressure in lbs. on 
the square foot, is 

P 62 4^1 sin ^ 

S" 2 ' (^^ 

The breadth y is constant; so that the area of the surface is 
8 = a^ y ; and the total pressure is 

j,^624^^8in* ^gj 

The distance of the centre of pressure from the upper edge is 

2 
ai) = 3 «i- (10.) 

Next, let the upper edge, instead of being at the surface of the 
water, be at the distance a^ from it, so as to be immersed to the 
•depth x^ sin 6, Then the centre of gravity of the pressed surfiice 
is immersed to the depth {x^ + x^ sin ^-s-2, and the mean intensity 
of the pressure upon it, in lbs. on the square foot, is 

P 624(a^ + arg)sin^ , 

S" 2 ' ^ ^^ 

the area of the surface is (a^ - x^ y, and the total pressure on it 

p 62'4(aj-aj)ysin^ ^^ 

The distance of the centre of pressure from the line O Y is 

-o=ri^ 03-) 

254. Compound Internal Stress of Solids. — Tf a body be con- 
ceived to be divided into two parts by an ideal plane traversing it 
in any direction, the force exerted between those two parts at the 
plane of division is an ifUemal stress. 
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According to the principles stated in the preceding article, the* 
internal stress at a given point in a fluid is normal and of equal 
intensity for all positions of the ideal plane of division. In a solid 
body, on the other hand, the stress may be either normal, oblique^ 
or shearinjg; and it may vary in direction and intensity, as the 
position oithe ideal plane of division varies. 

255. Goi\)agate Stresses — Principal Stresses. — If two planes 
traverse a point in a body, and the direction of the stress on the 
first plane is parallel to the second plane, then the direction of the 
stress on the second plane is parallel to the first plane. Such a 
pair of stresses are said to be conjugoite; and if they are both 
normal to their planes of application (and consequently perpendi- 
cular to each other) they are called principal stresses. Three con- 
jugate stresses, or three principal stresses, may act through one 
point; but in the present treatise it is sufiicient to consider two. 

Fig. 101 represents a pair of conjugate oblique tensions acting 

in the direction X X and Y T through 
a prismatic particle A B C D. 

The rectangular directions in which 
principal stresses — that is, direct pulls 
and thrusts — act, through' a given point 
in a solid, are called aaes of stress. 

In a fluid, the stress at a given point- 
being of equal intensity in all directions, 
every direction has the property of an 
axis of stress. A solid may be in the 
same condition with a fluid as to stress; 
but it may also have the principal stresses at a given point of 
diflerent intensities. In a mass of loose grains, the ratio of those 
intensities has a limit depending on friction : — in a firm continuous- 
solid, the principal stresses at a point may bear any I'atio to each 
other, and may be either of the same or of opposite kinds. 

256. The Sheajring Stress, on two planes traveling a point in a 
solid at right angles to each other, is of equal intensity. 

257. A Fair of Equal and Opposite Principal Stresses ; that is, 
a pull and a thrust of equal intensity acting through a particle of a 
solid in directions at right angles to each other, are equivalent to- 
a pair of shearing stresses of the same intensity on a pair of planes 
at right angles to each other, and making angles of 45° with the 
first pair of planes. 

258. Combination of any Two Principal Stresses. 

Pboblem. — A pair of principal stresses of any intensities, and of 
the same or opposite kinds, being given, it is required to find the 
direction and intensity of the stress on a plane in any position at 
right angles to the plane parallel to which the two principal 
stresses act 




COMBINATION OF ANY TWO PBINCIPAL STRESSES. 
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Let O X and O Y (figs. 102 and 103) be the directions of the 
two principal stresses; OX being the direction of the greater 
stress. 

Let p^ be the intensity of the greater stress; 

and p^ that of the less. 





Fig. 102. 



Fig. 103. 



The kind of stress to which each of these belongs, pull or thrust, 
is to be distinguished hj means of the algebraical signs. If a pull 
is considered as positive, a thrust is to be considered as negatiye, 
and vice verad. It is in general convenient to consider that Hnd of 
stress as positive to which the grei^ter principal stress belongs. 
Fig. 102 represents the case in which p^ and p^ are of the same 
kind; ^g. 103 the case in which they are of opposite kinds. In all 
the following equations, the sign of />£ is held to be implied in that 
symbol; that is to say, when p^ is of the contrary kind to p^, the 
sign applied to its arithmetical value, in computing by means of 
the equations, is to be reversed. 

Let A B be the plane on which it is required to ascertain the 
direction and intensity of the stress, and O N a normal to that 
plane, making with the axis of greatest stress the angle 



On O N take 0M=^-«^; this will represent a normal stress 

on A. B of the same kind with the greater principal stress, and of 
an intensity which is a mean between the intensities of the two 
principal stresses. 

Through M draw P M Q, making with the axes of stress the 
same angles which O N makes, but in the opposite direction ; that 
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is to say, take M P = M Q = M O. On the line thns found set off 
from M towards the axis of greatest stress^ MR =?^^?^ 

Join O K. Then wOl that line represent the direction and 
intensity of the stress on A B. 

In fig. 102, pi and j9, are represented as being of the same kind ; 

and M R is consequently less than M, so that O B fiills on the 

same side of O X with ON; that is to say , 7» r < « n. In fig. 103, 
Pi and 1^ are of opposite kinds, MR is greater than OM, and O B 

falls on the opposite side of O X to O M; that is to say, nr> a?n. 
The locus of the point M is a circle of the radius ^^^, and 

that of the point R, an ellipse whose semi-axes are pi and p^ and 
which n^ be called the Ellipse of Stress, because its semi- 
diameter in any direction represents the intensity of the stress in 
that direction. 

259. Deviation of Principal Stresses by a Shearing Stress.— 
Problem. Let p, and p^ denote the original intensities of a pair 
of principal stresses acting at right angles to each other through 
one particle of a solid. Suppose that with these there is combined 
a shearing stress of the intensity g, acting in the same plane with 
the original pulls or thrusts; it is required to find the new inten- 
sities and new directions of the principal stresses. 

To assist the conception of this problem, the original stresses 
referred to are represented in fig. 104, as acting through a particle 

of the form of a square prism. The principal 
stresses, both original and new, are represented 
as tensions, although any or all of them might 
be pressures. In the formulae annexed, tensions 
are considered positive, pressures negative; 
angles lying to the right of A A are considered 
^}q^^^^'^ as positive, to the left as negative; and a shear- 
''^ "* ing stress is considered as positive or negative 
according as it tends to make the upper right- 
hand and lower left-hand comer of the square 
particle acute or obtuse. 
^. The arrows A A represent the greater original 

Fig. 104, tension p,; the arrows B B, the less original 

tension jt?y; 0, C, D, D, represent the positive shear of the inten- 
sity q, as acting at the four faces of the particle. The combination 
of this shear with the original tensions is equivalent to a new pair 
of principal tensions, oblique to the original pair. The greater new 





PRICTIONi 153 

principal tension, p^y is represented by the arrows E, E ; it deviates 
to the right of p^ through an angle which will be denoted by i, 
Tl e less new principal tension p^ is represented by the arrows F, F ; 
it deviates through the same angle to the right of p,. 

Then the intensities of the new principal stresses are given by 
the equations, 






(3.) 



and the double of the angle of deviation by either of the following, 

tan 2^=-^^; or cotan 2^ =?V^- (^0 

The greatest value of # is 45°, when p^ = p^ 
The new principal stresses are to be conceived as acting normally 
on the faces of a new square prism. 

260. Parallel Projection of Distributed Forces. — In applying 
the principles of parallel projection to distributed forces, it is to be 
borne in mind that those principles, as stated in Article 237, are 
Applicable to lines representing the amounts or reardtarUs of distri- 
buted forces, and not their irUensitiea. The relations amongst the 
intensities of a system of distributed forces, whose resultants have 
been obtained by the method of projection, are to be arrived at by 
a subsequent process of dividing each projected resultant by the 
projected space over which it is distributed. 

261. Friction is that force which acts between two bodies at 
their surface of contact so as to resist their sliding on each other, 
and which depends on the force with which the bodies are pressed 
together. It is a kind of shearing stress. The following law 
respecting the friction of solid bodies has been ascertained by 
-experiment : — 

The friction which a given pair of solid bodies, with iJieir surfaces 
•in a given conditionf are capable of exerting, is simply proportional 
4o the force with which they a/re pressed together. 

If a body be acted upon by a force tending to make it slide on 
another, then so long as that force does not exceed the amount 
fixed by this law, the friction will be equal and opposite to it, and 
will balance it. 

There is a limit to the exactness of the above law, when the 
pressure becomes so intense as to crush or indent the parts of the 
bodies at and near their surface of contact. At and beyond that 
limit the friction increases more rapidly than the pressure; but 
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that limit ought never to be attained in any structure. For some* 
subetanoes, especially those whose surfaces are sensibly indented 
by a moderate pressure, such as timber, the friction between a pair 
of surfaces which have remained for some time at rest relatively 
to each other, is somewhat greater than that between the same- 
pair of surfaces when sliding on each other. That excess, how- 
ever, of the friciiiyrk cfrest over the friction cf motion, is instantly 
destroyed by a slight vibration; so that the friction of motion is 
alone to be taken into account, as contributing to the stability of 
a structure. 

The friction between a pair of surfaces is calculated by multiply- 
ing the force with which they are directly pressed together, by & 
factor called the coejfficierU of friction, which has a special vaiue- 
depending on the nature of the materials and the state of the 
surfaces. Let F denote the friction between a pair of sur- 
faces; N, the force, in a direction perpendicular to the surfaces, 
with which they are pressed together; and / the coefficient of 
friction; then 

F=/N (1.) 

The coefficient of friction of a given pair of surfaces is the- 
tangeTU of an angle called the angle cf repose, being the greatest 
angle which an oblique pressure between the surfaces can make 
with a perpendicular to them, without making them slide on aceh 
other. 

Let P denote the amount of an oblique pressure between two* 
plane sur£M;es, inclined to their common normal at the angle of 
repose ^; then 

F=/N = Ntan^ = Psin^= /^=. (2.) 

The angle of repose is the steepest inclination of a plane to the^ 
horizon, at which a block of a given substance will remain bal- 
anced on it without sliding down. 

The intensity of the friction between two surfaces bears the same- 
proportion to the intensity of the pressure that the whole friction 
bears to the whole pressure. 

The following is a table of the angle of repose ^, the coefficient, 
of friction /= tan p, and its reciprocal 1 : /, for various materials — 
condensed from the tables of General Morin, and other sources, and 
arranged in a few comprehensive classes. The values of those- 
constants which are given in the table have reference to the friction^ 
qfmotion. 
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Surfaces. 



Dry masoniy and brickwork, .... 
Masonry and brickwork with wet 

mortar, 

Masonry and brickwork, with 

slightly damp mortar, 

Wood on stone, 

Iron on stone, 

Masonry on dry clay, 

,, on moist clay, 

Earth on earth, 

,, „ dry sand, day, J 

and mixed earth, ( 

Earth on earth, damp clay, 

„ „ wet clay, 

„ „ shingle and gravel. 
Wood on wood, dry, 

„ „ soaped, 

Metals on oak, dry, 

t9 » wet, 

„ „ soapy, 

Metals on elm, dry, 

Bronze on lignum vitse, constantly ) 

wet, ( 

Hemp on oak, dry, 

n i> wet, 

Leather on oak, 

Leather on metals, dry, 

„ *> wet, 

>» » greasy, 

„ M oily 

Metals on metals, dry, 

,, ,, wet and clean,.. 

„ ,, damp and slimy, 

Smooth snrfaces, occasionally 

greased 

Smooth surfaces, continually ) 

greased, ) 

Smoothest and best greased sur&ces, 



(P 



/ 



SV to 35^* 
25J' 

22^ 

35° to 16|* 

27° 

14° to 45** 
2mo37°' 

45° 

35° to 48° 
14° to 264° 
lUoto2o 
26|o to 31° 
13 Jo to 14J° 

ll^o 

1140 to 14 

3°? 

28° 
184° 
15° to 194° 
2940 
20" 
13° 

84° to 114° 

164° 

8' 

4°to4Jo 

3° 
l|oto2o 



0-6 to 0-7 
e-47 

0-74 

about 0'4 
0-7 to 0-3 

0-61 

0-33 
0-25 to 10 

0-38 to 0-75 

10 

0-31 

0-7 to 111 

•26 to -6 

•2 to -04 

•5 to -6 

•24 to -26 

•2 
.2 to -26 

•05? 

•53 
•33 

•27 to -38 

•56 

•36 

•23 

•15 
•15 to -2 

•3 

•14 

•07 to -08 

•05 
•03 to -036 



1 

7 



1^67tol-43 
21 

135 

2-5 

1-43 to 333 

1-96 

3 

4to 1 

2-63 to 133 

1 

3-23 

1-43 to 0^9 

4 to 2 

5 to 25 
2 to 1^67 

4-17 to 3-85 

5 

5to4 

20? 

1-89 
3 

3-7 to 2^86 
1-79 
2^78 
4-35 
6-67 
6-67 to 5 
3-33 
7-14 

14*3 to 12-5 

20 
33-3 to 27 6 
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CHAPTER I. 

SUMMARY OP PRINCIPLES OP STABILITY AND STRENGTH. 

Section 1. — Of Structures in General. 

262. A Structure consiBts of portions of solid materials^ put 
together so as to preserve a defuiite form and arrangement of parts, 
and to withstand external forces tending to disturb such form and 
ari-angement. As the parts of a structure are intended to remain 
st rest relatively to each other, the forces which act on the whole 
structure, and on each of its parts, should be hakmced, so that the 
mechanical principles on which the permanence and efficiency of 
structures depend for the most part belong to Statics, or the 
science of balanced forces. 

The materials of a structure may be more or less stiff, like stone, 
timber, and metals, or loose, like earth. 

In the present chapter are given a summary of mechanical 
principles applicable to structures. 

263. Pieces — Joints — Supports — Foundations.— A structure 
<5onsists of two or more solid bodies, called its pieces, which touch 
•each other and are connected at portions of their surfaces^ called 
joints. This statement may appear to be applicable to structures 

of stiff materials only; but, nevertheless, it comprehends masses 
of earth also, if they are considered as consisting of a very great 
number of very small pieces, touching each other at innumerable 
joints. 

Although the pieces of a structure are fixed relatively to each 
other, the structure as a whole may be either fixed or movable 
relatively to the earth. 

A fixed structure is supported on a part of the solid material of 
the earth, called the /ounda>ti(m of the structure; the pressures by 
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-which the structure is supported, being the resistances of th& 
various parts of the foundation, may be more or less oblique. 

A movable structure may be supported, as a ship, by floating in 
water, or as a carriage, by i*esting on the solid ground through 
-wheels. When such a structure is actually in motion, it partakes- 
to a certain extent of the properties of a machine; and the deter- 
mination of the forces by which it is supported requires the con- 
sideration of kinetic as well as of statical principles; but when 
it is not in actual motion, though capable of being moved, the 
pressures which support it are determined by the principles of 
statics; and it is obvious that they have their resultant equal and 
directly opposed to the weight of the structure. 

264. The Conditions of Eqnilibriiuu of a Stmcture are the three 
following : — 

I. That the forces exerted <m the whole structure by external bodies 
shaU bala/nce each other. — ^The forces to be considered under thi> 
head are — (1.) the Attraction of the Ea/rlh — ^that is, the weight of 
the structure; (2.) the Eocterrud Load, arising from the pressures 
exerted against the structure by bodies not forming part of it nor 
of its foundation; (these two kinds of forces constitute the gross or 
total load)} (3.) the Su^orting Pressures, or resistance of the 
foundation. Those three classes of forces will be spoken of together 
as the External Forces. 

II. That the forces exerted on each piece of the structu/re sludl 
balance each other. — ^These consist of — (1.) the Weight of the piece, 
and (2.^ the External Load on it, making together the Gross Load; 
and (3.) the Resistances, or forces exerted at the joints, between the- 
piece under consideration and the pieces in contact with it. 

IIL That the forces exerted on each of the parts into which each 
piece of the structv/re cam, be concevoed to be divided shall balance each 
other. — Suppose an ideal surface to divide any part of any one of 
the pieces of the structure from the remainder of the piece ; th& 
forces which act on the part so considered are — (1.) its weight, and 
(2.) (if it is at the external surface of the piece) the external force- 
applied to it, if any^ making together its gross load; (3.) the stress, 
or force, exerted at the ideal surface of division, between the part 
in question and the other parts of the piece. 

265. Stability, Strength, and Stiffiiess. — It is necessary to the 
permanence of a structure, that the three foregoing conditions of 
equilibrium should be fulfilled, not only under one amount and 
one mode of distribution of load, but under all the variations of 
the load as to amount and mode of distribution which can occur 
in the use of the structure. 

Stability consists in the fulfilment of the first and second condi- 
tions of equilibrium of a structure under all variations of the load 
within given limits. A structure which is deficient in stability' 
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gives way by the dinplaoement of its pieces from their proper posi- 
tions. 

When a structure, or one of its parts, is flex^U, like the chain 
of a suspension bridge, or in any other way free to move, its 
stability consists in a tendency to recover its original figure and 
position after having been disturbed. 

Strength consists in the fulfilment of the ifiMrd condition of equi- 
librium of a structure for all loads not exceeding prescribed limits; 
that is to say, the greatest internal stress produced in any part of 
Any piece of the structure, by the prescribed greatest load, must be 
such as the material can bear, not merely without immediate 
breaking, but without such injury to its texture as might endanger 
its breaking in the course of time. 

A piece of a structure may be rendered unfit for its purpose, not 
merely by being broken, but by being stretched, compressed, bent, 
twisted, or otherwise strained out of its proper shape. It is neces- 
sary, therefore, that each piece of a structure should be of such 
•dimensions that its alteration of figure under the greatest load 
applied to it shall not exceed given limits. This property is called 
stiffness, and is so connected with strength that it is necessary to 
•consider them together. 

Section 2. — Balanob and Stability op Frames, Chains, 

AND Blocks. 

266. A Frame is a structure composed of bars, rods, links, or 
<sord8, attached together or supported by joirUs, such as occur in 
•carpentry, in frames of metal bars, and in structures of ropes and 
-chains, fixing the ends of two or more pieces together, but offering 
little or no resistance to change in the relative angular positions of 
those pieces. In a joint of this class, the centre of resistance^ or 
point through which the resultant of the resistance to displacement 
•of the pieces connected at the joint acts, is at or near the middle of 
the joint, and does not admit of any variation of position consis- 
tently with security. 

The Una of resistcmce of a frame is a line traversing the centres 
of resista/nce of the joints, and is in general a polygon, having its 
•angles at these centres. 

267. A Single Bar in a frame may act as a Tie, a Strut, or a 
Beam. 

I. A tie has equal and directly opposite forces applied to its two 
-ends, acting outwards, or from each other. The bar is in a state 
of tension, and the stress exerted between any two divisions of it 
is a pidl, equal and opposite to the applied forces. A rope or 
-chain will answer the purpose of a tie. 

The equilibrium of a movable tie is stable; for if its angular posi- 
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tion be deviated, the forces applied to its ends, which originally 
were directly opposed, now constitute a couple tending to restore 
the tie to its original position. 

II. A strut has equal and directly opposite forces applied to its 
two ends, acting inwards, or towards each other. The bar is in a 
«tate of compression, and the stress exerted between any two divi- 
sions of it is a thrust equal and opposite to the applied forces. It 
is obvious that a flexible body will not answer the purpose of a 
•strut. 

The equUihritmi of a movable strut is unstable; for if its angular 
position be deviated, the forces applied to its ends, which originally 
were directly opposed, now constitute a couple tending to make it 
deviate still farther from its original position. 

In order that a strut may have stability, its ends must be pre- 
vented from deviating laterally. Pieces connected with the ends 
of a strut for this purpose are called stays* 

III. A beam is a bar supported at two points, and loaded in a 
direction perpendicular or oblique to its length. 

Case I. — Let the supporting pressures be parallel to each 
other and to the direction of the load; and let the load act hetioeen 
the points of support, as in fig. 105; where P bi 
repi*esents the resultant of the gross load, in- T 
eluding the weight of the beam itself; L, the ^*'^ 




point whei'e the line of action of that resultant ^ 

intersects the axis of the beam ; R^ Eg' ^^® 

two supporting pressures or resistances of the -^^ ^^* 

props parallel to, and in the same plane with P, and acting through 

the points S^, Sg, in the axis of the beam. 

Then, according to the principle of the lever, Article 225, 
page 128, each of those three forces is proportional to the distance 
between the lines of action of the other two; and the load is equal 
to the sum of the two supporting pressures; that is to say, 

P : Ri : Rg : : S^Sg ilTE^ • ^^^ 0-) 

andP = Ri + R2 (2.) 

Case II. — Let the load act beyond the points of support, as in 
flg. 106, which represents a cantilever or project- ^ py 
ing beam, held up by a wall or other prop at S^, 
held down by a notch in a mass of masonry or 
otherwise at S^, and loaded so that P is the re- 
sultant of the load, including the weight of the ^ ^| 
beam. Then the proportional Equation 1. re- 'p^v y^ 
mains exactly as before; but the load is equal to 
the difference of the supporting pressures; that is to say, 

P = Ri — R^ 
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In thue ezamplea the beam is represented as hoRBODtal ; bnt the 

ame principles woold hold if it were indined. 

Casb ill — Let the directions of the sappoiliiig fivioes B„ B^ 

be now inclined to tl^ at the tesultBiit <^ 

the loftd, P, as in fig. 107. Iliis eaae is thai 

of the eqnilibrium of iJbree forces treated of 

: in Article 209, page 123, and ccmseqaeoUj 

'. Ute following principles an*ly to it : — 

The lines of action of the gapporting 
forces and of tike resultant of the loiid most 
D one plane, 
'pit 107 "^ They must intersect in one ptant (C, 

Those three forces mnst be {Moportjonal to the tliree sides of & 
triangle A, respectively parallel to tiieir directions. 

Problem. — Qiven, the resultant of tiie load in magnitnde and 
position, P, the line of action of one of the sapporting forces, Rj^ 
and the centre of resistance of the other, S,; required, the line 
of action of the second supporting force, and Uie magnitudes (£ 
both. 

Produce the line of action of Rj, till it cute the line of action at 
P at the point C; join C S,; this wiU be the line of action of Bj; 
construct a triangle A with its sides respectively parallel to tiiose 
three lines of action; the ratios of the sides of that triangle will 
give the ratios of the forces. 

To express this algebraically, let t^ i^ be the angles made by tiie 
lines of action of the supportmg forces with that of the resultant 
of the loadj then 

P:E,:E,::ain{i, + i,):Hint,:8inH. (4.) 

The same piece in a fiame may act at onoe as a beam and tie, or 
as a beam and atrnt; or it may act alternately as a stmt and as a 
tie, as the action of the load varies. 

The load tends to break a tie by tearing it asunder, a strut by 
crushing it, and a beam by breaking it across. The power of 
materials to resist those tendencies will be considered in a later 
section. 

268. Diatribnted Loads. — Before applying the principles of 
the present section to frames in which tJie load, whether external 
or arisiDg from the weight of the bare, is distributed over their 
length, it is neceesaiy to reduce that distribnted load to an equiva- 
lent load, or series of loads, applied at the centres of resistance^ 
The steps in this process are as follows : — 

I. Find the^resnltant load on each single bar. 

IL Besolve that load, as in Article 267, Equation 1, page 16% 
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into two parallel components acting through the centres of resist- 
ance at the two ends of the bar. 

III. At each centre of resistance where two bars meet, combine 
the component loads due to the loads on the two bars into one 
resultant, which is to be considered as the total load acting through 
that centre of resistance. 

lY. When a centre of resistance is also a point of support, the 
component load acting through it, as found by step II. of the pro- 
cess, is to be left out of consideration until the supporting force 
required by the system of loads at the other joints has been deter- 
mined; with this supporting force is to be compounded a force 
equal and opposite to the component load acting directly through 
the point of support, and the resultant will be the total supporting 
force. 

In the following Articles of this section, all the frames will be 
supposed to be loaded only at those centres of resistance which 
are not points of support; and, therefore, in those cases in which 
components of the load act directly through the points of support 
also, forces equal and opposite to such components must be com- 
bined with the supporting forces as determined in the following 
Articles, in order to comj^ete the solution. 

269. Frames of Two Bars.— Figures 108, 109, and 110, repre- 
sent cases in which a frame of two bars, jointed to each at the 
point Ly is loaded at that point with a given force, P, and is sup- 




Fig. 109. 



Fig. 110. 



ported by the connection of the bars at their farther extremities, 
Si9 S^ with fixed bodies. It is required to find the stress on each 
bar, and the supporting forces at Si and Sj|. 

Resolye the load P (as in Article 213, page 123) into two com- 
ponents, Ri, Hi, acting along the respective lines of resistance of 
the two bars. Those components are the loads borne by the two 
bars respectively; to which loads the supporting forces at Si, S,, 
are equal and directly opposed. 

The symbolical expression of this solution is as follows: — Let 
t'l, ts, be the respective angles made by the lines of resistance of the 
ban with the line of action of the load; then 

P : Bj : B, : : sin (^ + ^s) : sin «i : sin h* 
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The inward or outward direction of the forces acting along each 
bar indicates that the stress is a thrust or a pull, and the bar a strut 
or a tie, as the case may ba Fig. 108 represents the case of two 
ties; fig. 109 that of two struts (such as a pair of rafters abutting 
against two walls); fig. 110 of a struts L S^ and a tie, L S, (such 
as the jib and the tie-rod of a crane). 

A frame of two bars is stable as regards deviations in the plane 
of its lines of resistance. 

With respect to lateral deviations of angular position, in a 
direction perpendicular to that plane, a frame of two ties is stable ; 
80 also is a frame consisting of a strut and a tie, when the direction 
of the load inclines from the line Si S,, joining the points of sup- 
port. 

A frame consisting of a strut and a tie, when the direction of 
the load inclines towards the line Si S^, and a frame of two struts 
in all cases, are unstable laterally, unless provided with lateral 
stays. 

These principles are true of amy pair ofadjac&nt ham whose farther 
centres of resistance are fiosed; whether forming a frame by them- 
selves, or a part of a more complex frame. 

270. Triangular Frames. — Let fig. Ill represent a frame, con- 
sisting of three bars. A, B, C, connected at the 
three joints 1, 2, 3, — viz., and A at 1, A and B 
at 2, B and C at 3. Let a load P^ be applied at 
_ the joint 1 in any given direction ; let supporting 
p. ""j,, ' forces, Pg, P3, be applied at the joints 2, 3; the 
^' * lines of action of those two forces must be in the 

same plane with that of P., and must either be parallel to it or 
intersect it in one point. Tne latter case is taken' first, because its 
solution comprehends that of the former. 

c The three external forces balance each other, 

and are therefore proportional to the three sides 
of a triangle respectively parallel to their direc- 
tions. In fig. 112, let A B C be such a triangle, 
in which 

C A represents P^, 
A B „ Pj, 





Pig. 112. B C „ P 



8> 



Draw C parallel to the bar C, and A O parallel to the bar A, 
meeting in the point 0, and join B 0, which will be parallel to B. 

The lengths of the three lines radiating from O will represent 
the stresses on the bars to which they are respectively parallel. 

When the three external forces are parallel to each other, the 
triangle of forces A B of fig. 112, becomes a straight line A, as 
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in fig. 113, divided into two segments by the point B. Let straight 
lines radiate from O to A, B, 0, respectively parallel c 

to the bars of the frame; then if the load C A be ^ 

applied at 1 (fig. Ill), A B applied at 2, and B C >^ 

■applied at 3, are the supporting forces required to o^~ 

balance it ; and the radiating lines A, O B, 0, ^^\^ 
represent the stresses on the bars A, B, C, respec- \ 

tively, as before. \ 

From O let fall O H perpendicular to C A, the 
•common direction of the external forces. Then that ■». ,|a 
line will represent a component of the stress, which is °' 

of equal amount in each bar. When C A, as is usually the case, is 
vertical, O H is horizontal; and the force represented by it is called 
the '^ horizantcU thrust** of the frame, horizontal Stress or Resist" 
<mce would be a more precise term; because the force in question 
is a pull in some parts of the frame, and a thrust in others. 

In fig. Ill, A and C are slrnds, and B a tie. If the frame were 
exactly inverted, all the forces would bear the same proportions to 
«ach other; but A and C would be ties, and B a strut. 

The trigonometrical expression of the relations amongst the forces 
acting in a triangular frame, under parallel forces, is as follows : — 

Let a, 5, c, denote the respective angles of inclination of the bars 
A, B, 0, to the line O H (that is, in general, to a horizontal line); 
viz., the angles A O H, B O H, C H of fig. 113, then 

Horizontal Stress O H = , ^"^^^ ^ (1.) 

tan e ± tan a ^ 

Supporting f A B = O H * (tan a q: tan 5); ) ^o \ 

Forces )B0 = OH-(tan6± tanc);/ ^^'' 

^p, . J + ) is to be used when the two ) opposite directions, 
sign "J _ I inclinations are in J the same direction. 



rO A = OHseca 
^O B = 



} 



Stresses^ O B = H sec 6 > (3.) 

(OC = OHsecc 

271. Polygonal Frame.— In fig. 114, let A, B, C, D, £, be the 
lines of resistance of the bars of 
a frame connected together at 
the joints, whose centres of re- 
sistance are, 1 between A and B, 
2 between B and C, 3 between 
O and D, 4 between D and E, 
and 5 between £ and A In the Fig. 114 
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Fig. 115. 



figure, the frame oonsists of five bars; but the principle is appli- 
^ cable to any number. From a point O, in fig. 115, 

(which may be called the Diagram of Forces), draw 
radiating lines O A, B, C, O D, E, parallel 
respectively to the lines of resistance of the bars; 
and on those radiating lines take any lengths 
whatsoever, to represent the stresses on the 
several bars, which may have any magnitudes 
within the limits of strength of the material. 
Join the points thus found by straight lines, so as 
to form a closed polygon A B C D E A; then the 
sides of the polygon will represent a system offerees, 
which, being applied to the joints of the frame, will 
balance each other; each such force being applied to the joint 
between the bars whose lines of resistance are |>arallel to the pair 
of radiating lines that enclose the side of the polygon of forces 
representing the force in question. 

When the external forces are parallel to each other, the polygon 
of forces of fig. 115 becomes a straight line A D» 
as in fig. 116, divided into segments by the radiating 
lines ; and each s^ment represents the external force 
which acts at the joint of the bars whose lines of 
resistance are parallel to the radiating lines that 
bound the segment. Moreover, the segment of the 
line A D which is intercepted between the radiating 
lines parallel to the lines of resistance of cmy two 
bars whether conttguous or not, represents the re- 
sultant of the external forces which act at points 
between the bars. 

Thus, A D represents the total load, consisting 
of the three portions A B, B C, CD, applied at 
1, 2, 3, respectively. D A represents the total supporting force, 
equal and opposite to the load, consisting of the two portions D E, 
E A, applied at 4 and 5 respectively. A C represents the resultant 
of the l<md applied between the bars A and C; and similarly for 
any other pair of bars. 

From O draw O H perpendicular to AD; then that line repre- 
sents a component of the stress, whose amount is the same in each 
bar of the frame. When the load, as is usually the case, is verti- 
cal, that component is called the " horizontal thrust" of the frame, 
and, as in Article 270, might more correctly be called horizontal 
stress or resistam^, seeing that it is a pull in some of the bars and 
a thrust in others. 

The trigonometrical expression of those principles is as follows : — 
Let the force H be denoted simply by H. 
Let t, i', denote the inclinations to H of the lines of resistance 
of any two bars, contiguous or not. 




Fig, 116. 
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Let B, B.', be the respective stresses which act along those bars. 
Let P be the resultant of the external forces acting through the 
joint or joints between those two bars. 
Then 

P = H (tan i ± tan i'); (1.) 

B = II•sec^; R' = H-sec»' (2.) 

The \ ^'f^ cA I ^^ ^^ tangents of the inclinations is to be 
nsed, according as the inclinations are < ^PP?®^ I 

272. Open Polygonal Frame.— When the frame, instead of being 
closed, as in fig. 114, is converted into an open frame, by the omis- 
sion of one bar, such as E, the corresponding modification is made 
in the diagram of inclined forces, fig. 115, by omitting the lines 
O E, D E, E A, and in the diagram of parallel forces, fig. 116, by 
omitting the line O E. Then, in both diagrams, D O and A 
represent the su^orting forces respectively, equal and directly 
opposed to the stresses along the extreme bars of the frame, D and 
A, which must be exerted by the supports (called in this case 
abiUments), at the points 4 and 5, against the ends of those bars, 
in order to maintain the equilibrium. 

In the case of parallel loads, the following formulsB give the 
horizontal stress and supporting pressures. 

Let ia and t« denote the angles of inclination of the bars D and A 
respectively. 

Let K^ = D and B« = A be the stresses along them. 

Let 2) * P = A D denote the total load on the frame; then, 

""tan ij + tant^' ^ '' 

Rrf = H 'see ia; R« = H 'secta.... (2.) 

273. Polygonal Frame— Stability.— The stability or instability 
of a polygonal frame depends on the principles stated in Article 
267, page 159, viz., that if a bar be free to change its angular position^ 
then if it is a tie it is stable, and if a strut, unstable; and that a 
strut may be rendered stable by fixing its ends. 

For example, in the frame of fig. 1 14, E is a tie, and stable; A, B, 
O, and D, are struts, free to change their angular position, and 
therefore unstable. 

But these struts may be rendered stable in the plane of the 
frame by means of stays; for example, let two stay-bars connect the 
joints 1 with 4, and 3 with 5; then the points 1, 2, and 3, are all 
fixed, so that none of the struts can change their angular posi- 
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tions. The same effect might be produced by two stay-bars con* 
necting the joint 2 with 5 and 4. 

The fmme, as a whole, is unstable, as being liable to overturn 
laterally, unless provided with lateral stays, connecting its joints, 
with fixed points. 

Now, suppose the frame to be exactly inverted, the loads at 1, 2, 
and 3, and the supporting forces at 4 and 5, being the same a» 
before. Then E becomes a Btrut ; but it is stable, because its ends 
are fixed in position ; and A, B, C, and D becomes ties, and are 
stable without being stayed. 

An open polygon consisting of ties, such as is formed by A, B, O, 
and D, when inverted, is called by mathematicians, a funicular 
polygeny because it may be made of ropes. 

It is to be observed, that the stability of an unstayed polygon of 
ties is of the kind which admits of ostnllatian to and fro about the 
position of equilibrium. That oscillation may be injurious in' 
praptice, and stays may be required to prevent it. 

274. Bracing of Frcunes. — A brace is a stay-bar on which there 
is a permanent stress. If the distribution of the loads on the 
joints of a polygonal frame, though consistent with its equilibrium 
as a whole, be not consistent with the equilibrium of each bar, 
then, in the diagram of forces, when converging lines respectively 
parallel to the lines of resistance are drawn from the angles of the 
polygon of external forces, those converging lines, instead of meet- 
ing in one point, will be found to have gaps between them. The 
lines necessary to fill up those gaps will indicate the forces to be 
supplied by means of the resistance of braces.* 

The resistance of a brace introduces a pair of equal and opposite 
forces, acting along the line of resistance of the brace, upon the 
pair of joints which it connects. It therefore does not alter the 
resulta/nt of the forces applied to that pair of joints in amount nor 
in position, but only the distribution of the components of that 
resultant on the pair of joints. 




Fig. 117. 



To exemplify the use of braces, and the mode of determining the 
stresses on them, let fig. 117 represent a frame such a^ frequently i 

* This method of treating braced frames contains an improvement sng* 
gested by Prol Clerk MaxweU in 1867. 
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occurs in iron roofs, consisting of two struts or rafters, A and E^ 
and three tie-bars, B^ 0, and D, form- 
ing a polygon of five sides, jointed at 
1, 2, 3, 4, 5, loaded vertically at 1, and 
supported by the vertical resistance of 
a pair of walls at 2 and 5. The joints 
3 and 4 having no loads applied to 
them, are connected with 1 by the 
braces 1 4 and 1 3. 

To make the diagram of forces (fig. 118), draw the vertical line 
E, A, as in Article 271, to represent the direction of the load and of 
the supporting forces. 

The two segments of that line, A B and D £2, are to be taken to 
represent the supporting forces at 2 and 5 ; and the whole line E A 
will represent the load at 1. From the ends, and from the point 
of division of the Bcale of external forceSy E A, draw straight lines 
parallel respectively to the lines of resistance of the frame, each 
line being drawn from the point in E A that is marked with the 
corresponding letter. Then A a and B 6, meeting at a, 5, will 
represent the stresses along A and B respectively ; and E e and 
D df meeting in D e, will represent the stresses along D and E 
respectively ; but those four lines, instead of meeting each other 
and C c parallel to C in one point, leave gaps, which are to be filled 
up by drawing straight lines parallel to the braces: that is to say, 
from a, 6, to c, parallel to 1 3; and from d, e^to c parallel to 4 1. 
Then those straight lines will represent the stresses sdong the braces 
to which they are respectively parallel; and C c will represent the 
tension along C. To each joint in the frame, fig. 117, there corre- 
sponds, in tig. 118, a triangle, or other closed polygon, having its 
sides respectively parallel, and therefore proportional, to the forces 
that act at that joint. For example. 

Joints, 1, 2, 3, 4, 5, 

Polygons, EAaeeE^ AB5A; BcbB; DdcD; BEeB. 

The order of the letters indicates the directions in which the forces 
act relatively to the joints. 

Another method of treating simple cases of bracing is illustrated 
by fig. 119. A and B are two struts, forming the two halves of 





Fig. 119. 



Fig. 120. 
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one straight bar; C and D are two equal tie-rods ; E, a strut braceu 
A vertical rod P is applied at the joint 1, between A and B; two 
vertical supporting pressures, each denoted by B = P -s- 2, act at 
the joints 4 and 2. The joint 3 has no external load. 

Fig. 120 is the diagram of forces, constructed as follows: — 
Through a point O draw O B A parallel to A and B, O C parallel 
to C, and O D parallel to D. Make O D = C; join C D; this 
line will be parallel to the brace £, and perpendicular to O A. 

Through D and C draw vertical lines D B, A; these, being 
equal to each other, are to be taken to represent the two sap- 
porting pressures B; and their sum D B + A C will represent 
the load P. The equal tensions on C and D will be represented 
by O C and D, and the thrusts along A, B, and £, by O A, O B, 
and D. 

The polygon of external forces in this case is the crossed quad- 
rilateral A D B, in which C A and B D represent (as already 
stated) the supporting pressures, and D C and A B the components 
of the load P respectively parallel and perpendicular to the brace 
E. When A and B are horizontal, and E vertical, A B in fig. 120 
vanishes, and B D and A coincide with the two halves of C D. 

275. Rigidity of a Truss. — The word truss is applied in car^ 
pentry to a triangular frame, and to a polygonal frame to which 
rigidity is given by staying and bracing, so that its figure shall be 
incapable of alteration by tumiDg of the bars about their joints. 
If each joint were like a hinge, incapable of offering any resistance 
to alteration of the relative angular position of the bars connected by 
it, it would be necessary, in order to fulfil the condition of rigidity, 
that every polygonal frame should be divided by the lines of 
resistance of stays and braces into triangles and other polygons, 
so arranged that every polygon of four or more sides should be 
surrounded by triangles on ail but two sides and the included angle 
at farthest : for every unstayed polygon of four sides or more, with 
flexible joints, is flexible, unless all the angles except one be fixed 
by being connected with triangles. 

Sometimes, however, a certain amount of stiflness in the joints 
of a frame, and sometimes the resistance of its bars to bending, is 
relied upon to give rigidity to the frame, when the load upon it is 
subject to small variations only in its mode of distribution. For 

example, in the truss of fig. 121, the 
tie-beam A A is made in one piece, or 
in two or more pieces so connected 
together as to act like one piece; and 
part of its weight is suspended fioia 
the joints 0, C, by the rods C B, C B. 
■"S* ^^*' These rods also serve to make the re- 

sistance of the tie-beam A A to being bent act so as to prevent the 
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struts A C, C C, C A, from deviating from their proper angular 
positions, by turning on the joints A, C, C, A. If A B, B B, and 
B A, were three distinct pieces, vrith flexible joints at B B, it is 
evident that the frame might be disfigured hy distoi'tion of the 
•quadrangle B C C B. 

The object of stiffening a truss by braces is to enable it to sustain 
loads variously distributed; for were the load always distributed in 
one way, a frame might be designed of a figure exactly suited to 
that load, so that there should be no need of bracing. 

The variations of load produce variations of stress on all the 
pieces of the frame, but especially on the braces; and each piece 
must be suited to withstand the greatest stress jbo which it is liable. 

Some pieces, and especially braces, may have to act sometimes as 
fitruts and sometimes as ties, according to the mode of distribution 
of the load. 

276. Secondary and Compound Trussing. — A secondary truss 
is a truss which is supported by another truss. 

When a load is distributed over a great number of centres of 
resistance, it may be advantageous, instead of connecting all those 
oentrea by one polygonal frame, to sustain them by means of several 
«mall trusses, which are supported by larger trasses, and so on, the 
whole structure of secondaiy ti^usses resting finally on one large 
tiTiss, which may be called the prima/ry truss. In such a combina- 
tion the same piece may often form part of different trusses ; and 
then the stress upon it is to be determined according to the follow- 
ing principle : — 

When the same bar forms at the same time part of two or more 
•different framss, the stress on it is the resiUta/nt of the several stresses 
to which it is subset by reason of its position in the several fram^. 

In a Compound Truss^ several frames, without being distinguish- 
able into primary and secondary, are combined and connected in 
4such a manner that certain pieces are common to two or more of 
them, and require to have their stresses determined by the principle 
ebove stated. 

Example, — Fig. 122, represents a kind of secondary trussing 
oommon in the fiumework of iron roofs. 




Pig. 122. 

The entii*e frame is supported by pillars at 2 and 3, each of which 
fiustains in all, half the weight. 
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1 2 3 is the primcvry truss, oonsistiiig of two rafters 1 3, 1 2, anci 
a tie-rod 2 3. 

The weight of a diyision of the roof is distributed over the 
rafters. 

The middle point of each rafter is supported by a secondarf/ truss/ 
one of those is marked 14 3; it consists of a strut, 1 3 (the rafteir 
itself), two ties 4 1, 4 3, and a strut-brace, 5 4, for transmitting the 
load, applied at 5, to the point where the ties meet. 

Each of the two larger secondary trusses just described supports 
two smaller secondare/ trusses of similar form and construction to 
itself; two of those are marked 1 7 5, 5 6 3; and the subdivision of 
the load might be carried still farther. 

In determining the stresses on the pieces of this structure, it is 
indifferent, so far as mathematical accuracy is concerned, whether 
we commence with the primary truss or with the secondary trusses; 
but by commencing with the primary truss, the process is rendered 
more simple. 

(1.) Primary Truss 12 3. Let W denote the weight of the roof; 
then ^ W is distributed over each rafter, the resultants acting 
through the middle points of the raftera Divide each of those 
resultants into two equal and pai'allel components, each equal to 
\ W, acting through the ends of the rafter; then J W is to be 
considered as directly supported at 3, J W at 2, and ^ W + J W 
= ^ W at 1 ; therefore the load at the joint 1 is 

Let i be the inclination of the rafters to the horizon ;^ then by the 
equations of Article 270. 

^ 2 tan t 4 tan r ^ ' 

This is the pull upon the horizontal tie-rod of the primary truss, 

2 3 ; and the thrust on each of the rafters 1 3, 1 2, id given by the 

equation 

. Wcoseci ,„. 

R=H sec t = J (2.) 

(2.) Seconda/ry Truss 14 3 5. The rafter 1 3 has the load J W 
dsstributed over it; and reasoning as before, we are to leave two 
quarters of this out of the calculation, as being directly supported 
at 1 and 3, and to consider one-half, or \ W, as being the vertical 
load at the point 5. The truss is to be considered as consisting of 
a polygon of four pieces, 5 1, 1 4, 4 3, 3 5, two of which happen to 
be in the same straight line, and of the strut-brace, 5 4, which 
exerts obliquely upwards against 5, and obliquely down warder 
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against 4, a thrust equal to the component perpendicular to the 
rafter of the load J W; which thrust is given by the equation 

R64 = i W cos t (3.) 

Then we easily obtain the following values of the stresses on the 
rafter and ties, in which each stress is distinguished by having affixed 
to the letter It the numbers denoting the two joints between which 
it acts. 

Pulls / Rk^ 1 

on ties \ 1^48 = 1^41 = 211^ = 8 ^ co<»» ^l 

r II 1 1 

Thrusts Ra- = ^ ^ ^ . + r W sin t = 5 W cosec i, > (4.) 

^jjl^2tant8 8 ' f^'^ 

™*^^ It5i=o?^.-Jwsini = Jw(coseci-28ini); 
[ ^^ 2tanz 8 8 ^ ^\ 

The difference between the thrusts on the two divisions of ther 
rafter, 

is the component along the rafter of the load at the point 5. 

(3.) Smaller Seconda/ry Trusses, 1 7 5, 5 6 3. — These trusses are 
similar in every respect to the larger secondary trusses, except 
that the load on each point is one-half, and consequently each of 
the stresses is reduced to one-half of the corresponding stress in the 
Equations 3 and 4. 

(4.) Resultant Stresses. The pull on the middle division of the 
great tie-rod 2 3 is simply that due to the primary truss, 12 3. The 
pull on the tie 4 7 is simply that due to the secondary truss 14 3. 
The pulls on the ties 5 7, 5 6, are simply those due to the smaller 
secondary trusses, 1 5 7, 5 6 3. But agreeably to the Theorem stated 
at the commencement of this article, the pull on the tie 1 7 is the 
sum of those due to the larger secondary truss 14 3, and the smaller 
secondary truss 17 5. The pull on 6 4 is the sum of those due to 
the primary truss 12 3, and to the larger secondary truss 14 3. The 
pull on 6 3 is the sum of those due to the primary truss 1 2 3, to the 
larger secondary truss 14 3, and to the smaller secondary truss 5 6 3. 
The thrust on each of the four divisions of the rafter 1 3, is the sum 
of three thrusts, due respectively to the primary truss, the larger 
secondary truss, and one or other of the smaller secondary trusses. 

277. Resistance of a Frame at a Section The labour of calcu- 
lating the stress on the bars of a frame may sometimes be abridged 
by the application of the following principle : — 

If a /ramie be acted upon by am/y system of external, forces, amd if 
that frame be conceived to be completely divided into two parts by an 
ideal surface^ the stresses along the bars which are intersected by that 
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mirfacey hodance the external farcea which act on each of the two parts 
of tJie frame. 

Id most cases which occur in practice, the lines of resistance of 
the bars, and the lines of action of the external forces, are all in one 
vertical plane, and the external forces are vertical In such cases 
the most convenient position for an assumed plane of section is 
vertical, and perpendicular to the plane of the frame. Take the 
vertical line of intersection of these two planes for an axis of co- 
ordinates, — say for the axis of y, and any convenient point in it 
for the origin O; let the axis of x be horizontal, and in the 
plane of the frame, and the axis of z horizontal, and in the plane of 
section. 

The external forces applied to the part of the frame at one side 
of the plane of section (either may be chosen), being combined, as 
in Article 235, page 134, give three data — viz., the total force along 
a: = 2 • X ; the total force along y = 2 • Y ; and the moment of 
the couple acting round 2; = M; and the bars which are cut by 
the plane of section must exert resistances capable of balancing 
those two forces and that couple. If not more than three bars 
are cut by the plane of section, there are not more than three 
uij known quantities, and three relations between them and given 
•quantities, so that the problem is determinate; if more than 
three bars are cut by the plane of section, the problem is or may 
be indeterminate. 

The formulse to which this reasoning leads are as follows : — Let 
X be positive in a direction from the plane of section towards the 
part of the structure which is considered in determining 2 • X, 2 • Y, 
and M; let +y be measured upwards; let angles measured from 
Oa; towards + y, that is, upwards, be positive; and let the lines of 
resistance of the three bars cut by the plane of section make the 
angles r^, t^, tg, with x. Let ^, n^^ n^, be the perpendicular dis- 
tances of those three lines of resistance from O, distances lying 

I upwards I from O « being considered as j P*^^T« I 
( downwards J ( negative. J 

Let E^, Kg, B3, be the resistances, or total stresses, along the 
three bars, pulls being positive, and thrusts negative. Then we 
have the following three equations : — 

2 • X = Rj cos i, + Kg ^®s *2 + -^8 ^^ H» ) 

2 • Y = IL sin tj + Rg sin i^+'R^ sin i^; > (1.) 

- M = RjTij + RgWg + R^Wg; ) 

from which the three quantities sought, R^, R^, R3 can be found. 

S})eaking with reference to the given plane of section, 2 * X may 
be called the normal stress, 2 * Y, the sheaHng stress, and M, the 
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momervt of flexure, or bending si/reaa; for it tends to bend the frame 
at the section under consideration. M is to be considered as 

It' I ^^^^^^^°S ^ ^^ tends to make the frame become con* 



cave 



{ upwards 
\ downwards 



.} 



The following is one of the simplest examples of the solution of 
a problem by the method of polygons, and the method of secUona. 
Fig. 121 represents a truss of a form very common in carpentry 
(already referred to in Article 275), and consisting of three struts, 
A C, 0, C A, a tie-beam A A, and two suspension-rods, C B, C B,. 
which serve to suspend part of the weight of the tie-beam from 
the joints C 0, and also to stiffen the truss in the manner men- 
tioned in Article 275. 

Let i denote the equal and opposite inclinations of the rafters 
AC, CA, to the horizontal tie-beam A A; and leaving out of 
consideration the portions of the load directly supported at A, A, 
let P, P, denote equal vertical loads applied at C, C, and - P, - P^ 
equal upward vertical supporting forces applied at A, A, by the- 
resistance of the props. Let H denote the pull on the tie-beam,. 
E. the thrust on each of the sloping rafters, and T the thrust oa 
the horizontal strut C 0. 

Proceeding by the method qf polygons, as in Article 271, we find 
at once. 



an t j] 



H»> -T = Footan«; 

(2.) 
R = - P cosec t. 



(Thrusts being considered as negative.) 

To solve the same question by the rnathod ofaectionay suppose a 
vertical section to be made by a plane traversing the centre of the 
right hand joint C ; take that centre for the origin of co-ordinates j 
let X be positive towards the right, and y positive downwards; let 
^19 Vv ^ ^^ co-ordinates of the centre of resistance at the right 
hand point of support A. When the plane of section traverses the 
centre of resistance of a joint, we are at liberty to suppose either 
of the two bars which meet at that joint on opposite sides of 
the plane of section to be cut by it at an insensible distance from 
the joint 

First, consider the plane of section as cutting C A. The forces 
and couple acting on the part of the frame to the right of the 
flection are 

F^ = Oj Fy= -P 
M= -Pa?!. 
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Then, observing that for the strut AC, n = 0, and that for the tie 
A A, w = y-^j we have, by the equations 1 of this Article 

Rcost + H = F. = 0; 

R sin t= — P; 
Hyi= -M = +PiCiJ 

i^hence we obtain, from the last equation, 

H = —^ = P ootan t 
Vi 
irom the first, or from the second 

R = -. = - P cosec t 



1 



cos t 



(3.) 



J 



Next, conceive the section to cut C C at an insensible distance 
ix) the left of C. Then the equal and opposite applied forces + P 
at 0, and - P at A, have to be taken into account ; so that 

irom the first of which equations we obtain 



H + T = F. = 0, and 
T=-H= -Pcotant. 



(4.) 



In the example just given, the method of sections is tedious and 
•complex as compared with the method of polygons, and is intro- 
duced for the sake of illustration only. 

278. Balance of a Chain or Cord.— A loaded chain may be looked 
upon as a polygonal frame whose pieces and joints are so numerous 
that its figure may without sensible error be treated as a continuous 
curve. The following are the principles respecting the equilibrium 
of loaded chains and cords which are of most importance in practice. 
I. Balance qfa Chain in general. — Let D A C, in fig. 123, repre- 
49ent a flexible cord or chain supported at the points C and D, and 

V loaded by forces in any 
direction, constant or vary- 
ing, distributed over its 
whole length with constant 
or varying intensity. 
Let A and B be any 
^ ^ two points in this chain j 

Fig. 123. .^ iTom those points draw 

ixingents to the chain, A I^and B P, meeting in P. The load acting 
on the chain between the pipints A and B is balanced by the pulls 
along the chain at those twb points respectively; those pulls must 
respectively act along the tamgents A P, B P; hence the resultant 
of the load between A and B jacts through the point of intersection 
•of the tangents at A and B ; and that load, and the tensions on the 
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«bain at A and B, are respectively proportional to the sides of a 
l^riaDgle parallel to their directions. 

II. Cham under Vertical Load. — Curve of EguUibriv/m,, — If the 
•direction of the load be everywhere parallel and vertical, draw a 
vertical straight line, C D, fig. 124, to represent the total load, and 
from its ends draw C O and D O, parallel to two tangents at the 
7)oints of support of th« chain, and meeting in O; 
those lines will represent the tensions on the chain 
4it its points of support. 

Let A., in fig. 123, be the lowest point of the 
•chain. In fig. 124, draw the horizontal line O A; 
this will represent the horizontal component of the 
tension of the chain at every point, and if O B be 
pamllel to a tangent to the chain at B (fig. 123), 
A B will represent the portion of the load sup- 
jpoi*ted between A and B, and O B the tension at 6. 

To express this algebraically, let Fig. 124 

H = O A = horizontal tension along the chain at A j 

It = O B = pull along the chain at B; 

P = A B = load on the chain between A and B; 

f = ZX P B (fig. 123) = Z A O B(fig. 124) = inclination of 

chain at B; 
then, 

P = Htant;R= ^(P2 + H») = H sec t (1,) 

To deduce from these formulse an equation by which the form of 
the curve assumed by the chain can be determined when the dis- 
tribution of the load is known, let that curve be referred to rect- 
angular, horizontal, and vertical co-ordinates, measured from the 

lowest point Ay fig. 123, the co-ordinates of B being, AX = a?y 

J "P 

X B = y^ then tan t s ;^ = ^, a differential equation, which enables 

ax xl 

the form assumed by the cord (or " curve of equilibrium") to be 

-determined when the distribution of the load is known. 

279. Stability of Blocks.— The conditions of stability of a single 
block supported upon another body at a plane joint may be thus 
«ummed up: — 

In ^g, 125, let A A represent the upper block, 
B B part of the supporting body, e E the joint, 
C its centre of pressure, P C the i*esultant of 
the whole pressure distributed over the joint, 
N C, TO, its components perpendicular and 
parallel to the joints respectively. Then the 
•conditions of stability are the following : — ^^fr ^^^* 

I. In order that the block mai/ not slide, the oUiquity of the 
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pressure must not exceed the angle of repose (Article 261, page 154),, 
that is to say, 

Z P C N^ f (1.) 

II. In order that the block may hem no danger of overtwmingy the 
ratio which the deviation of the centre of preaev/re from ike centre of 
figure of the joint hears to the length of the diameter of the joint 
traversing those two centres, rrmst not exceed a certain fraction. The- 
value of that fraction varies, according to circumstances, from one- 
eighth to three-eighths. 

The first of these conditions is called that of stability of/rictiony, 
the second, that of stability of position. 

In a structure composed of a series of blocks, or of a series of 
courses so bonded that each may be considered as one block, which 

blocks or courses press against each other 
at plane joints, the two conditions of 
stability must be fulfilled at each joint. 
• Let fig. 126 represent part of such a 
structure, 1, 1, 2, 2, 3, 3, 4, 4, being 
some of its plane joints. 

Suppose the centre of pressure Oi of 
the joint 1, 1, to be known, and also the 
amount and direction of the pressure, as 
^^ ^^ indicated by the arrow traversing Ci. 

With that pressure combine the weight of the block 1, 2, 2, 1, 
together with any other external force which may act on that block; 
the resultant will be the total pressure to be resisted at the joint 
2, 2, which will be given in magnitude, direction, and position, and 
will intersect that joint in the centre of pressure C^. By continu- 
ing this process there are found the centres of pressure C3, C^, kc, 
of any number of successive joints, and the directions and magni- 
tudes of the resultant pressures acting at those joints. 

The magnitude and position of the resultant pressure at any 
joint whatsoever, and consequently the centre of pressure at that 
joint, may also be found simply by taking the resultant of all the 
forces which act on one of the parts into which that joint divides 
the structure. 

The centres of pressure at the joints are sometimes called centres 
of resistance. A line traversing all those centres of resistance, such 
as the dotted line R B, in fig. 126, has received from Mr. Moseley 
the name of the "line of resista/nce;" and that author has also 
shewn how in many cases the equation which expresses the form of 
that Hue may be determined, and applied to the solution of useful 
problems. 

The straight lines representing the resultant pressures may be 
aU parallel^ or may all lie in tibe same straight line, or may all 
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intersect in one point. The more common case, however, is that 
in which those straight lines intersect each other in a series of 
points, so as to form a polygon. A curve, such as P P, in fig. 126 
touching all the sides of that polygon, is called by Mr. Moseley 
the " live of pressu/res.** 

The propei*ties which the line of resistance and line of pressures 
must have, in order that the conditions of stability may be fulfilled, 
are, as already stated, the foUowing : — 

To insure stability of position, the line of reaiatcmce must not 
deviate from the centre of figure of any joint by more them a certain 
Jractuyn of the dia/meter of the joirU, measured it^ the direction of 
deviation. 

To insure stability of friction, the normal to each joint must not 
make an a/ngle greater than the angle qf repose widi a tangent to 
the line of pressures draum throtigh the centre ofresistoffice ofthatjoi^Ui 

Conceive a line to pass through all the limiting positions of the 
centre of resistance of the joint, so as to enclose a space beyond 
which that centre must not be found. 

The product of the weight of the structure into the horizontal dis- 
tance of a point in this line from a vertical line traversing the centre 
of gravity of the structure is the moment op stability of the struc- 
ture, when the applied thrust a>Gts in a vertical pUme parallel to that 
horizontal dista/nce, amd tends to overturn the structure in the direc* 
tion of the given poinJt in the line limiting the position of the centre of 
resistance; for that, according to Article 222, is the moment of the 
couple, which, being combined with a single force equal to the 
weight of the structure, transfers the line of action of that force 
parallel to itself through a distance equal to the given horizontal 
distance of the centre of resistance from the centre of gravity of 
the structure. The applied couple usually consists of the thrust of 
a frame, or an arch, or the pressure of a fluid, or of a mass of earth, 
against the structure, together with the equal, opposite, and parallel, 
but not directly opposed, resistance of the joint to that lateral 
force. 

To express this symbolically, let t be the length of the diameter 
of the joint where it is cut by the vertical plane traversing the 
centre of gravity of the structure and parallel to the applied thrust; 
let j be the inclination of that diameter to the horizon ; let g < be 
the distance of the given limiting centre of resistance from the 
middle point of that diameter, and q* t the distance from the same 
middle point to the point where the diameter is cut by the vertical 
line through the centre of gravity of the structure, and let W be 
the weight of the structure. Then the moment of stability is 

W{q±q')tcof,j; \ (1.) 

the sign < > being used according as the centre of resistance. 
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and the Tertical line throng ihe centre of gniyitj, lie towards 

{ppoM I £ ^^ middle of the diameter, 

the same side j 

Let h denote the height of the stmctare above the middle d the 
plane joint which is its base, h the breadth of that joint in a direc- 
tion perpendicnlar or conjogate to the diameter i, and w the weight 
of an nnit of volume of the materiaL Then we shall have 

W = n'whht (2.) 

where n is a nwmerical fobctor depending on the figure of the 
structure, and on the angles which the dimensions, A, 6, t, make 
with each other; that is, the angles of obliquity of the co-ordinates 
to which the figure of the structure is referred. Introducing this 
value of the weight of the structure into the formula 1, we find the 
following value for the moment of stability : — 

n{q ± q') cosj'w ' hb^ (3.) 

This quantity is divided by points into three Actors, viz. : — 

(1.) n(q ± ^) coBJ, a n/umerical /actor, depending on the figure 
of the structure, the obliquities of its co-ordinates, and the direction 
in which the applied force tends to overturn it. 

(2.^ w, the specific gravity of the material. 

(3.) hb^j B, geometrical factor, depending on the dimensions of 
the structure. 

Now the first factor is the same in all structures having figures 
of the same class, with co-ordinates of equal obliquity, and exposed 
to similarly applied external forces; that is say, to all structures 
whose figures, together with the lines of action of the applied forces, 
are pa/rMel prqjectiona of each other, loith co-ordinates of equal obli- 
quity; hence for any set of structures which fulfil that condition, 
the moments of stability are proportional to — 
I. The specific gravity of the material ; 
II. The height; 

III. The breadth; 

IV. The squa/re of the thickness; that is, of the dimension of 
the base which is parallel to the vertical plane of the applied force. 

280. Transformation of filockwork Stonctures. — If a structure 
composed of blocks have stability of position when acted on by 
forces represented by a given system of lines, then will a structure 
whose figure is a parallel projection of the original structure have 
stability of position when acted on by forces represented by the 
corresponding parallel projection of the original system of lines; 
also, the centres of pressure in the new structure will be the 
corresponding projections of the centres of pressure in the original 
structure. 

The question, whether the new structure obtained by transfoi^ 
niation will possess stability of friction is an independent problem. 
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OHAPTEB II. 

PRINCIPLES AND RULES RELATING TO STRENGTH AND 

STIFFNESS. 

281. The Object of this Chapter is to give a summary of the 
principles, and of the general rules of calculation, which are 
applicable to problems of strength and stiffness, whatsoever the 
particular material may be. 

Section I. — Of Strength and Stiffness in General. 

282. Load, Stress, Strain, Strength. — The Uxid, or combination 
of external forces, which is applied to any piece, moving or fixed, 
in a structure or machine, produces stress amongst the particles 
of that piece, being the combination of forces which they exert in 
resisting the tendency of the load to disfigure and break the 
piece, accompanied by straiuy or alteration of the volumes and 
figures of the whole piece, and of each of its particles. 

If the load is continually increased, it at length produces either 
/rapture or (if the material is very tough and ductile) such a 
disfigurement as is practically equivalent to fracture, by rendering 
the piece useless. 

The Ultimate Strength of a body is the load required to produce 
fracture in some specified way. The Proof Strength is the load 
required to produce the greatest strain of a specific kind con- 
sistent with safety ; that is, with the retention of the strength of 
the material unimpaired. A load exceeding the proof strength of 
the body, although it may not produce instant fracture, produces 
fracture eventually by long-continued application and frequent 
repetition. 

The Working Load on each piece of a machine is made less than 
the ultimate strength, and less than the proof strength, in certain 
ratios determined partly by experiment and partly by practical 
experience, in order to provide for unforeseen contingencies. 

Each solid has as many difierent kinds of strength as there are 
different ways in which it can be stittined or broken, as shewn in 
the following classification : — 

Strain. Fracture. 

-r,! . ( Extension Teaiing. 

Elementary | Compression Crushing. 

I Distortion Shearing. 

Compound •'; Twisting Wrenching. 

( Bending Breaking acrosp 
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283. CoefQcients or Moduli of Strength &ve quantities expressing^ 
the intendty of the stress under which a piece of a given material 
gives way when strained in a given manner; such intensity being 
expressed in units of weight for each unit of sectional area of the 
layer of particles at which the body first begins to yield. In 
Britain, the ordinary unit of intensity employed in expressing the 
strength of materials is the pound a/ooirdupois on the square inch. 

Coefficients of strength are of as many different kinds as there 
are different ways of breaking a body. Their use will be explained 
in the sequel. 

Coefficients of strength, when of the same kind, may still vary 
according to the direction in which the stress is applied to the 
body. Thus the tenacity, or resistance to tearing, of most kinds of 
wood is much greater against tension exerted along than across 
the grain. 

284. Factors of Safety. — A factor of safety, in the ordinary sense,, 
is the ratio in which the load that is just sufficient to overcome 
instantly the strength of a piece of material is greater than the 
greatest safe ordinary working load. 

The proper value for the factor of safety depends on the nature 
of the material; it also depends upon how the load is applied. 
The load upon any piece in a structure or in a machine is distin- 
guished into dead load and live had, A dead load is a load which 
is put on by imperceptible degrees, and which remains steady; such 
as the weight of a structurie, or of the fixed framing in a machine. 
A live load is one that is or may be put on suddenly, or accom- 
panied with vibration ; like a swift train travelling over a railway 
bridge; or like most of the forces exerted by and upon the moving 
pieces in a machine. 

It can be shewn that in most cases which occur in practice a 
live load produces, or is liable to produce, tvyiae, or very nearly 
twice, the effect, in the shape of stress and strain, which an equal 
dead load would produce. The mean intensity of the stress pro- 
duced by a suddenly applied load is no greater than that produced 
by the same load acting steadily ; but in the case of the suddenly 
applied load, the stress begins by being insensible, increases to 
double its mean intensity, and then goes through a series of 
fluctuations, alternately below and above the mean, accompanied 
by vibration of the strained body. Hence the ordinary practice is 
to make the factor of safetv for a live load double of the factor 
of safety for a dead load. 

A distinction is to be drawn between real and apparent factors 
of safety. A real factor of safety is the ratio in which the ultimate 
or breaking stress is greater than the real working stress at the 
time when the straining action of the load is greatest. The 
apparent factor of safety has to be made greater than the real 



FACTORS OP SAFETY. 181 

factor of safety in those cases in which the calculation of strength 
is based, not upon the greatest straining action of the load, but 
upon a mean straining action, which is exceeded by the greatest 
stiuining action in a certain propoiidon. In such cases the apparent 
factor of safety is the product obtained by multiplying the real 
factor of safety by the ratio in which the greatest straining action 
exceeds the mean. 

Another class of cases in which the apparent exceeds the real 
factor of safety is when there are additional straining actions 
besides that due to the transmission of motive power, and when 
those additional actions, instead of being taken into account in 
detail, are allowed for in a rough way by means of an increase of 
the factor of safety. A third class of cases is when there is a 
possibility of an increased load coming by accident to act upon the 
piece under consideration. For example, a steam engine may 
drive two lines of shafting, exerting half its power on each ; one 
may suddenly break down, or be thrown out of gear, and the 
engine may for a short time exert its whole power on the other. 

The following table shews the ordinary values of real factors of 
safety : — 

Bbal Factobs of Safbtt. 
Dead Load. LiTe Load 

Perfect materials and workmanship, .... 2 4 

Ordinary materials and workmanship — 

Metals, 3 6 

Wood, Hempen Ropes, from 3 to 5 10 

Masonry and Brickwork, 4 8 

The following are examples of apparent factors of safety : — 

Batio in which a __ . „^«* 

Greatest Effort ^PP?**"; 

Beal Faotor of Safety, 6 exceeds Mean '<£P*^L^ 

Effort, nearly. *^*"^- 

Steam engines acting against a constant 
resistance — 

Single engine, 1*6 9*6 

Pair of engines driving cranks at right ) , . ^ g.g 

angles, J 

Three engines driving equiangular) ,.Qg g,o 

cranks, j 

Ordinary cases of varying effort and ) ^.n 12-0 

resistance, i 

Lines of shafting in mill work; apparent | 

factor of safety for twisting stress I 

due to motive power, to cover allow- y from 18 to 36 

ances for bending actions, accidental 

extra load, &c., 
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Almost all the experiments hitherto made on the strength of 
materials give coefficients or moduli of tdtimcUe strength; that is, 
coefficients expressing the intensity of the stress exerted by the 
most severely strained particles of the material just before it gives 
way. In calculations for the purpose of designing framework or 
machinery to bear a given working load, there are two ways of 
using the factor of safety, — one is, to multiply the working load 
by the factor of safety, so as to determine the breaking load, and 
use this load in the calculation, along with the modulus of ultimate 
strength : the other is, to divide the modulus of ultimate strength 
by the factor of safety, and thus to find a modulus or coefficient 
of working atreas, which is to be used in the calculation, along 
with the working load. It is obvious that the two methods are 
mathematically equivalent, and must lead to the same result; 
but the latter is on the whole the more convenient in designing 
machines. 

285. The Proof or Testing by experiment of the strength of a 
piece of material is conducted in two different ways, according to 
the object in view. 

I. If the piece is to be afterwa/rds used, the testing load must be 
so limited that there shall be no possibility of its impairing the 
strength of the piece; that is, it must not exceed the proof sPrengthy 
being from one-third to one-half of the ultimate strength. About 
double or treble of the working load is in general sufficient. Care 
should be taken to avoid vibrations and shocks when the testing 
load approaches near to the proof strength. 

II. If the piece is to be sacrificed for the sake of ascertaining the 
strength of the material, the load is to be increased by degrees until 
the piece breaks, care being taken, especially when the breaking 
point is approached, to increase the load by small quantities at a 
time, so as to get a sufficiently precise result. 

The proof strength requires much more time and trouble for its 
determination than the ultimate strength. One mode of approxi- 
mating to the proof strength of a piece is to apply a moderate load 
and remove it, apply the same load again and remove it, two or 
thi^ee times in succession, observing at each time of application of 
the load the sprain or alteration of figure of the piece when loaded^ 
by stretching, compression, bending, distortion, or twisting, as the 
case may be. If that alteration does not sensibly increase by re- 
peated applications of the same load, the load is within the limit 
of proof strength. The effects of a greater and a greater load being 
successively tested in the same way, a load will at length be reached 
whose successive applications produce increasing disfigurements of 
the piece; and this load will be greater than the proof strength, 
which will lie between the last load and the last load but one in 
the series of experiments. 
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It was formerly supposed that the production of a set — that is, a 
disfigurement which continues after the removal of the load — was 
a test of the proof strength being exceeded ; but Mr. Hodgkinson 
shewed that supposition to be erroneous, by proving that in most 
materials a set is produced by almost any load, how small soever. 

The strength of bars and beams to resist breaking across, and of 
axles to resist twisting, can be tested by the application of known 
weights either directly or through a lever. 

To test the tenacity of rods, chains, and ropes, and the resist- 
ance of pillars to crushing, more powerful and complex mechanism 
is required. The apparatus most commonly employed is the 
hydraulic press. In computing the stress which it produces, no 
reliance ought to be placed on the load on the safety valve, or on 
a weight hung to the pump handle, as indicating the intensity of 
the pressure, which should be ascertained by means of a pressure 
gauge. This remark applies also to the proving of boilers by water 
pressure. From experiments by Messrs. Hick and Luthy it appears 
that, in calculating the stress produced on a bar by means of a 
hydraulic press, the friction of the collar may be allowed for by 
deducting a force equivalent to the pressure of the water upon an 
area of a length equal to the circumference of the collar, and one- 
eightieth of an inch broad. 

For the exact determination of general laws, although the load 
may be applied at one end of the piece to be tested by means of a 
hydraulic press, it ought to be resisted and measured at the other 
end by means of a combination of levers. 

286. Stiffness or Bigidity, Pliability, their Moduli or Coefficients. 
— Rigidity or stiffness is the property which a solid body possesses 
of resisting forces tending to change its figure. It may be expressed 
as a quantity, called a moduhis or copfficient of stiffness^ by taking 
the ratio of the intensity of a given stress of a given kind to the 
strain, or alteration of figure, with which that stress is accom- 
panied — that strain being expressed as a quantity by dividing the 
alteration of some dimension of the body by the original length of 
that dimension. In most materials which are used in machinery, 
the moduli of stiffness, though not exactly constant, are nearly 
constant for stresses not exceeding the proof strength. 

The reciprocal of a modulus of stiffness may be called a " modulus 
(/pliaMity" that is to say, 

Modulus of Stiffness = err—- i 

Strain 

Modulus of Pliability = =r-- — 7- — tto- . 

•^ Intensity ot Stress 

287. The Elasticity of a Solid consists of stiffness, or resistance 
to change of figure, combined with the oower of recovering the 
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original figure when the straining force is withdrawn. If that 
recovery is complete and immediate, the body is perfectly eUutie; 
if there is a set^ or permanent change of figure, after the removal 
of the straining force, the body is imperfecdy eUastic. The elasticity 
of no solid substance is absolutely perfect, but that of many sub- 
stances is nearly perfect when the stress does not exceed the proof 
strength, and may be made sensibly perfect by restricting the stress 
within small enough limits. 

ModvU or Goeffidenis of BlasdcUy are the values of moduli of 
stiffness when the stre.8S is so limited that the value of each of 
those moduli is sensibly constant, and the elasticity of the body 
sensibly perfect. 

288. Resilience or Spring is the quantity of mechanical v)ork* 
required to produce the proof stress on a given piece of material, 
and is equal to the product of the proof strain^ or alteration of 
figure, into the mean load which acts during the production of 
that strain ; that is to say, in general, very nearly one-half of the 
proof load. 

289. Heights or Lengths of Moduli of Stiffiiess and Strength. — 
The term height or lengthy as applied to a modulus or coefficient of 
strength or of stiffness, means the length of an imaginary vertical 
column of the material to which the modulus belongs, whose 
weight would cause a pressure on its base equal in intensity to 
the stress expressed by the given modulus. Hence 

Height of a modulus in feet 

Modulus in lbs. on the square foot 
" Heaviness of material in lbs. to the cubic foot' 

_ Modulus in lbs. on the square inch 

~ Weight of 12 cubic inches of the material* 

Height of a modulus in inches 

Modulus in lbs. on the square inch 
~ Heaviness of material in lbs. to the cubic inch ' 

Height of a modulus in metres 

Modulus in kilogrammes on the square m^tre 
Heaviness of material in kilogrammes to the cubic m^tre* 

Section 2. — Of Resistance to Direct Tension. 

290. Strength, Sti&ess, and Resilience of a Tie. — The word tie 
is hei*e used to denote any piece in framing or in mechanism, such 

* Mechamcal Work, which will be fully treated of in Part VI., may be 
defined as the product of a force into the space through which it acts. 
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as a rod, bar, band, cord, or chain, which is under the action of a 
pair of equal and opposite longitudinal forces tending to stretch 
it, and to tear it asunder. The common magnitude of those two 
forces is the load ; and it is equal to the product of the sectional 
area of the piece into the intensity of the tensile stress. The 
values of that intensity, corresponding to the immediate breaking 
load, the proof load, and the working load, are called respectively 
the moduli or coefficients of tUtimate tenacity/, of proof tensioi^f and 
of working tension. 

In symbols, let P be the load, S the sectional area, and p the 
intensity of the tensile stress; then 

P=l'S (1.) 

If the sectional area varies at different points, the least area is to 
be taken into account in calculations of strength. 

The elongation of a tie produced by any load, P, not exceeding 
the proof load, is found as follows, provided the sectional area is 
uniform : — 

Let X denote the original length of the tie, A x the elongation, 

and u = the extension ; that is, the proportion which that 

X 

elongation bears to the original length of the bar. being the 
numerical measure of the strain. 

Let E denote the TnockUus of direct elaaticity, or resistance to 
stretching. Then 

« = ^; A^ = «^ = |«- (2.) 

Let/ denote the proof tension of the material, so that/' S is the 
proof load of the tie ; then the proof extension is/' -;- E. 

The Resilience or Spring of the tie, or the work done in stretch- 
ing it to the limit of proof strain, is computed as follows; The 
length, as before, being x, the elongation of the tie produced by the 
proof load is/ a5-^ E. The force which acts through this space has 
for its least value 0, for its greatest value P =/ S, and for its mean 
value / S -f- 2 , so that the work done in stretching the tie to the 
ytroof strain, that is^ its resilience or springy is 

/s fxjn ^x .ox 

T'"E ~ E "2" ^ ^^ 

The coefficient f^ -s- E, by which one-half of the volume of the 
tie is multiplied in the above formula, is called the Modulus of 
Kesiliencb. 

A sudden, pull of / S -^- 2, or one-half of the proof load, being 
applied to the bar, will produce the entire proof strain of /VE, 
which is produced by the gradual application of the proof load 
itself; for the work peiformed bv the action of the constant force 
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/ S -^ 2, tbrough a given space, is the same with the work per- 
formed bj the action, through the same space, of a force increasing 
at an uniform rate from up to/^ S. Hence a tie, to resist with 
safety the sudden application of a given pull, requires to hare twice 
ihe strength that is necessary to resist the gradual application and 
steady action of the same pull. This is an illustration of the 
principle, that the &ctor of safety for a live load is twice that for a 
dead load. 

291. Thin Cylindrical and Spherical Shells. — ^Let r denote the 
radius of a thin hollow cylinder, such as the shell of a high-pressure 
boiler; 

tf the thickness of the shell ; 

/, the ultimate tenacity of the material, in pounds per square 
inch; 

Pf the intensity of the pressure, in pounds per square inch, re- 
quired to burst the shell. This ought to be taken at six times the 
effective working pressure — effective preaswre meaning the excess of 
the pressure from within above the pressure from without, which 
last is usually the atmospheric pressure, of 14'7 lbs. on the square 
inch or thereabouts. 

Then 

p=v; (1.) 

and the proper proportion of thickness to radius is given by the 
formula, — 

;-5 w 

Thin spherical shells are twice as strong as cylindrical shells of 
the same radius and thickness. 

The tenacity of good wrought-iron boiler-plates is about 50,000 lbs. 



Section 3. — Of Besistance to Distortiqk and Shearing. 

292. Distortion and Shearing Stress in General. — In framework 
and mechanism many cases occur in which the principal pieces, such 
as plates, links, bars, or beams, being themselves subjected to ten- 
sion, pressure, twisting, or bending, ai'e connected with each other 
at their joints by rivets, bolts, pins, keys, or screws, which are 
under the action of a shearing force, tending to make them give 
way by the sliding of one part over another. 

Every shearing stress is equivalent to a pair of direct stresses of 
the same intensity, one tensile and the other compressive, Axerted 
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in directions making angles of 45° with the shearing stress. Hence 
it follows that a body may give way to a shearing stress either by 
actual shearing, at a plane parallel to the direction of the shearing 
force, or by tearing, in a direction making an angle of 45* with that 
force. The manner of breaking depends on the structure of the 
material, hard and brittle materials giving way by tension, and soil 
and tough materials by shearing. 

When a shearing force does not exceed the limit within which 
moduli of stiffness are sensibly constant, it produces distortion of 
the body on which it acts. Let q denote the intensity of shearing 
stress applied to the four lateral faces of an originally square 
prismatic particle, so as to distort it; and let » be the disUyi'tion, 
expressed by the tangent of the difference between each of the distorted 
angles of the jprisin and a right angle; then 






=c, (1.) 



is the modvlus of transverse elasticity, or resistance to distortion. 

One mode of expressing the distortion of an originally square 
prism is as follows : — Let » denote the proportionate elongation of 
one of the diagonals of its end, and — » the proportionate shorten- 
ing of the other; then the distortion is 

» = 2 «. 

Q 

The ratio -p of the modulus of transverse elasticity to the modulus 
of direct elasticity defined in Article 287, page 184, has different 

values for different materials, ranging from to ^. For wrought- 

1 ^ 

iron and steel it is about ^. 



Section 4. — Op Besistanob to Twistino and Wrenching. 

293. Twisting or Torsion in General. — Torsion is the condition 
of strain into which a cylindrical or prismatic body is put when a 
pair of couples of equal and opposite moment, tending to make it 
rotate about its axis in contrary directions, are applied to its two 
ends. Such is tbe condition of shafts which transmit motive power. 
The moment is called the twisting moment, and at each cross- 
section of the bar it is resisted by an equal and opposite moment of 
stress. Each particle of the shaft is in a state of distortion, and 
exerts shearing stress. 

In British measures, twisting moments are expressed in inch-lbs. 

294. Strength of a CyUndrical Shaft. -A cylindrical shaft, A B, 
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fig. 127, being subjected to the twisting moment of a pair of equal 

and opposite couples applied to the 
cross-sections, A and B, it Lb required 
to find the condition of stress and 
strain at any intermediate cross-sec- 
tion, such as S, and also the angular 
displacement of any cross-section rela- 
^^8* ^^' tively to any other. 

From the uniformity of the figure of the bar, and the uniformity 
of the twisting moment, it is evident that the condition of stress 
and strain of all cross-sections is the same ; also, because of the 
circular figure of each cross-section, the condition of stress and 
strain of adl particles at the same distance from the axis of the 
cylinder must be alike. 

Suppose a circular layer to be included between the cross-section 
S, and another cross-section at the longitudinal distance d x from 
it. The twisting moment causes one of those cross-sections to 
rotate relatively to the other, about the axis of the cylinder, through 
an angle which may be denoted by d 6, Then if there be two 
pointe at the same distance, r, from the axis of the cylinder, one in 
the one cross-section and the other in the other, which points 
were originally in one straight line parallel to the axis of the 
cylinder, the twisting mom&t shifts one of those points laterally, 
relatively to the other, through the distance r d ^v Consequently, 
the part of the layer which lies between those points is in a oon- 
uition oi distortion^ in a plane perpendicular to the radius r; aud 
the distortion is expressed by the ratio 

which varies proportionally to the distance from the axis. There 
is therefore a shearing stress at each point of the cross-section, 
whose direction is perpendicular to the radius drawn from the axis 
to that point, and whose intensity is proportional to that radiits, 
being I'epresented by 

^=^'=^''i^- <2) 

The STRENGTH of the shaft is determined in the following man- 
ner: — Let qi be the limit of the shearing stress to which the 
material is to be exposed, being the ultimate resistance to wi*ench- 
ing if it is to be broken, the proof resistance if it is to be tested, 
and the working resistance if the working moment of torsion is to 
be determined. Let r^ be the external radius of the axle. Theu 
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qi is the value of q at the distance r^ from the axis ; and at aujr 
other distance, r, the intensity of the shearing stress is 

«'^ (3.) 

Conceive the cross-section to be divided into narrow concentric- 
rings, each of the breadth d r. Let r be the mean radius of one of 
these rings. Then its area is 2 » r c?r; the intensity of the shear- 
ing stress on it is that given by Equation 3, and the leverage of 
that stress relatively to the axis of the cylinder is r; consequently 
the moment of the shearing stress of the ring in question, being 
the product of the three quantities, 

ii- , r, and ^rrdr is —±1 • r* d 

which being integrated for all the rings from the centre to the^ 
circumference of the cross-section, gives for the moment of torsion,, 
and of resistance .to torsion, 

^ = \qi'^i = Y^qi^y (4.) 

if A = 2 rj be the diameter of the shaft, 

(l = 1-5708 ; ^ = 0196 nearly). 

If the axle is hollow, Yiq being the diameter of the hollow, the- 
moment of torsion becomes 

^=m-^^¥' • («•) 

The following formule serve to calculate the diameters of shafts 
when the twisting momeut and stress are given ; solid shafts : — 

. /51M\i ^„^ 

**=v ?r>' '— ^^-^ 

hollow shafts — 

( 5-1 M \ 1 

'■H^^} <'■' 

Section 5. — Op Resistance to Bending and Cross-Bbeaking. 

295. Besistance to Bending in General.~In explaining the prin> 
ciples of the resistance which bodies oppose to bending and cross- 
breaking, it is convenient to use the word beam as a general term- 
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to denote the body under consideration ; • but those principles are 
applicable, not only to beams for supporting weights, but to levers, 
cross-heads, cross-tails, shafts, journals, cranks, and all pieces in 
machinery or framework to which forces are applied tending to 
bend them and to bi*eak them across ; that is to say, forces trans- 
verse to the axis of the piece. 

Conceive a beam which is acted upon by a combination of 
parallel transverse forces that balance each other, to be divided 
into two parts by an imaginary transverse section ; and consider 
separately the conditions of equilibrium of one of those parts. The 
external transverse forces which act on that part, and constitute 
the load on it, do not necessarily balance each other. Their result- 
ant may be found by the rule of Article 233, page 132. That 
resultant is called the Sheouring Load at the cross-section under con- 
sideration, and it is balanced by the Shecvririg Stress exerted by the 
particles which that cross-section traverses. The resultant moment 
of the same set of forces, relatively to the same cross-section, may 
be found by the same rule ; it is called the Bending Moment at that 
cross-section, and it is balanced (if the beam is strong enough) by 
the Moment of Stress exerted by the particles which the cross-section 
traverses, called also the Moment of Resistomce. That moment of 
stress is due wholly to longitudinal stress, and it is exerted in the 
following way:— The bending of the beam causes the originally 
straight layers of particles to become curved; those near the 
concave side of the beam become shortened ; those near the convex 
side, lengthened ; the shortened layers exert longitudinal thrust ; 
the lengthened layers, longitudinal tension ; the resultant thrust and 
the resultant tension are equal and opposite, and compose a couple, 
whose moment is the moment of stress, equal and opposite to the 
bendiug moment 

In the solution of problems respecting the transverse strength of 
beams, it is necessary to determine the shearing load and bending 
moment produced by the transverse external forces at different 
cross-sections, aud especially at those cross-sections at which they 
act most intensely, and the relations between the dimensions and 
figure of a cross-section of the beam, and the moment of stress 
which that cross-section is capable of exerting, so that each cross- 
section, and especially that at which the bending moment is 
greatest, may have sufficient strength. 

296. Calculation of Shearing Loads and Bending Moments. — 
In the formulae which follow, the shearing load at a given cross- 
section will be denoted by F, and the bending moment by M. In 
British measures it is most convenient to express the bending 
moment in inch-lbs., because of the transverse dimensions of pieces 
in machines being expressed in inches. 

The mathematical process for finding F and M at any given 
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cross-section of a beam, though always the same in principle, may 
be varied considerably in detail. The following is on the whole 
the most convenient way of conducting it : — 

Fig. 128 represents a beam supported at both ends, and loaded 
between them. Fig. 129 represents a bracket; that is, a beam 
supported And Jixed at one end, and loaded on a projecting poi-tion. 
P, Q, represent in each case the supporting forces; in fig. 128, W^, 
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Fig. 128. Fig. 129. 

Wg, Wg, <fec., represent portions of the load: in fig. 129, Wq re- 
presents the endmost portion of the load, and Wj, Wg, Wg, other 
portions; in both figures, Axi, Aoc^y A«g, &c, denote the lengths of 
the intervals into which the lines of action of the portions of the 
load divide the longitudinal axis of the beam. The forces marked 
W may be the weights of parts of the beam itself, or of bodies 
carried by it ; or they may be forces exerted by moving pieces in a 
machine on each other; or, in short, they may be any external 
transvei^se forces. If the body called the beam is a shaft, P and 
Q will be the bearing pressures. 

The figui*es represent the load as applied at detached points ; 
but when it is continuously distributed, the length of any inde- 
finitely short portion of the beam may be denoted by dx, the 
intensity of the load upon it per umit of length by w, and the 
amount of the load upon it hj wd x. 

The process to be gone through will then consist of the follow- 
ing steps: — 

Step I. To find the Supporting Forces or Beming Fressv/res, P 
€md Q. — Assume any convenient point in the longitudinal axis as 
origin of co-ordinates, and find the distance Xq of the resultant of 
the load from it, by the rule of Article 233, page 132 ; that is 
to say, 

2-ajW 



«o = 



2-W ' 
fxw dx 



or 



1 

!- 



/ 



wdx 



,(2.) 
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Then, by the rale of Article 227, page 129, find the two sup- 
porting forces or bearing pressures, P and Q ; that is to say, let R 
be the resultant load, and P R and R Q its distances fbom the 
points of support; and make 



P Q : P R : Q R 
:R : Q : P 



^} (3) 





In Fig. 


129. 




-F„ = 








-F„ = 


= Wo + Wi + W,; 




-F„ = 


= Wo + Wi + Wa + 


Wgj&c; 


and generally. 


W;... 


...(5.) 



Step II. To find the aheouring loads at a aeries of sections. — In 
what position soever the origin of co-ordinates may have been 
during the previous step, assume it now, in a beam supported at 
both ends, to be at one of the points of support (as A, fig. 128), and 
in a bracket to be at the loaded point farthest from the fixed end 
(as A, ^g, 129). Consider P as positive and W as negative. 

Then the shearing load in any given interval of the length of 
the beam is the resultant of all the forces acting on the beam from 
the origin to that interval; so that it has the series of values, 

In Fig. 128. 

Fi2 = P-Wi; 

F3, = P-Wi-W2-W3; Ac.; 
and generally, 

F = P-2W; (4.) 

so that the shearing loads which act in a series of intervals of the 
length of the beam can be computed by successive subtractions or 
successive additions, as the case may be. 

For a continuously distributed load, these equations become 
respectively, 

«;c?a;;...(6.) 



In a bracket, - F = / wdx; (7.) 

in which expressions, x' denotes the distance from the origin, A, to 
the plane of section under consideration. 

The positive and negative signs distinguish the two contrary 
directions of the distortion which the sheaiing load tends to 
produce. 

The Greatest Shearing Load acts in a beam supported at both 
ends, close to one or other of the points of support, and its value 
is either P or Q. In a bracket, the greatest shearing load on the 
projecting part acts close to the outer point of support, and its 
value is equal to the entire load. 

In a beam supported at both ends the Shearing Load vanishes, 
or changes from positive to n^ative at some intermediate section^ 
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whose position may be found from Equation 4 or Equation 6, 
by making F = 0. At the second point of support, F s — Q. 

Step III. To find the bending momenta at d series of sectums.^ 
At the origin A there is no bending moment Multiply the 
length of each of the intervals A ^ of the longitudinal axis of the 
beam by the shearing load F, which acts throughout that interval; 
the first of the products so obtained is the bending moment at 
the inner end of the first interval ; and by adding to it the other 
products successively, there are obtained the bending moments at 
the inner ends of the other intervals in succession.* 

That is to say, — bending moment 

at the origin A ; Mq = 0; 

at the line of action of W^; Mj = F^i • Aa?i; 
,; „ „ Wg; Mj = Foi • A^i + Fi2 A x^i 

&c. &c. 

and generally, M = 2 -FAa?. (8.) 

If the divisions A x cure of eqticU length, this becomes 

M = AaJ-2Fj (9.) 

and for a continuously distributed load, 

M = r^dx (10.) 

The three preceding Equations 8, 9, and 10, are applicable to 
beams whether suppoi*ted at both ends or fixed at one end. By 
substituting for F in Equation 10 its values as given by Equations 
6 and 7 respectively, we obtain the following results : — 

For a beam supported at both ends, 

M = Pi»'- C f'wdx^ 

= Tjx'- r {x''-x)wdx] (11.) 

For a beam fixed at one end, 

-M= (" f'wdo^= C {af-x)wdx; (12.) 

in the latter of which equations the symbols "M denotes that the 
bending moment acts downwards 

* This process is substantially the same with that employed by Mr. 
Herbert Latham, in his work On Iran Bridges^ to compute the stress in a 
half-lattice girder. 

O 
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The Greatest Bending Moment acts, in a bracket, at the outer 
point of support; and in a beam supported at both ends, at the 
section where the shearing load vani^es^ found, as already stated 
in Step II., from the Equation F = 0. 

When the transvei*se forces applied to a beam supported at both 
ends are symmetrically distributed relatively to its middle section^ 
the Greatest Bending Moment acts at that section; and it is some- 
times convenient to assume a point in that section as the origin of 
co-ordinates. 

Step IY. To deduce the shea/ring load amd bending moment in 
one beam from those in another bea/m similarly supported cmd 
loaded. — This is done by the aid of the following principle : — 

When bea/ms differing in length and in the a/m/ov/nJbs of the loads 
upon them a/re similarly supported, and have t^mr loads svm^Uarly 
distributed, the shearing loads at corresponding sections in them vary 
as the total loads, and tlie bending moments as the products of tl^e 
loads and lengths. 

This principle may be expressed by symbols in either of the two 
following ways: — 

First, Let I, V, denote the lengths of two beams, similarly sup- 
ported; let W, W', denote their total loads, similarly distributed; 
let F, F', be the shearing forces, and M, M', the bending moments, 
at sections similarly situated in the two beams ; then 

W: W : :F F'^ (13.) 

ZWrZ'Wt :M:M' (U.) 

Secondly, Let k and m be two numerical factors, depending on 
the way in which a beam is supported, the mode of distribution of 
its load, and the position of the cross-section under consideration; 
then 

F = ^W; (15.) 

M = mWZ (16.) 

The length between the points of support of a beam supported 
at the ends, as in fig. 128, is often called the span, 

297. Examples. — In the following formulae, which are examples 
of the application of the principles of the preceding Article to the 
cases which occur most frequently in practice, W denotes the total 
load; 

w, when the load is distributed, the load per unit of length of 
the beam ; 

c, in brackets, the length of the free part of the bracket ; 

c, in beams either loaded or supported at both ends, the hcdf 
spom, between the extreme points of load or support and the 
middle ; 

M, the greatest bending moment. 
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I. Bracket fixed at on epd and loaded ) M = cW (1.) 
at the other, J 

IT. Bracket fixed at one end and uni- ) ^ _ cJW _ «? c^ . 

formerly loaded, f"^" 2 —2""^^'^ 

III. Beam supported at both ends and'V 

loaded at an intermediate point, t j^ _ (c^ - x^) W .^ 
whose distance from the middle of j 2c ""^ '' 

the span is a;, ) 

IV. Beam supported at both ends and ) -m- ^ ^ /a \ 

loaded in the middle, / ^-~2'' ^^ 

V. Beam supported at both ends and 1..-. eW w(^ ,-. 
uniformly loaded, j^ — i"""!" ^ ' 

In Example III. the greatest force exerted is -^ — ^W, and the 

leverage with which it acts is 6 7 a?; and Examples lY. and Y. 
follow from it by making x = o. 

YI. If a beam has equal and opposite couples applied to its two 
ends ; for example, if the beam in fig. 130 has the couple of equal 
and opposite forces Pi applied at A and B, and the couple of 
«qual and opposite forces P9 at C and D, 



♦ft 41 

=*1 



and if the opposite moments P^ * A B 
= Pa • C D = M are equal, then each of 
the endmost divisions, A B and C D, is ' ^ 
in the condition of a bracket fixed at one 
end and loaded at the other (Example 1.); ^"^^ _ iqa ~ 

and the middle division B C is acted upon ^' 

by the uniform bending mom&nJt M, and by no shearing load. 

YII. Let a beam of the half span c be loaded with an uniformly 
<listributed load of w units of weight per unit of span; and at a 
point whose distance from the middle of the span is a, let there 
be applied an additional load W. It is required to find x, the dis- 
tance from the middle of the span at which the greatest bending 
moment is exerted, and M, that greatest moment. 

Make 

W 



2 ew 



then the solutions are as follows : — 



Case 1. — When - = or^"- ; x = m(C'd): and 
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(■ 



TUT tD<^ f. m 

2 \ e 



')■ 



(6.) 



Casb 2. — ^When ~ = or^^^j : x = a; and 

c 1 +m 

M=!^(l + 2m)(l-g) (7.) 

In the following case both sets of formula give the same result^ 



when - = 



m 



1 +m 



; aj = a = m (c — a); and 



M = 



wc2 /1 + 2 w\2 



\ 1 + w / ' 



.(8.) 



298. Bending Moments produced by Longitudinal and Oblique^ 
Forces. — ^When a bar is acted upon at a given cross-section by any 
external force, whose line of action, whether transverse, oblique, or 
parallel to the axis of the bar, does not traverse the centre of 
magnitude of that cross-section, that force exerts a moment upon 
that cross-section equal to the product of the force into the perpen- 
dicular distance of its line of action from the centre of the cross- 
section, and that moment is to be balanced by the moment of 
longitudinal stress at the cross-section. 

The external force may be resolved into a longitudinal and a. 
transverse component. The longitudinal component is balanced 
by an uniform longitudinal tension or pressure, as the case may be, 
exerted at the cross-section, and combined with the stress which 
resists the bending moment; and the transverse component is re- 
sisted by shearing stress. 

299. Moment of Stress— Transverse Strength.— The bending^ 
moment at each cross-section of a beam bends the beam so as to niak& 
any originally plane longitudinal layer of the beam perpendicular 
to the plane in which the load acts, become concave in the direction 
towards which the moment acts, and convex in the opposite 
direction. Thus, fig. 131 represents a side view of a short portion 

of a bent beam; C C is a layer, origin- 
ally plane, which is now bent so as to* 
become concave at one side and convex 
at the other. 

The layers at and near the concave 
side of the beam, A A', are shortened, 
and the layers near the convex side^ 
B B' lengthened, by the bending action 




Fig. 131. 
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of the load. There is one intermediate surface, O 0', which is 
neither lengthened nor shortened ; it is called the " Theui/ral swrftice,** 
The particles at that surface are not necessarily, however, in a state 
-devoid of strain; for, in common with the other particles of the 
beam, they are compi^essed and extended in a pair of diagonal 
•directions, making angles of 45** with the neutral sur&ce, by the 
shearing action of the load, when such action exists. 

The condition of the particles of a beam, produced by the com- 
bined bending and shearing actions of the load, is illustrated by fig. 
132, which represents a vertical longitudinal section of a rectangular 
beam, supported at the ends, and loaded at intermediate points. 
It is covered with a network consist- 
ing of two sets of curves cutting each 
other at right angles. The curves 
oonvex upwards are lines of direct 
th/ru8t ; those convex downwards are Fig. 132. 

Imes of direct tension, A pair of 

tangents to the pair of curves . which traverse any particle are the 
HLxes of stress of that particle. The n&uJ^al sv/rface is cut by both 
5et8 of curves at angles of 45**. At that vertical section of the 
beam where the shearing load vanishes, and the bending moment 
is greatest, both sets of curves become parallel to the neutral 
surface. 

When a beam breaks under the bending action of its load, it 
^ves way, either by the crushing of the compressed side, A A', or 
by the tearing of the stretched side, B B'. 

In fig. 133, A represents a 
beam of a granuhir material, like 

oast iron, giving way by the 

crushing of the compressed side, in iqq ® 

out of which a sort of wedge is ^' 

forced. B represents a beam giving way by the t-earing asunder of 
the stretched side. 

The resistance of a beam to bending and cross-breaking at any 
^ven cross-section is the moment of a couple, consisting of the 
thrust along the loDgitudinally-compressed layers, and the equal 
■and opposite tension along the longitudinally-stretched layers. 

It has been found by experiment, that in most cases which occur 
in practice, the longitudinal stress of the layers of a beam may, 
without material error, be assumed to be vmiformly va/rying, its 
intensity being simply proportional to the distance of the layer 
^m the neutral surface. 

Let fig. 134 represent a cross-section of a beam (such as that 
represented in fig. 131), A the compressed side, B the extended 
«ide, G any layer, and O the iMu1/ral aods of the section, being 
the line in which it is cut by the neutral surface. Let p denote 
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the intensity of the stress along the layer C, and y the distanoe- 

of that layer from the neutral axis. Because the 
stress is uniformly varying, ^ -r ^ is a constant 
quantity. Let that constant be denoted for the 

Let z be the breadth of the layer O, and d y its. 
thickness; 
Then the amount of stress along it is 

pzdy = ayzdy; 

the amount of the stress along all the layers at the given croas^ 
section is 




ajyzdy; 



and this amount must be nothing, — in other words, the total thrust 
and total tension at the cross-section must be equal, — because the 
forces applied to the beam are wholly transverse ; from which it- 
follows, that 



fyzdy = 0, (L) 



and the neii^al cueis tra/versea the centre of moffnitude of the cross^ 
section. This principle enables the neutral axis to be found by the 
aid of the methods explained in Section 1, Chapter IIL, Part IIL 

To find the greatest value of the constant p -r y consistent with 
the strength of the beam at the given cross-section, let y^ be the 
distance of the compressed side, and y^ that of the extended side 
from the neutral axis; f^ the greatest thrust, and f^ the greatest 
tension which the material can bear in the form of a beam ; com- 
pute/, -r- y^ andyj-T-yj, and adopt the le88 of those two quantities 
as the value of p -i- y, which may now be denoted by/^ y^;. 
/being/, or/, and yi being y^ or y^ according as the beam i» 
liable to give way by crushing or by tearing. 

For the best economy of material, the two quotients ought to be 
equal; that is to say, 

V\ Va Vh ^ ' ^ '^ 

and this gives what is called a cross-section of equal strength. 

The moment relatively to the neutral axis, of the stress exerted 
along any given layer of the cross-section, is 

f 
ypzdy = ^-y^zdy; 
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and the sum of all such moments, being the moment of stress, or 
MOMENT OF RESISTANCE of the given cross-section of the beam to 
breaking across, is given by the formula, 

= jpyzdy=yjy^zdy; (2.) 



M 
or making / y^zdy = l, 



M=^.... (2 a.) 



When the breaking load is in question, the coefficient / is what 
is called the modulus of rupture of the material. 

When the proof load or working load is in question, the co- 
efficient / is the modulus of rupture divided by a suitable factor 
of safety, which, for the working stress in parts of machinery that 
are made of metal, is usually 6, and for the parts made of wood, 10. 
Thus, the working modvlua f is usually 9,000 lbs. on the square 
inch for wrought iron, 4,500 for cast iron, and from 1,000 to 1,200 
for wood. 

The factor denoted by I in the preceding equation is what is 
called the "geometrical moment of inertia" of the cross-section of 
the beam. For sections whose figures are similar, or are parallel 
projections of each other, the moments of inertia are to each other 
as the breadths, and as the cubes of the depths of the sections^ and 
the values of yi are as the depths. If, therefore, b be the breadth 
and h the depth of the rectangle circumscribing the cross-section of 
a given beam at the point where the moment of stress is greatest, 
we may put 

l = n'bh% (3.) 

yi = m'h,„. ...(4.) 

n'and m' being numerical factors depending on the form of section, 

and making n'-T-m' = 7i, the moment of resistance may be thus 

expressed, — 

M = w/6A2 (5.) 

Hence it appears that the resistances of similar cross-sections to 
cross-breaking ojre as their breadths and as the squa/res of thevr depths. 

The relation between the load and the dimensions of a beam is 
found by equating the value of the greatest bending moment in 
terms of the load and span of the beam^ as given in Article 296, 
Equations 10, 11, 12, 16, to the value of the moment of resist- 
ance of the beam, at the cross-section where that greatest bending 
moment acts, as given in Equation 5 of this Article. . 

The depth h is usually fixed by considerations of stiffness, and 
then the unknown quantity is the breadth, b. Sometimes, as when 
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the ero88-section is circular or square, we have b=h; and then we 
have h^, instead of bh^ in Eqnation 5, which is solved so as to 
give h by extraction of the cube root^ The following are the 
formalsB for these calculations: — 



b = 



M 



and when h = b, 



nfh^'' 



.(6.) 



(5)*. 



.(6 a.) 



Examples of the Numerioal Faotobs in Equations 3, 4, 

5 AND 6. 
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300. Allowance for Weight of Beam — Limiting Length of 

Beam. — When a beam is of great span, its own weight may bear 
a proportion to the load which it has to carry, sufficiently great to 
require to be taken into account in determining the dimensions 
of the beam. The following is the process to be performed for 
that pui^ose, when the load is uniformly distributed, and th« 
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l)eam of uniform cross-section. Let W' be the external working 

load, 8i its factor of safety, 82 a fkctor of safety suited to a steady 

load, like the weight of the beam. 

Let b' denote the breadth of any part of the beam, as computed 

l)y considering the external breaking load ahne, Si W', Compute 

the weight of the beam from that provisional breadth, and let it be 

8 W 
<lenoted by B.' Then — ^, 57 is the proportion in which the 

^088 breaking load exceeds the external part of that load. Conse- 
quently, if for the provisional breadth 5' there be substituted the 
•eocact breadth, 

'^"s^W'-^s.B" ^^'^ 

the beam will now be strong enough to bear both the proposed 
external load W, and its own weight, which will now be 

and the true gross breaking load will be 

As the factor of safety for a steady load is in general one-half of 
that for a moving load, 8^ may be made = 2«2> ^^ which case the 
preceding formulae become 

2W'-B" ^ ^^ 

2FW;^. 
2 W'-B" ^ ' 

2W'-B'' ^ '^ 

In all these formulae, both the external load and the weight of 
the beam are treated as if uniformly distributed — a supposition 
which is sometimes exact, and always sufficiently near the truth 
for the purposes of the present Article. 

The gross load of beams of similar figures and proportions, vary- 
ing as the breadth and square of the depth directly, and inversely 
as the length, is proportional to the square of a given linear 
dimension. The weights of such beams are proportional to the 
cubes of corresponding linear dimensions. Hence the weight 
increases at a faster rate than the gross load ; and for each parti- 
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colar figure of a beam of a given material and proportion of its 
dimensions, there must be a certain size at which the beam will 
bear its own weight only, without any additional load. 

To reduce this to calculation, let the uniformly distributed gross- 
breaking load of a beam of a given figure be expressed as follows: — 



W 



= ^W' + ^B = ^ = -^ ; (7.) 



the value of m for an uniformly distributed load and rectangular 

cross-section being ^j and nfhK being = w/ 6 ^2^ Equation by 

Article 299 ; I, h and A being the length, depth, and sectional 
area of the beam, /the modulus of ruptui*e, and n a factor depend- 
ing on the form of cross-section. The weight of the beam will be 
expressed by 

B = *w?'^A; (8.) 

W being the weight of an unit of volume of the material, and k a 
factor depending on the figure of the beam. Then the ratio of 
the weight of the beam multiplied by its proper factor of safety to- 
the gross breaking load is 

W " 8w/A ' ^ ^^ 

which increases in the simple ratio of the length, if the proportion 
^ X A is fixed. When this is the case, the length L of a beam^ 
whose weight (treated as uniformly distributed) is its working load^' 
is given by the condition «a.B = W ; that is, 

_ 8 nfh .- - . 

^=^jcm' • • <io.) 

This limiting length having once been determined for a given clasa 
of beams, may be used to compute the ratios of the gross breaking 
load, weight of the beam, and external working load to each other, 
for a beam of the given class, and of any smaller length, Z, according 
to the following proportional equation : — 

L :- :— ^ : : W : B : W ; (11.) 



Section 6. — Of Eesistaxce to Thrust or Pressure. 

301. Resistance to Compression and Direct Crushing. — Resist- 
ance to longitudinal compression, when the proof stress is not* 



RESISTANCE TO COMPRESSION. 
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exceeded, is sensibly equal to the resistance to stretchiDg, and i» 
expressed by the same modulus of elasticity, denoted by E. Whea 
that limit is exceeded, it becomes irregular. 

The present Article has reference to direct and simple crushing 
only, and is limited to those cases in which the pillars, blocks, 
struts, or rods along which the thrust acts are not so long in pro- 
portion to their diameter as to have a sensible tendency to give way^ 
by bending sideways. Those cases comprehend — 

Stone and brick pillars and blocks of ordinary proportions ; 

Pillars, rods, and struts of cast iron, in which the length is not 
more than five times the diameter, approximately; 

Pillars, rods, and struts of wrought iron, in which the length is- 
not more than ten times the diameter, approximately; 

Pillars, rods, and struts of dry timber, in which the length is not 
more than about five times the diameter. 

In such cases the rules for the strength of ties (Article 290) are 
approximately applicable, substituting thrust fbr tension, and using 
the proper modulus of resistance to direct crushing instead of tho 
tenacity. 

Blocks whose lengths are less than about once-and-a-half their 
diameters offer greater resistance to crushing than that given by the- 
rules; but in what proportion is uncertain. 

The modulus of resistance to direct crushing often difiers con- 
siderably from the tenacity The nature and amount of those 
difierences depend mainly on the modes in which the crushing 
takes place. These may be classed as follows : — 

I. Crushing hy splitting (fig. 135) into a number of nearly pris- 
matic fragments, separated by smooth surfaces whose general 
direction is nearly parallel to the direction of the load, is character- 
istic of very hard homogeneous substances, in which the resistance 
to direct crushing is greater than the tenacity; being in many^ 
examples about double. 






Fig. 135. Pig. 136. Pig. 137. Pig. 138. 

TI. Crushing hy shearing or sliding of portions of th^ block along- 
oblique surfaces of separation is characteristic of substances of a 
granular texture, like cast iron, and most kinds of stone and brick. 
Sometimes the hiding takes place at a single plane surface, like 
A B in fig. 136; sometimes two cones or pyi'auiids are formed, like 
c, c in fig, 137, which are forced towards each other, and split or 
drive outwards a number of wedges surrounding them, like w, w. 
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in tbe same figure. Sometimes the block splits into four wedges, 
as in fig. 138. In substances which are crushed by shearing, 
the resistance to crushing is always much greater than the tenacity; 
for example, in cast iron it is from four times to six times. 

III. Crushing by bulging, or lateral swelling and spreading of 
the block which is crushed, is characteristic of ductile and tough 
materials, such as wrought iron. Owing to the gradual manner in 
which materials of this nature give way to a crushing load, it is 
difficult to determine their resistance to that load exactly. That 
resistance is in general less, and sometimes considerably less, than 
the tenacity. In wrought iron, the resistance to the direct crush- 
ing of pillars or struts of moderate length, as nearly as it can be 

2 4 
ascertained, is from -^ to ? of the tenacity. 

IV. Crushing by hucMing or crippling is characteristic of fibrous 
subtances, such as wood, under the action of a thrust along the 
fibres. It consists in a lateral bending and wrinkling of the fibres, 
sometimes accompanied by a splitting of them asunder 

V. Crushing by croaa-brecMng is the mode of fracture of columns 
and struts in which the length greatly exceeds the diameter, 
under the breaking load they yield sideways, and are broken 
across like beams under a transverse load. 
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PRINCIPLES OF KINETICS. 



CHAPTER L 
SUMMARY OF. GENERAL PRINCIPLES. 

NATURE AND DIVISION OP THE SUBJECT. 

The present Chapter contains a summary of the Principles of 
Kinetica 

302. Effort ; Resistance ; Lateral Force. — Let F denote a force 
applied to a moving point, and B the angle made by the direction 
of that force with the direction of the motion of the point. Then, 
by the principles of Article 216, the force F may be resolved into 
two rectangular components, one along, and the other across, the 
direction of motion of the point, viz : — 

The direct force, F cos ^. 
The lateral force, F sin ^. 

A direct force is fui'ther distinguished, Qxxsording as its acts tmth or 
against the motion of the point (that is, according as ^ is acute or 
obtuse), by the name of ^ort, or of resistancey as the case may be. 
Hence, each force applied to a moving point may be thus decom* 
posed:— 

Effort, P = F cos ^, if tf is acute; 
Eesista/nce, R = F cos {v - e) if o \a obtuse ; 
Lateral Force, Q = F sin tf. 

303. The Conditions of Uniform Motion of a pair of points are,, 
that the forces applied to each of them shall balance each other ;, 
that is to say, that the lateral forces applied to each point shaU 
balance each either, omd Hiat the efforts applied to each point shall 
balance the resistances. 

The direction of a force being, as stated in Article 194, that of 
the motion which it tends to produce, it is evident that the balanbe 
of lateral forces is the condition of uniformity of direction of 
motion, that is, of motion in a straight line ; and thiat the balance- 
of eiforts and resistances is the condition of wniformiiy of velocity. 
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304. Work consists in moving against resistance. The work is 
«aid to be performed^ and the resistance overcome. Work is mea- 
4snred by the product of the resistance into the distance throagh 
which its point of application is moved. The unit of work com- 
monly used in Britain is a resistance of one pound overcome 
through a distance of one foot, and is called a foot-pound. 

305. Energy means capacity for performing work. The energy 
of cm effort, or potential energy, is measured by the product of the 
-effort into the distance through which its point of application is 
<:apable of being moved. The unit of energy is the same with the 
unit of work. 

When the point of application of an effort has been moved through 
■a given distance, energy is said to have been exerted to an amount 
expressed by the product of the effort into the distance through 
which its point of application has been moved. 

306. The Conservation of Energy, in the case of uniform motion, 
means the fact, that the energy exerted is equal to the work per- 
formed, 

307. The Principle of Virtual Velocities is the name given to 
the application of the principle of the conservation of energy to the 
determination of the conditions of equilibrium amongst the forces 
externally applied to any connected system of points. 

308. The Mass, or Inertia, of a body, is a quantity proportional 
to the unbalanced force which is required in order to produce a 
given definite change in the motion of the body in a given interval 
-of time. 

It is known that the weight of a body, that is, the attraction 
between it and the earth, at a fixed locality on the earth's surfieu^e, 
■acting unbalanced on the body for a fixed interval of time (e, g,, 
for a second), produces a change in the body's motion, which is the 
same for all bodies whatsoever. Hence it follows, that the masses 
ofaM bodies a/re proportional to their weights at a given locality on 
the earrOCs surface. 

This fact has been learned by experiment; but it can also be 
49hewn that it is necessary to the permanent existence of the uni- 
verse j for if the gravity of all bodies whatsoever were not propor- 
tional to their respective masses, it would not produce similar and 
equal changes of motion in all bodies which arrive at similar posi- 
tions with respect to other bodies, and the different parts which 
make up stars and systems would not accompany each other in their 
motions, never departing beyond certain limits, but would be dis- 
persed and reduced to chaos. Neither an imponderable body, nor 
A body whose gravity, as compared with its mass, differs in the 
4dightest conceivable degree from that of other bodies, can belong 
to the system of the universe.* 

* See the Bev. Dr. Whewell*8 demonstration '* that all matter gravitsteB.** 
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309. The Centre of Mass of a body is its centre of gravity, foand 
in the manner explained in Part III., Chapter Til., Section I. 

310. The Momentum of a body means, the product of iti< mass 
into its velocity relatively to some point assumed as fixed. The 
momentum of a body, like its velocity, can be resolved into ^com- 
ponents, rectangular or otherwise, in the manner already explained 
for motions in Part I., Chapter I. 

311. The Resultant Momentum of a system of bodies is the 
resultant of their separate momenta, compounded as if they were 
motions or statical couples. 

312. Variations and Deviations of Momentum are the products 
of the mass of a body into the rates of variation of its velocity 
and deviation of its direction, found as explained in Part I., 
Chapter I., Section 3. 

313. Impulse is the product of an unbalanced force into the time 
during which it acts unbalanced, and can be resolved and com- 
pounded exactly like force. If F be a force, and d t an interval of 
idme during which it acts unbalanced, Y dt]& the impulse exerted 
by the force during that time. The impulse of an unbalanced 
force in an unit of time is the magnitude of the force itself 

314. Impulse, Accelerating, Retarding, Deflecting.— Correspond- 
ing to the resolution of a force applied to a moving body into effort 
or resistance, as the case may be, and lateral force as explained 
in Article 302, there is a resolution of impulse into accelerating 
or retarding impulse, which acts with or against the body's motion, 
and deflecting impulse, which acts across the direction of the body's 
motion. Thus, if tf, as before, be the angle which the unbalanced 
force F makes with the body's path during an indefinitely short 
interval, d t 

T dt = F cos ^ 'dtia accelerating impulse if ^ is acute ; 
'Rdt = ¥ cos (v-S) 'dtis retarding impulse if ^ is obtuse ; 
Qdt = 'F Bin fi ' dt is deflecting impulse. 

315. A Deviating Force is one which acts unbalanced in a direc- 
tion perpendicular to that of a body's motion, and changes that 
direction without changing the velocity of the body. 

316. Gentriftigal Force is the force with which a revolving body 
reacts on the body that guides it, and is equal and opposite to the 
deviating force with which the guiding body acts on the revolving 
body. 

In fact, as has been stated in Article 193, every force is an action 
between two bodies; and deviating force and centrifugal force are 
but two different names for the same force, applied to it according 
as its action on the revolving body or on the guiding body is under 
consideration at the tima 

317. Th^ Actual Energy of a moving body relatively to a fixed 
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point is the product of the maaa of the body into one-half o£ th» 
sqtiare of its vdocity, that is to say, it is represented by 

2 2g 

The product m t^, the double of the actual energy of a body, was 
formerly called its vis-viva. Actual energy, being the product of 
a weight into a height^ is expressed, like potential energy and work^ 
in foot-pounds (Articles 304, 305.) 

318. Energy Stored and Restored. — A body alternately acceler- 
ated and retarded, so as to be brought back to its original speed,, 
performs work by means of its retardation exactly equal in amount 
to the potential energy exerted in producing its acceleration; and 
that amount of energy may be considered as stored during the- 
acceleration, and restored during the retardation. 

319. The Transformation of Energy is a term applied to such 
processes as the expenditure of potential energy in the production 
of an equal amount of actual energy, and vice versa. 

320. Periodical Motion. — If a body moves in such a manner 
that it periodically returns to its original velocity, then at the end 
of each period, the entire variation of its actual energy is nothing;, 
and in each such period the whole potential energy exerted is equal 
to the whole work performed, exactly as in the case of a body 
moving uniformly (AHicle 306.) 

321. A Reciprocating Force is a force which acts alternately a» 
an effort and as an equal and opposite resistance, according to the- 
direction of motion of the body. The work which a body performs 
in moving against a reciprocating force is employed in increasing 
its own potential energy, and is not lost by the body. 

322. Collision is a pressure of inappreciably short duration be- 
tween two bodies. 

323. The Moment of Inertia of an indefinitely small body, or 
" physical point," relatively to a given axis, is the product of the 
mass of the body, or of some quantity proportional to the mass, 
such as the weight, into the square of its perpendicular distance 
from the axis. 

324. The Radius of Gyration of a body about a given axis is 
that length whose square is the mean of aU ths sqitares of the dis- 
tances of the indefinitely small equal particles of the body from tho 
axis, and is found by dividing the moment of inertia by the mass. 

325. The Centre of Percussion of a body, for a given axis, is a. 
point so situated, that if part of the mass of the body were con- 
centrated at that point, and the remainder at the point directly 
opposite in the given axis, the statical moment of the weight so- 
distributed, and its moment of inertia about the given axis, would 
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be the same as those of the actual body in every position of the 
body. 

326. The subjects to which the principles of kinetics relate will 
be classed in the following manner : — 

I. Uniform Motion. 
II. Varied Translation of Points and Rigid Bodies. 

III. notations of Bigid Bodies. 

IV. Motions of Fluidi. 
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CHAPTER n. 
ON UNIFORM MOTION UNDER BALANCED FORCEa 

327. First Law of Motion.^^ body under the acUan of no fores, 
or of balcmced forces, is either at rest, or rruyoes unifimdy, (Uni- 
form motion has been defined in Article 66.) 

Buch is the first law of motion as usually stated; but in that 
statement is implied something more than the literal meaning of 
the words ; for it is understood, that the rest or motion of the body 
to which the law refers, is its rest or motion relatively to a/nother 
body which is also under the action of no force or of balanced Jorces. 
Unless this implied condition be fulfilled, the law is not true. 
Therefore the complete and explicit statement of the first law of 
motion is as follows : — 

If a pair of bodies be each under the action of no force, or of 
balanced forces, tlut motion of each of those bodies reUUivdy to tM 
otli£r is either none or uniform. 

The first law of motion has been learned by experience and 
observation: not directly, for the circumstances supposed in it 
never occur; but indirectly, from the fact that its consequences, 
when it is taken in conjunction with other laws, are in accordance 
with all the phenomena of the motions of bodie& 

The first law of motion may be regarded as a consequence of the 
definitions of force and of balance (Articles 55, 56) ; at the same 
time it is to be observed, that the framing of Uiose definitions has 
been guided by experimental knowled^;^ 
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CHAPTER III. 

ON THE VARIED TRANSLATION OF P(>INTS AND RIGID 

BODIES. 

Section 1. — Law of Varied Translation. 

328. Second Law of Motion. — Change of moinentwm is propor- 
tioned to thfC impuUe producing it. In this statement, as in that of 
the first law of motion, Article 327, it is implied that the motion 
of the moving body under consideration is referred to a fixed point 
or body whose motion is uniform. In questions of applied me- 
<3hanics, the motion of any part of the earth's surface may be 
treated as uniform without sensible error in practice. The unijbs 
of mass and of force may be so adapted to each other as to make 
<ihange of momentum equal to the impulse producing it, (See 
Articles 330, 331.) 

329. General Equations of Dynamics. — To express the second 
law of motion algebraically, two methods may be followed ; the 
first method being to resolve the change of momentum into direct 
variation and deviation, and the impulse into direct and deflecting 
impulse; and the second method being to resolve both the change 
of momentum and the impulse into components parallel to three 
rectangular axes. 

First method, m being the mass of the body, v its velocity, and 
r the radius of curvature of its path, it follows from Articles 73 
and 75 that the rate of direct va/riation of its momentum is 

dv d^s 

«nd from Articles 77 and 78, that the rate of deviation of its 
momentum is 

w» — . 
r 

Equating these respectively to the direct and lateral impulse per 
unit of time, exerted by an unbalanced force F, making an angle 6 
with the direction of the body's motion, we find the two following 
equations (see Ai-ticle 314) : — 

u T^ T:y A dv d^s ,, V 

P or -Il = F cos ^ = w 777 = ^372 i (■^•' 

Q = F sin */ = — (2.) 



(3.) 
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The radins of curvature r is in the direction of the deviating 

force Q. 

Second method. As in Article 80, let the yelocity of the body 

dx dy dz 
be resolved into three rectangular components, -j-, -^, ^— ; so Uiat 

the three component rates of variation of its momentuni are 

d^ X d^y <Pz 

Also let the unbalanced force F, making the angles «, 3, r, with 
the axes of co-ordinates, and its impulse per unit of time, be 
resolved into three components, F^ F^ F^ Then we obtain 

d^ X 
F, = Fcos» = m-^; 

™ ^ d^y 

F, = Fcos i8=m^f; 

d^ z 
F, = Fcosy= w^; 

three equations, which are substantially identical with the Equa- 
tions 1 and 2. 

330. Mass in Terms of Weight. — A bod/s own weight, acting 
unbalanced on the body, produces velocity towards the eartl^ 
increasing at a rate per second denoted by the symbol g^ whose 
numerical value is as follows : — Let x denote the latitude of the^ 
place, h its elevation above the mean level of the sea, 

^jL = 32*1695 feet, or 9-8051 metres, per second; 
being the value of g for x = 45° and A = 0, and 

R = 20900000 feet, or 6370000 metres, nearly, 
being the earth's mean radius; then 

^ = ^1 • (1- 0-00284 cos 2 x)-(l-^) (1.) 

For latitudes exceeding 45% it is to be borne in mind that cos 2 "k 
is negative, and the terms containing it as a factor have their signs- 
re veraed. 

For practical purposes connected with ordinary machines, it is 
sufficiently accurate to assume 

<^ = 32-2 feet, or 9*81 metres, per second nearly (2.) 

If, then, a body of the weight W be acted upon by an unbalanced 
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force F, the change of velocity in the direction of F produced in a 
second will be 

F_F^, 

in" W' 
whence 

m = — (o.) 

9 

is the expression for the mass of a body in terms of its weight, 
suited to make a change of momentum eqttcU to the impulse pro- 
ducing it. m being absolutely constant for the same body, g and 
W vary in the same proportion at different elevations and in 
•different latitudes. 

331. An Absolute Unit of Force is the force which, acting during 
an unit of time on an arbitrary unit of mass, produces an unit of 
velocity. In Britain, the unit of time being a second (as it is else- 
where), and the unit of velocity one foot per second, the unit of 
mass employed is the mass whose weight in vacuo at London and 
at the level of the sea is a standard avoirdupois pound. 

The weight of an unit of mass, in any given locality, has for its 
value, in absolute units of force, the coefficient g. When the unit 
of weight is employed as the unit of force, instead of the abaohUe 
tinit, the corresponding unit of mass becomes g times the unit just 
mentioned: that is to say, in British measures, the mass of 32*2 
lbs. ; or in French measures, the mass of 9*81 kilogrammes. 

332. The Motion of a Falling Body, under tb6 unbalanced action 
of its own weight, a sensibly uniform force, is a case of the uni- 
formly varied velocity described in Article 73. In the equations 
of that Ai-ticle, for the rate of variation of velocity a, is to be sub- 
stituted the coefficient g, mentioned in the last Article. Then if 
Vq be the velocity of the body at the beginning of an interval of 
time ty its velocity at the end of that time is 

v = ^o + ^*> (1) 

the mean velocity during that time is 

— 2~ ^ T' '^ 

and the vertical height fallen through is 

h = Vot + ^- (3.) 

The preceding equations give the final velocity of the body, and the 
height fallen through, each in terms of the initial velocity and the 
time. To obtain the height in terms of the initial and final velo- 
cities, or vice versa, Equation 2 is to be multiplied hjv-VQ=gt, 
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the acceleration, and compared with Equation 3; giving the follow- 
ing results : — 



2 ^o9t^-2-=ff^'> 



.(4.) 



A = 



29' 



When the body falls from a state of rest, t?^ is to be made = ; so 
that the following equations are obtained : — 



v^gt; h = 



g^ _ v^ 
T~2g 



(5.) 



The height h in the last equation is called the height or fall due Uy 
the velocity v; and that velocity is called the velocity due to the height 
or/cdl A. 

Should the body be at first projected vertically upwards, the 
initial velocity Vq is to be made negative. To find the height to 
which it will rise be£ore reversing its motion and beginning to fall^ 
t; is to be made = in the last of the Equations 4 ; then 






.(6.) 



being a rise equal to the fall due to the initial velocity Vq. 

333. An Unresisted Projectile, or a projectile to whose motion 
there is no sensible resistance, has a motion compounded of the 
vertical motion of a falling body, and of the horizontal motion due 
to the horizontal component of its velocity of projection. In lig. 
139, let O represent the point from which the projectile is originally 
projected in the direction O A, making the angle X O A = with 
a horizontal line O X in the same vertical plane with O A. Let 

horizontal distances parallel to 
O X be denoted by x, and verti- 
cal ordinates parallel to O Z by 2, 
positive upwards, and negative 
downwards. In the equations of 
vertical motion, the symbol h of 
the equations of Article 332 is to 
be replaced by - », because of h 
and z being measured in opposite 
directions. 

Let Vq be the velocity of projection. Then at the instant of pro- 
jection, the components of that velocity are, 

horizontal, -Ti=VQCoa $; vertical, ^^ = ^o ^^^ ^> 




Fig. 139. 
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and after the lapse of a given time t, those components have become 

dx 

-TT = ^0 ^^® ^ = constant ; 



•(!•) 



dz 

Hence the co-ordinates of the body at the end of the time t are 
horizontal, oi: = Vq cos 't; 

(2.) 



30S 9 't; \ 



"'vertical, « = ^o ^^ 

the Equations 2 being those of which the differential coefficients 

OS 

are Equations 1, and because t = -, those co-ordinates are 

^ ' Vq cos tf 

thus related, 

*=*-**'^'-Kfe-'«'' (3.) 

an equation which shews the path O B C of the projectile to be a 
parabola with a vertical axis, touch iug O A in O. 

The total velocity of the projectile at a given instant, being the 
resultant of the components given by Equation 1, has for the value 
of its square (remembering that sin^ 6 + cos^ ^ = 1)> 

v^ = 'jj^ + -T^ = vi-^VQsme'gt + g^t^ = vi- 2 g z; (4.) 

from the last form of which is obtained the equation 

^ = -%^^ (^0 

which, being compared with Equation 4 of Article 332, shews that 
the relation heUveen the va/ticxtion of vertical elevation, and the varia- 
tion of the squa/re of the resuUant velocity, is the same, whether Hie 
velocity is in, a vertical, inclined, or horizontal direction. 

The resistance of the air prevents any actual projectile Dear the 
earth's surface from moving exactly as an unresisted projectile. 
The approximation of the motion of an actual projectile to that of 
an unresisted projectile is the closer, the slower is the motion, and 
the heavier the body, because of the resistance of the air increasing 
with the velocity, and because of its proportion to the body's weight 
being dependent upon that of the body's surface to its weight 

334. An Uniform Effort or Resistance, unbalanced, causes the 
velocity of a body to vary according to the law expressed by this 
equation, 

dv J. ,- , 

31=-^^' <1) 



216 PRINCIPLES OP KINETICS. 

where / is the constant ratio which the unbalanced force bears to 
the weight of the moving body, positive or negative according to 
the direction of the force; so that by substituting /<^ for g in the 
equations of Article 332, those equations are transformed into the 
equations of motion of the body in question, h being taken to 
represent the distance traversed by it in a positive direction. 

In the apparatus known by the name of its inventor, Attwood, 
for illustrating the effect of uniform moving forces, this principle 
is applied in order to produce motions following the same 
law with those of falling bodies. Two weights, P and R, of 
which P is the greater, are hung to the opposite ends of a cord 
passing over a finely constructed pulley. Considering the masses 
of the cord and pulley to be insensible, the weight of the noass to 
be moved is P + K, and the moving force P - K, being less than the 
weight in the ratio, 

P-R 

•'"P + ll* 

consequently the two weights move accottfing to the same law 
with a falling body, but more slowly in the ratio oi/to 1. 

335. Deviating Force of a Single Body.— It is part of the first 
law of motion, that if a body moves under no force, or balanced 
forces, it moves in a straight line. 

It is one consequence of the second law of motion, that in order 
that a body may move in a curved path, it must be continually 
acted upon by an unbalanced force at right angles to the direction 
of its motion, the direction of the force being that towards which 
the path of the body is curved, and its magnitude bearing the same 
ratio to the weight of the body that the height due to the body's 
velocity bears to half the radius of curvature of its path. 

This principle is expressed symbolically as follows : — 

Hftlf rftdiuB of Height due Bodr's DeviatiBg 

curyatnre. to velocity. weignt force. 

7> : o— ' ' W : Q = (1.) 

2 2g . gr ^ ' 

or otherwise that the acceleration produced by gravity, bears 
the same ratio to the rate ot deviation, that the weight bears to 
the magnitude of the deviating force, which may be symbolically 

expressed g \ - : : W : Q = . 

In the case of projectiles, just described, and of the heavenly 
bodies, deviating force is supplied by that component of the mutual 
attraction of two masses which acts perpendicular to the direction 
of their relative motion. In machines, deviating force is supplied 
by the strength or rigidity of some body, which guides the deviating 
mass, mlJdng it move in a curve. 
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A pair of free bodies attracting each other have both deviated 
motions, the attraction of each guiding the other; and their devia- 
tions of momentum are equal in equal times; that is, their devia- 
tions of motion are inversely as their masses. 

In a machine, each revolving body tends to press or draw the 
body which guides it away from its position, in a direction from 
the centre of curvature of the path of the revolving body; and that 
tendency is resisted by the strength and stiffness of the guiding 
body, and of the frame with which it is connected. 

336. A Revolving Simple Pendnlnm consists 
of a small mass A, suspended from a point C by 
a rod or cord C A of insen^bly small weight as 
compared with the mass A, and revolving in a 
circle about a vertical axis C B. The tension of 
the rod is the resultant of the weight of the 
mass A, acting vertically, and of its centrifugal 
force, acting horizontally; and therefore the rod 
will assume such an inclination that Ficr. 140. 




(1.) 



height B C _ weight gr 

radius AB "~ centrifugal force ~ x^ ' 

where r = A B. Let n be the number of turns per second of the 
pendulum; then 

v = 2 X wr; 

and therefore, making B C = A, 



v^ 4c "f^ n^ 

/. 1^ , X. J i.x J ,0-8154 foot 9-7848 inches ,„ , 
= (in the latitude of London) § = 2 ....(2.) 

When the speed of revolution varies, the inclination of the pendu- 
lum varies so as to adjust the' height to the varying speed. 

337. Deviating Force in Terms of Angolar Velocity.— If the 
radius of curvature of the path of a i*evolving body be regarded as 
a sort of arm of constant or variable length at the end of which 
the body is carried, the angular velocity of that arm is given by 
the expression, 

«=^ (1.) 

r ' 

Let ar be substituted for t? in the value of deviating force of 
Article 335, and that value becomes 

Q.^ W 
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In the case of a body revolving with nniform velocity in a circle, 
like the bob A of the revolving pendnlnm of Article 336, a = 2 « 
where n is the number of revolations per second, so that 



Q = Z — i 



(3.) 



from which equation the height of a revolving pendolom might be 
deduced with the same result as in the last Article. 

338. A Simple Oscillating Pendulum consists of an indefinitely 
^ small weight A, fig. 141, hung by a oord or rod of in- 

sensible weight A C from a point C, and swinging in & 
vertical plane to and fro on either side of a central point 
D vertically below C. The path of the weight or bob- 
is a circular arc, A D E. 

The weight W of the bob, acting vertically, may be 
resolved at any instant into two components, viz. : — 

WcosZDCA = wS£, 

CA' 

acting along C A, and balanced by the tension of the 
Fig. 141. rod or cord, and 

WsinZDCA = W-=, 

C A 

acting in the direction of a tangent to the arc, towards D, and un* 
balanced. The motion of A depends on the latter force. 

When the arc A D E is small compared with the length of the 
pendulum A C, it very nearly coincides with the chord ABE; and 
the horizontal distance A B, to which the moving force is propor- 
tional, is very nearly equal to the distance of the bob from D, tho 
central point of its oscillations. Then if the length of the pendu- 
lum, C A, be denoted by I, we have approximately, for small arcs, 
of oscillation. 




— = 2 r A / - : and • 
n V g 



6= 7 



4»2 



n 



«> 



(1.) 



and the following statement shews the connection between a simple 
oscillating and revolving pendulum, viz., that the length of a simple 
oscillating penckUimi, making a given numJber of amaU double osciUor- 
tions in a secondy is sensibly equal to the height of a revolving pendvr- 
lum^ making tha sarnie number of revol/uitions in a second. 
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Section 2. — Varied Translation of a System of Bodies. 

339. GonBervation of Momentom. — Theorem. The mutual 
actiona of a system of bodies cannot change their resultant momentum. 
(Resultant momentum has been defined in Article 311.) Every 
force is a pair of equal and opposite actions between a pair of 
bodies; in any given interval of time it constitutes a pair of equal 
and opposite impulses on those bodies, and produces equal and 
opposite momenta. Therefore the momenta produced in a system 
of bodies by their mutual actions neutralize each other, and have 
no resultant, and cannot change the resultant momentum of the 
system. 

340. Motion of Centre of Gravity. — Corollary. The variatums 
of the motion of the centre of gramty of a system of bodies a/re wholly 
produced by forces exerted by bodies external to the system; for the 
motion of the centre of gravity is that which, being multiplied by 
the total mass of the system, gives the resultant momentum, and 
this can be varied by external forces only. 

It follows that in all dynamical questions in which the mutual 
actions of a certain system of bodies are alone considered, the centre 
of gravity of that system of bodies may be correctly treated as a 
point whose motion is none or uniform ; because its motion cannot 
be changed by the forces under consideration. 

341. The Angular Momentum, rektively to a fixed point, of a 
body having a motion of translation, is the product of the momen- 
tum of the body into the perpendicular distance of the fixed point 
from the line of direction of the motion of the body's centre of 
gravity at the instant in question. Let m be the mass of the body, 
V its velocity, I the length of the before-mentioned perpendicular; 
then 

, Wvl 
mvl = 

9 

is the angular momentum relatively to the given point. 

Angular momenta are compounded and resolved like forces^ 
each angular momentum being represented by a line whose length 
is proportional to the magnitude of the angular momentum, and 
whose direction is perpendicular to the plane of the motion of the 
body and of the fixed point, and such, that when the motion of the 
body is viewed from the extremity of the line, the radius vector of 
the body seems to have right-handed rotation. The direction of 
such a line is called the axis of the angular momentum which it 
represents. The resulta/nt angular momentum of a system of bodies 
is the resultant of all their angular momenta relatively to their 
common centre of gravity; and the axis of that resultant angular 
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momentum is called the cuds of anguUvr momentum of the system. 
The term angula/r mtymefnJtwm was introduced by Mr. Hayward. 

342. Angolar Impulse is the product of the moment of a couple 
of forces (Article 200) into the time during which it acts. Let F 
be the force of a couple, I its leverage, and d t the time during 
which it acts, then 

Yldt 

is the angular impulse. Angular impulses are compounded and 
resolved like the moments of couples. 

343. Relations of Angular Impulse and Angular Momentum. — 
Theorem. The vacation, in a given twne, of the cmgida/r momentum 
of a body, is equal to the angular imputse prod/tidng that va/riation, 
and has the same axis. This is a consequence which is deduced 
from the second law of motion in the following manner : — Conceive 
an unbalanced force F to be applied to a body m, and an equal, 
opposite, and parallel force, to a fixed point, during the interval dt; 
and let I be the perpendicular distance from the fixed point to the 
line of action of the first force. Then the couple in question exerts 
the angular impulse 

l^ldt 

At the same time, the body m acquires a variation of momentum 
in the direction of the force applied to it, of the amount 

mdv = ¥ dt; 

«o that relatively to the fixed point, the variation of the body's 
angular momentum is 

mldv = Y Idt; 

being equal to the angular impulse, and having the same axis. — 
Q. E. D. 

344. Conservation of Angular Momentum. — Theorem. The 
resiUtant angula/r monu&nJt/wm of a system, of bodies cannot be chafed 
in magnitude, nor in the direction of its aods, by the mutual a/itions 
of the bodies. 

Considering the common centre of gravity of the system of bodies 
as a fixed point, conceive that for each force with which one of the 
bodies of the system is urged in virtue of the combined action of all 
the other bodies upon it, there is an equal, opposite, and parallel 
force applied to the common centre of gravity, so as to form a 
<50uple. The forces with which the bodies act on each other are 
€qual and opposite in pairs, and their resultant is nothing; there- 
fore, the resultant of the ideal forces conceived to act at the common 
centre of gravity is nothing, and the supposition of these forces does 
not efiect the equilibrium or motion of the system. Also, the 
resultant of all the couples thus formed is nothing; therefore, the 
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resultant of their angular impulses is nothing j therefore, the 
resultant of the several variations of angular momentum produced 
by those angular impulses is nothing; therefore, the resultant 
angular momentum of the system is invariable in amount and in. 
the direction of its axis. — Q. E. D. 

345. Collision. — The most useful problem in cases of collision is, 
when two bodies whose masses are given move before the collision 
in one straight line with given velocities, and it is required to find 
their velocities after the collision. The two bodies form a system 
whose resultant momentum and internal energy are each unaltered, 
by the collision; but a certain fraction of the internal energy 
disappears as visible motion, and appears as vibration and heat. 
If the bodies are equal, similar, and perfectly elastic, that fraction 
is nothing. 

Let m^ m^ be the masses of the two bodies, and Ui, v^, their 
velocities before the collision, whose directions should be indicated 
by their signs. Then the velocity of their common centre of 
gravity is 

-I ^ ; ^1 J 

andtliis is not altered by the coilisioii. 
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CHAPTER IV. 
ROTATIONS OF RIGID BODIES. 

346. The Motion of a Rigid Body, or of a body which sensibly 
preserves the same figure, has already been shewn in Part I., 
Chapter II., to be always capable of being resolved at each instant 
into a translation and a rotation ; and by the aid of the principles 
explained in Section 3 of that chapter, the component rotation can 
always be conceived to take place about an axis traversing the 
centre of gravity of the body, and to be combined, if necessary, 
with a translation of the whole body in a curved or straight path 
along with its centre of gravity. The variations of the momentvm 
of the translation, whether in amount or in direction, are due to 
the resultant force acting through the centre of gravity of the body, 
and are exactly the same with those of the momentum of the 
entire mass if it were concentrated at that centre; the variations 
of the angvlar mamentium of the rotation are due to the resultant 
couple which, is combined with that resultant force. The varia- 
tions of actvxd energy are due to both causes. 

When the translation of the centre of gravity of a rotating body, 
and its rotation about an axis tiuversing that centre, are known, 
the motion of every point in the body is determined by cinematical 
principles, which have been explained in Part I., Chapter IL, 
Section 3. 

Section 1. — On Moments of Inertia, Radii of Gyration, 

AND Centres of Percussion. 

347. The Moment of Inertia of an indefinitely small body, or 
■" physical point,'.' relatively to a given axis, is the product of the 
mass of the body, or of some quantity proportional to the mass, 
such as the weight, into the square of its perpendicular distance 
from the axis ; thus in the following equation : — 

I Wr* 

■!: = ^^ = Jir, (1.) 

9 9 

r is the perpendicular distance of the mass wt, whose weight is W, 
from a given axis; and the moment of inertia, according to the 
unit employed, is either I, or 1-^g; the former, when the unit is 
the moment of inertia of an unit of weight at the end of an arm 
-whose length is unity ; and the latter, when the unit is the moment 
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of inertia of an unit of mass at the end of the same arm. The 
former is the more convenient unit, and will be employed in this 
treatise. 

By an extension of the term " moment of inertia,*' it is applied 
to the product of any quantity, such as a volume, or an area, into 
the square of the distance of the point to which that quantity 
relates ^m a given axis; but in the remainder of this treatise the 
term will be used in its strict sense, and according to the unit of 
measure already specified ; that is, in British measures, moment of 
inertia will be expressed by the product of a certain number of 
povmds a/voirdupois into the square of a certain number of/eet. 

The geometrical relations amongst moments of inertia, to which 
the present section refers, are independent of the unit of measure. 

348. The Moment of Inertia of a System of Physical Points, 
relatively to a given axis, is the sum of the moments of inertia 
of the several points , that is, 

I=S-W7* (1.) 

349. The Moment of Inertia of a Bigid Body is the sum of the 
moments of inertia of all its parts, and is found by integration; that 
is, by conceiving the body to be divided into small parts of regular 
figure, multiplying the mass of each of those parts into the square 
of the distance of its centre of gravity from the axis, adding the 
products together, and finding the value towards which their sum 
oon verges when the size of the small parts is indefinitely diminished. 
For example, let the body be conceived to be built up of rectangular 
molecules, whose dimensions ai*e d x, d y, and d z, the volume of 
each d X d y d z, and the mass of unity of volume w. Then 



1= / / Ir^w'dxdydz (1.) 



Hence follows the general principle that propositions relative to 
the geometrical relations amongst the moments of inertia of systems 
of points are made applicable to continuous bodies by substituting 
integration for ordinary summation ; that is, for example, by putting 

I j j for 2, and wd x dy dz for W. 

350. The Radius of Gyration of a body about a given axis is that 
length whose square is the mean of all the sqv^wes of the distances 
of the indefinitely small equal particles of the body from the axis, 
and is found by dividing the moment of inertia by the mass, thus, 

^"2-W" 2W ^ ' 



(2.) 
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When symbols of integration are used, this becomes 

/ / I r^ wd xd yd z 
I I Iw'dxdydz 

351. Components of Moment of Inertia. — Let the positions of 
the particles of a body be referred to three rectangular axes, one of 
which, O X, is that about which the moment of inertia is to be 
taken. Then the square of the radius vector of any particle is 

so that the moment of ineitia round the axis of a; is 

I, = 2 • W y^ + 2 • W »*; (1.) 

that is to say, Uie moment of inertia of a body rownd a given axis^ 
mmf be found by adding together the swm of the products of the 
m>a88e8 of the pa/rticles, each multiplied by the square of each of its 
distances from a pair of planes cvUing each other at right a/Otgles in 
the given axis. 

In the same manner it may be shewn that the moments of 
inertia of the same body round the other two axes are given by 
the equations 

Iy = 2-W«» + 2-Wa^; I. = 2 • Waj» + 2- Wj^ (2.) 

352. Moments of Inertia Round Parallel Axes Compared. — 
Theorem. The mxymenJb of inertia of a body about any given axis 
is eqtud to its moment of inertia about an aods tra/versing its centre 
cf gravity parallel to the given aocis, added to the m,om>ent of inertia 
abotU the given a/xis due to the wlu>le mass of the body concentrated 
at its centre ofgramty. , 

This theorem may be expressed as follows: — Let I© be the 
moment of inertia of a body about an axis traversing its centre of 
gravity in any given direction, and I the moment of inertia of the 
same body about an axis parallel to the former at the perpeiidicular 
distance r^; then 

I = 7^-2W + Io (1.) 

Corollary I. The radius of gyration (f) of a body about any 
axis is equal to the hypotenuse of a right-angled triangle, of which 
the two sides are respectively equal to the radius of gyration of the 
body about an axis traversing the centre of gravity parallel to the 
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given axis (^o)? and to the perpendicular distance between these 
axes (ro). That is to say, 

e*=»^+fj (2.) 

Corollary II. The moment of inertia of a body abont an axis 
traversing its centre of gravity in a given direction, is less than the 
moment of inertia of the same body about any other &xis parallel 
to the first. 

Corollary III. The moments of inertia of a body about all 
axes parallel to each other, which lie at equal distances from its 
centre of gravity, are equal. 

353. Combined Moments of Inertia. — Theorem. Ths combined 
moment of inertia of a rigidly connected system of bodies ahotat a 
given axisy is equal to the combined moment of inertia which the sys- 
tem voould home about the given axis, if each body were eoncenb-ated 
at its own centre ofgraviiy, added to the swm of the several moments 
of inertia, of the bodies, dout aoces Pra/oersing their respective centres 
of gramty, parallel to ihe given axis. 

Let W now denote the mass of one of the bodies, Iq its moment 
of inertia about an axis traversing its own centre of gravity parallel 
to the given common axis, and 7*0 the distance of its centre of gravity 
from that common axis. Then the moment of inertia of that body 
about the common axis, according to Article 352, Equation 1, is 

I = WrJ + I^ 

Consequently, the combined moment of inertia of the system of 
bodies is 

SI = S-Wri + 2Io; (1). 

— Q. E. D. 

354. Examples of Moments of Inertia and Radii of Gyration of 
homogeneous bodies of some of the more simple and ordinary 
figures, are given in the following tables. In each case, the axis is 
supposed to traverse the centre of gravity of the body; for the 
principles of Article 352 enable any other case to be easily solved. 
The axes are also supposed, in each case, to be aoBes qfsymmietry of 
the figure of the body. 

The column headed W gives the mass of the body; that headed 
Iq gives the moment of inertia ; that headed ^J, the square of the 
rskdius of gyration. The mass oi an unit of volume is in each case 
denoted by w. 

Q 
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Body. 



L Sphara of radius r, . 



II. Spheroid of revelation — 
polar aemi-axiB a, equa- 
torial radios fi*****.* 

III. Ellipsoid — aemi-aices, a, 

*• c, 

IV. Spherical shell — external 

radius r, internal r',.... 

y. Spherical shell, Insensibly 
thin — radios r, thick- 
ness dr, 

VI. Circolar cylinder — ^length 
2a, radios r, 

VII. Elliptic cylinder— length 
2a, transverse semi- axes 
*• c, 

YIIL Hollow circular cylinder- 
length 2a, external ra- 
dius r, internal r^, , 

IX. Hollow circolar cylinder, 
insensibly thin — lengtli 
2a, radios r, thickness dr, 

X. Circolar cylinder — ^length 
2a, radios r, 

XI. EUiptic cylinder — length 
2a, transverse semi-axes 
*. c, 

XIL Hollow drcolar cylinder- 
length 2a, external ra- 
dios r, internal r', 



XIII. Hollow circolar cylinder, 
insensibly tliin — radius 
r, thickness dir,..M 



XIV. Bectangolar prism — di- 
mensions 2a, 2b, 2c, 

XV. Rliombic prism — length 
2a, diagonals 26, 2c,.... 

XVI. Rhombic prism, as above. 



AXIS. 



Diameter 

Polar axis 
Axis, 2a 
Diameter 

Diameter 



Longitodinal 
axis, 2a 



L(mgitodinal 
aads, 2a 



Longitudinal 
2a 



4<rwr* 

""8 
4«t0a&o 

4«io(r»— O 



Airioi^dt 



Longitodinal 
axis, 2a 

Transverse 
diameter 



l^ransverse 
axis, 2b 



Transverse 
diameter 



Transverse 
diameter 



Axis, 2a 

Axis, 2a 
Diagonal, 2h 



W 



29wa(f*—f'*) 



awWOr 



twwdbe 



2«i«i(f'-V0 



4twuf(trdr 

Smm&o 

4toa&o 
4»aie 



u 


d 


8«wr» 


2r« 


16 


6 


SmtHtr* 


2r» 


16 


6 


4n«iftc(**+<^ 
16 


ft«+c» 
6 


8no(r»— f^) 
16 


2(r»-V») 
6(r»-0 


Swm^dr 


2r» 


S 


S 


isor^ 


S 


8 


6^+c» 

4 


•«»(#*—/*) 


2 


iwUKK^dt 


r» 


«i«ir»(8r»+4iiO 


4 ^8 


6 


«f0a&o(8€^+4aO 


4^8 


6 


+4a«(r»-0} 


r»+f^.«^ 


4 '3 


«oa(2r'+|aV)rfr 
o 


2^8 


8tMi6c(S'+c^ 
3 


3 


2«0a5c(6*+eO 
8 


J»+c* 
6 


2toa6c(c' + 2a') 
8 


6*8 



CENTRE OF PERCUSSION. 
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355. The Centre of Percussion of a body, for a given axis, is a 
point so situated, that if part of the mass of the body were concen- 
trated at that point, and the remainder at the point directly oppo- 
site in the given axis, the statical moment of the weight so distri- 
l^nted (Article 223), and its moment of 
inertia about the given axis, would be 
the same as those of the actual body 
in every position of the body. 

In fig. 142 let X X be the given 
Axis, and G the centre of gravity of 
the body. It is evident, in the first 
place, that the centre of percussion 
must be somewhere in the perpendi- 
cular G G B let fall from the centre of 
gravity on the given axis. Secondly, 
in order that the statical moment of 
the whole mass, concentrated partly at 
d, and partly at the centre of percus- 
sion B (still unknown), may be the same with that of the actual 
body, the centre of gravity must be unaltered by that concen- 
tration of mass; that is to say, the masses concentrated at B and 
O must be inversely as the distances of those points from G. 
Hence denoting the weights of those masses by the letters B and 
O respectively, and the weight of the whole body by W, we have 
the proportion 

W : : B : : FC : GB ; GC. (1.) 

Lastly, in order that the moment of inertia of the mass as supposed 
to be concentrated at B and C, about the axis X X, may be the 
43ame with that of the actual body, we must have 




Fig. 142. 



B-BC2 = We2 = W(eS + »1), 



.(2.) 



where Tq = G 0, and f o is the radius of gyration of the body about 
«n axis parallel to X X and traversing G ; an d substituting for B 

its value from Equation 1, viz., B = Wtq -t- BC, we find, for the dis- 
tance of the centre of percussion from the axis, 



^ fi 



BC = - = ^» + ro;. 
♦•o »"o 



(3.) 



and for its distance from the centre of gravity. 



= BC-n=«^, 



(4.) 
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The last equation may also be expressed in tbe form 



GB-GC-e;; (5.) 

which preserves the same value when GB and G C are inter* 
changed ; thus shewing, that if a new axis parallel to the original 
axis X X be made to traverse the original centre of percussion, the 
new centre of percussion is the point C in the original axis. 

The proportion in which the mass of the body is to be considered 
as distributed between B and C takes the foUowing form, when 
each of the last three terms of the proportion 1 is multiplied by 

ro = GC:— 

W : : B : : ti + fi : ej : ^ (6.) 

The preceding solution is represented by the following geometrical 
construction : — Draw G D perpendicular to C G and = eoi j^i^ 
Df perpendicular to which draw D B cutting C G produced in 
B ; this point is the centre of percussion. 

Also, D = e, the radius of gyration about X X ; and D B is the 
radius of gyration about an axis traversing B parallel to X X. 

If OE be taken = (JD, E is sometimes called the Centre of Gyra* 
tion of the body for the axis X X. 

Section 2. — On Uniform Rotation. 

356. The Momentum of a body rotating about its centre of 
gravity is nothing, according to the principle of Article 344. As 
every motion of a rigid body can be resolved into a translation, 
and a rotation about its centre of gravity, the rotation will be 
supposed to take place about the centre of gravity of the body 
throughout this section. 

357. The Angular Momentum is found in the following manner: 
— Let X denote the axis of rotation, and 7/ and z any two axes fixed 
in the body, perpendicular to it and to each other. Let a be the 
angular velocity of rotation. Then the velocity of any particle "W,. 

whose radius vector is r = Jy^ + a^, is 

ar = aJy^T^, 

and the angular momentum of that particle, rdcUivdy to the oasis of 
rotation, is 

being the product of its mom&rvt of inertia into its omguUvr velocity^ 
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divided by g, because of the weights of the particles having been 
used in computing the moment of inertia. 

358. The Actual Energy of Rotation of a body rotating about its 
centre of gravity, being the sum of the masses of its particles, each 
multiplied into one-half of the square of its velocity, is found as 
follows : — a being the angular velocity of rotation, the linear velo- 
city of any particle whose distance from the axis of rotation is r, is 

and the actual energy of that particle, its weight being W, is 



^9 2^ '' 



(1.) 



being the moment of inertia of the particle multiplied by ■^. Hence 

^9 
for the whole body the actual energy of rotation is 

«-^^ (»•) 

that is to say, ctdual energy bears the same relation to angular velo- 
city amd momefni of inertia that it does to linear velocity a/nd weight. 
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CHAPTER V. 

MOTIONS OF FLUIDS. 

359. Division of the Sabject.^The mode of division that will 
be employed in this chapter in treating of the motions of fluids is- 
founded on the distinction between motions not sensibly affected 
by friction, and those which ar6 so affected. The motions of fluids 
not sensibly affected by friction, and therefore governed by pivessure 
and weight only, take place according to laws which are exactly 
known ; so that any difficulty which exists in tracing their conse- 
quences, in particular cases, arises from mathematical intricacy 
alone. The laws of the friction of fluids, on the other hand, are 
only known approximately and empirically; and the mode of 
operation of that force amongst the particles of a fluid is not yet 
thoroughly understood; so that the solution of a particular problem 
has often to be deduced, not from first principles representing the 
condensed results of all experience, but from experiments of a 
special class, suited to the problem under consideration. 

The following is the division of the subject of this chapter: — 

I. Motions of Liquids under Gravity and Pressure alone. 
II. Motions of Liquids affected by Friction. 

Section 1. — Motions of Liquids without Friction. 

360. Dynamic Head. — Let p denote the intensity of the pressure 
of the liquid at a given point and ^ the weight ofanwrdt of volume; 

then the quotient '^ is what is called the height^ or head, dtte to the 

pre88u/re; that is, the height of a column of the liquid, of the 
uniform specific gravity e, whose weight per unit of base would be 
equal to the pressure p. Now, let a vertical ordinate z be measured 
positively dovimwa/rda from a datum horizontal plane, ^z \& the 
weight of a column of liquid per unit of base extending down from 
that plane to a particle under consideration ; p — ^z\b the difference 
between the intensity of the actual pressure at that particle and 
the pressure due to its depth below the datum horizontal plane; 
and 

^-z = h (L) 

e 

is the height or head dtie to that difference of intensity, being what 
will be termed the dyruxmic head. When z is measured positively 
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wpkJoa/rdB from a datum horizontal plane, its sign is to be changed ; 
so that the expression for the dynamic head in that case becomes 

^ + ^ = ^ (2.) 

361. Law of Dynamic Head for Steady Motion.— This principle 
may be stated thus : — In steady motion, the »wm of the height due to 
the velocity of a particle and of its dyiMVfnic head is coTistant, or 
symbolically 

P.A = co.stant. 
2g 

This equation applies to the particles which successively occupy the 
same fixed point, as well as to each individual particle. 

362. The Total Energy of a particle of a moving liquid without 
friction is expressed by multiplying the expression in the previous 
equation by the weight of the particle W, thus : — 

2g 
in which —^ — is the actual energy of the particle, and W A is its 

if 

potential energy; because, from the last Article it appears, that by 

the diminution of W^, — ^ — may be increased by an equal amount, 

and vice versa; so that the dynamic head of a particle is its potential 
energy per unit of weight In the case of steady motion, the total 
energy of each particle is constant; and the total energy of each of 
the equal particles which successively occupy the same position is 
the same. 

363. The Free Surface of a moving liquid mass, being that which 
is in contact with the air only, is characterized by the pressure 
being uniform all over it, and equal to that of the atmosphere. 
Let Pi be the atmospheric pressure, z^ the vertical ordinate, mea- 
sured positively upwards from a given horizontal plane, of any point 
in the free surface of the liquid, and h^ the dynamic head at the 
same point; then it appears from Article 360, Equation 2, that for 
that surface, 

Ai-«i=^ = constant (1.) 

364. A Surface of Equal Pressure is characterized by an ana- 
logous equation, 

A- «=— = constant: (1.) 

e 
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and all sarfeuses of equal pressure fulfil the differential equation, 

dh = dz;,... (2.) 

for the differential coefficient of a constant being equal to dh 
- dz = Equation 1, and .\dh = dz which, for steady motion^ 
becomes 

dz^dh^-d'^; (3.) 

found by differentiating the equation of Article 361, expressing 
that the variations of actual energy are those due to the variations 
of level simply. 

365. Motion in Plane Layers is a state which is either exactly 
or approximately realized in many ordinary cases of liquid motion; 





Fig. 143. 



Fig. 144. 



2/ 



z, 



and the assumption of which is often used as a first approximation 
to the solution of various questions in hydraulics. It consists in 

the motions of all the particles in one 
plane being parallel to each other, per- 
pendicular to the plane, and equal in 
velocity. It is illustrated by the three 
figures 143, 144, and 145, each of which 
represents a reservoir containing liquid 

up to the elevation OZi = Zi above a given 
datum, and discharging the liquid from 

an orifice A^ at the smaller elevation O Zq 
= Zq. The liquid moves exactly or nearly 
in plane layers at the upper surfuce Ai and at the orifice A©. 
Let these symbols denote the areas of the upper surface and of the 
issuing stream respectively. 

Let Q denote the rate of fiow per second, Vi the velocity of descent 
of the liquid at the upper sur&ce, Vq its velocity of outflow from the 



A, 



Fig. 145. 



_J 
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orifice; then, according to Article 116, the equation of continuity is 

ort, = j-^;t.o = ^J 

The pressures at the upper surface and at the orifice respectively 
Are each equal to the atmospheric pressure; hence the difference of 
dynamic head is simply the difference of elevation; that is to say, 

/•i-"Ai) = ^ — 2fo; 

therefore, according to Article 361 and Article 364, Equations 2 
4tnd 3y 

This gives for the velocity of outflow, 

.(3.) 






irom which can be computed the rate of flow or discharge by means 
of Equation 1. 

366. The Contracted Vein is the name given to a portion of a 
jet of fluid at a short distance from an orifice in a plate, which is 
smaller in diameter and in area than the orifice, owing to a spon- 
tiineous contraction which the jet undergoes after leaving the 
oiifice. 

The area of the narrowed part of the contracted vein is in every 
<2ase to be considered as the virtual or effectim outlet, and used for 
Aq in the equations of the last Article. 

The ratio of the area of the contracted vein, or effective oVifice, 
to that of the actual orifice, is called the coefficient of contraction. 
For sharp edged orifices in thin plates, it has different values for 
different figures and proportions of the orifice, ranging from about 
0*58 to 0*7, and being on an average about ^. It diminishes some- 
what for great pressures, and for dynamic heads of six feet and 
upwards may be taken at about 0*6. The most elaborate table of 
those coefllcients is that of Poncelet and Lesbros. 

For orifices with edges that are not sharp and thin, the discharge 
is modified sensibly by friction. 

Section 2. — Motions of Liquids with Friction. 

367. General Laws of Fluid Friction. — It is known by experi- 
ment, that between a fluid, and a solid surface over which it glides. 
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there is exerted a resistance to their relative motion which is pro- 
{}ortional to their surface of contact, and to the density of the fluid, 
and is approximately proportional to the square of the velocity of 
the relative motion ; that is, the resistance is approximately pro- 
portional to the weight of a prism of the fluids whose hose is the sv/r- 
face ofcontacty cmd its height the height due to the relative velocity. 

Let S be the surface of contact, v the velocity, ^ the weight of an 
unit of volume of the fluid, and / a &ctor called the coeffideni of 
friction; then 

R=/«s^ (1.) 

is the amount of the friction at the surface S. 

The coefficient / is not absolutely constant at different velocitie& 
The mode of calculation employed in practice, where the velocity 
is one of the unknown quantities to be determined, is to And an 
approximate value of the velocity from the mean value of /; then 
to compute the value of / corresponding to that approximate 
velocity, and use it to compute the velocity more exactly. 

The foUowiDg are some of the values of the coefficients of 
friction, according to diflerent authorities, for streams of water, 
gliding over various surfiEuses ; v being the mecm vdocUy of the 
streamrhy in feet per second : — 

Iron pipes (Darcy). Let d = diameter of pipe in feet; then, 

or for velocities that are not very small, 

/=0005(l^j2^)- 

Iron pipes, value of/ for first approximation, 0*0064 

Beds of rivers ( Weisbach), / = « + -; a = 0*0074. 

h = 000023 foot 
Beds of rivers, value of / for first ) 0'0076 

approximation, j 

A collection of numerous formulae for fluid friction, proposed by 
diflerent authors, together with tables of the i*esults of the best 
formulae, is contained in Mr. Neville's work on hydraulics. The 
formulsB of many authors, though diflering in appearance, are 
founded on the same, or nearly the same, experimental data, being 
chiefly those of Du Buat, with additions by subsequent inquirers; 
and their practical results do not materially differ. The two 
formulae given above, on the authority of Darcy, for iron pipes^ 
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are based on his experiments as recorded in his treatise du Mauve- 
ment de VEau dans lea Tuyomx. 

368. Internal Fluid Friction. — Although the particles of fluids 
have no transverse elasticity — ^that is, no tendency to recover a 
ceiiiain figure after having been distorted — it is certain that they 
resist being made to slide over each other, and that there is a 
lateral communication of motion amongst them; that is, that there 
is a tendency of particles which move side by side in parallel lines 
to assume the same velocity. The laws of this lateral communica- 
tion of motion, or internal friction of fluids, are not known exactly; 
but its eflects are known thus far : — that the energy due to difler- 
ences of velocity, which it causes to disappear, is replaced by heat 
in the proportion of one thermal unit of Fahrenheit's scale for 772 
foot pounds of energy, and that it causes the Motion of a stream 
against its channel to take effect, not merely in retarding the film 
of fluid which is immediately in contact with the sides of the 
channel, but in retarding the whole stream, so as to reduce its 
motion to one approximating to a motion in plane layers perpen- 
dicular to the axis of the channel (Article 365). 

369. Friction in an Uniform Stream. — It is this last fact which 
renders possible the existence of an open stream of uniform section^ 
velocity, and declivity. In hydraulic calculations respecting the 
resistance of this, or any other stream, the value given to the 
velocity is its mean value throughout a given cross-section of the 
stream A, 

"=1 (!•> 

The greatest velocity in each cross-section of a stream takes place 
at the point most distant from the rubbing surface of the channel 
Its ratio to the mean velocity is given by the following empirical 
formula of Prony, where V is the greatest velocity in feet per 
second : — 

^__771+V 

V" 10-25 + V ^^^ 

In an uniform stream, the dynamic head which would otherwise 
have been expended in producing increase of actual energy, ia 
wholly expended in overcoming friction. Consider a portion of 
the stream whose length is l, and fiiU z. The loss of head is equal 
to the fall of the surface of the stream, according to Article 363; 
and the expenditure of potential energy in a second is accordingly 

«cQ = ^f V A« 

Equating this to the work performed in a second in overcoming 
friction, viz., v E, Equation 1, Article 367, we find 
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or dividing oy common factors, and by the area of section A, we 
find for the value of the fall in terms of the velocity 



* -^ A 2g- 



(3.) 



Let 8 be what is called the wetted perimeter of the cross-section 
of the stream ; that is, the cross-section of the rubbing surface of 
the stream and channel; then 

B^le] 

And dividing both sides of Equation 3 by l^ we find for the relation 
between the rate of declivity and the velocity, 



(4.) 



Bm%^j = f-r- r- 

I A 2g 

A 

— is what is called the " hydbaulic mean depth " of the stream : 

8 

and as the friction is inversely proportional to it, it is evident that 
the figure of cross-section of channel which gives the least friction 
is that whose hydraulic mean depth is greatest, viz., a semicircle. 
When the stability of the material limits the side-slope of the 
ohannel to a certain angle, Mr. Neville has shewn that the figure 
of least friction consists of a pair of straight side-slopes of the given 
inclination connected at the bottom by an arc of a circle whose 
radius is the depth of liquid in the middle of the channel; or, if a 
flat bottom be necessary, by a horizontal line touching that arc. 
For such a channel, the hydraulic mean depth is half of the depth 
of liquid in the middle of the channel. 

370. Varying Stream. — In a stream whose area of cross-section 
varies, and in which, consequently, the mean velocity varies at 
•diiferent cross-sections, the loss of dynamic head is the sum of that 
•expended in overcoming friction, and of that expended in producing 
increased velocity, when the velocity increases, or the difference of 
those two quantities when the velocity diminishes, which difference 
may be positive or negative, and may represent either a loss or a gain 
of head. The following method of representing this principle sym- 
bolically is the most convenient 
for practical purposes. In fig. 
146, let the origin of co-or- 
dinates be taken at a point 
completely helow the part of the 
stream to be considered; let ho- 
rizontal abscissae x be measured 
against the direction of flow, 
and vertical ordinates to the 
^g ^^' surface of the stream, », up- 

wards. Consider any indefinitely short portion of the stream whose 
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horizontal length \a dx; in practice this may almost always be con- 
sidered as equal to the actual length. The fall in that portion of 
the stream ia d z, and the acceleration -d v, because of v being 
opposite to X, Then modifying the expression for the loss of head 
due to friction in Equation 3 of Article 369 to meet the present 
case, and adding the loss of head due to acceleration, we find 

^ sdx v^ vdv ,- . 

Tn applying this differential equation to the solution of any parti- 
cular problem, for v is to be put Q -f- A, and for A and 8 are to be- 
put their values in terms of x and z. Thus is obtained a differential 
equation between z and x, and the constant quantity Q, the flow 
per second. If Q is known, then it is sufficient to know the value 
of z for one particular value of Xy in order to be able to determine 
the integi-al equation between z and x If Q is unknown, the 

dz 
values of z for two particular values of a;, or of z and -7- (the 

declivity), for one particular value of a;, are required for the solu- 
tion, which comprehends the determination of the value of O. 

371. The Friction in a Pipe Ronning Full produces loss of 
dynamic head according to the same law with the fiiction in a 
channel, except that the dynamic head is now the sum of the ele- 
vation of the pipe above a given level, and of the height due to the 
pressure within it. The differential equation which expresses this> 
is as follows : — Let dl hQ the length of an indefinitely short 
portion of a pipe measured in the direction of flow, a its internal 
circumference, A its area of section, z its elevation above a given 
level, p the pressure within it, h the dynamic head. Then the los» 
of head is 

^dh= ^dz--^^ +/• . -_ (1.) 

The ratio -j^ is called the vi/rtfual or hydravMc declivity, being the 

rate of declivity of an open channel of the same flow, area, and 
hydraulic mean depth. This may difler to any extent from the 

€U!ttud declivity of the pipe, -^ry 

When the pipe is of uniform section, dv = 0, and the first term 
of the right-hand side of Equation 1 vanishes. 

When the section of the pipe varies, s and A are given functions' 
of /. If Q is given, i; = Q~A is also a given function of I; and 
to solve the equation completely, there is only required in additio]> 
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the value of h for one particular value of I, If Q is unknown, the 

values of h for two particular values of ly or of h and -yy for one 

particular value of l^ are required for the solution, which compre- 
hends the determination of Q. 

372. Resistance of Mouthpieces. — A mouthpiece is the part of 
a channel or pipe immediately adjoining a reservoir. The internal 
friction .of the fluid on entering a mouthpiece causes a loss of head 
«qual to the height due to the velocity multiplied by a constant 
depending on the figure of the mouthpiece, whose values for 
•certain figures have been found empirically; that is to say, let 

- ^ A be the loss of head; then 

-AA=47. • (!•) 

J' being a constant 

For the mouthpiece of a cylindrical pipe, issuing from the flat 
side of a reservoir, and making the angle i with a normal to the 
side of the reservoir, according to Weisbach, 

/' = 0-505 + 0-303 sin t + 0-226 sin2t (2) 

373. The Resistance of Corves and Knees in pipes causes a loss 
•of head equal to the height due to the velocity multiplied by a 
coefficient, whose values, according to Weisbach, are given by the 
following formulas : — For cv/rveSy let i be the arc to radius unity, r 
the radius of curvature of the centre line of the pipe, and d its 
'diameter. 

Then for a circular pipe, 

/" = i{013lH.1.847(^/}; 
4ind for a rectangular pipe, r 'C^') 

ibr knees, or sudden bends, let i be the angle made by the two por- 
tions of the pipe at either side of the knee with each other; then 

/" = 0-9457 sin2 1 + 2-047 sin* | (2.) 

374. A Sadden Enlargement of the channel in which a stream 
•of liquid flows, causes a sudden diminution of the mean velocity in 
i;he same proportion as that in which the area of section is in- 
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creased. Thus, let v^ be the velocity in the narrower portion of 
the channel, and let m be the number expressing the ratio in which 
the channel is suddenly enlarged: the velocity in the enlarged part 

is A Now it appears from experiment, that the actual energy 
due to the velocity of the narrow stream rdcUi/vel^ to the wide 
stream, that is, to the difference v^ f 1 J, is expended in over- 
coming the internal fluid friction of eddies, and so producing heat; 
so that there is a lass of total head, represented by 

(1.) 



2gV mJ 



9 

375. The General Problem of the flow of a stream with friction 

is thus expressed : — Let h^ + ^, and h^ + ^ be the total heads at 

the banning and end of the stream respectively; then the loss of 
total head is represented by 

A.-A.+^ = S-F^ (!•) 

where the right-hand side of the equation represents the sum of 
all the losses of head due to the friction in various parts of the 
channel. 
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PAET VI. 

THEORY OF MACHINES. 



CHAPTER I. 
DEFINITIONS AND GENERAL PRINCIPLES. 

376. Nature and Division of the Subject. — ^In the present Part 
of this work, machiDes Are to be considered not merely as modify- 
ing motion, but also as modifying force, and transmitting energy 
from one body to another. The theory of machines consists 
chiefly in the application of the principles of dynamics to trains 
of mechanism; and therefore much of thd present Part of this 
treatise will consist of references back to Parts IL and Y . 

There are two fundamentally different ways of considering a 
machine, each of which must be employed in succession, in order 
to obtain a complete knowledge of its working. 

I. In the first place is considered the action of the machine 
during a certain period of time, with a view t6 the determination 
of its EFFICIENCY ; that is, the ratio which the useful part of its 
work bears to the whole expenditure of energy. The motion of 
every ordinary machine is either uniform or periodical ; and there- 
fore the principle of the equality of energy and work is fulfilled, 
either constantly, or periodically at the end of each period or cycle 
of changes in the motion of the machine. 

II. In the second place is to be considered the action of the 
machine during intervals of time less than its period or cycle, if 
its motion is periodic, in order to determine the law of the periodic 
changes in the motions of the pieces of which the machine con- 
sists, and of the periodic or reciprocating forces by which such 
changes are produced. 

377. A Prime Mover is an engine, or combination of moving 
pieces, which serves to transfer energy from those bodies which 
naturally develop it, to those by means of which it is to be em- 
ployed, and to transform energy from the various forms in which 
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it may occur, such as chemical affinity, heat, or electricity, into the 
form of mechanical energy, or energy of force and motion. The 
mechanism of a prime mover comprehends all those parts by means 
of which it regulates its own operations. 

The useful work of a prime mover is the energy which it trans- 
mits to any machine driven by it; and its efficiency is the ratio of 
that useful work to the whole energy received by it from a natural 
source of energy. 

The effect or a/vadlable power of a prime mover is its useful work 
in some given unit of time, such as a second, a minute, an hour, 
or a dav. 

378. The Regulator of a prime mover is some piece of apparatus 
by which the rate at which it receives energy from the source of 
energy can be varied. 

379. A Governor is a self-acting adjusting apparatus, usually 
consisting of a pair of rotating pendulums, whose angle of devia- 
tion from their axis depends upon the speed. 

380. Fluctuations of Speed in a machine are caused by the 
alternate excess of the energy received above the work performed, 
and of the work performed above the energy received, which pro- 
duce an alternate increase and diminution of actual energy. 

381. A Fly- Wheel is a wheel with a heavy rim, wliose great 
moment of inertia reduces the coefficient of fluctuatioTi of speed 
to a certain fixed amount. 

382. A Brake is employed to stop a machine in a shorter time 
than can be done by simply suspending the effort of the prime 
mover. 

383. Useftd and Lost Work. — The whole work performed by a 
machine is distinguished into tis^ftd work^ being that performed in 
producing the effect for which the machine is designed, and lost 
work being that performed in producing other effects. 

384. Useful and Prejudicial Resistance are overcome in per- 
forming useful work and lost work respectively. 

385. The Efficiency of a machine is a fraction expressing the 
ratio of the useful work to the whole work performed, which is 
equal to the energy expended. The limit to the efficiency of a 
machine is unity, denoting the efficiency of a perfect machine in 
which no work is lost. The object of improvements in machines 
is to bring their efficiency as near to unity as possible. 

386. Power and Effect; Horse Power. — The power of a 
machine is the energy exerted, and the effect, the useful work 
performed, in some interval of time of definite length. 

The unit of power called conventionally f^ horse power, is 550 
foot pounds per second, or 33,000 foot pounds per minUte, or 
1,980,000 foot pounds per hour. The effect is equal to the power 
multiplied by the efficiency. 

R 
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387. Driving Point; Train; Working Point—The driving point 
18 that through which the resultant effort of the prime mover acts. 
The train is the series of pieces which transmit motion and force 
from the driving point to the working point, through which acts 
the resultant of the resistance of the useful work. 

388. Points of Resistance are points in the train of mechanism 
through which the resultants of prejudicial resistances act. 

389. Efficiencies of Pieces of a Train.— The useful work of an 
intermediate piece in a train of mechanism consists in driving the 
piece which follows it, and is less than the energy exerted upon it 
by the amount of the work lost in overcoming its own friction. 
Hence the efficiency of such an intermediate piece is the I'atio of 
the work performed by it in driving the following piece, to the 
energy exerted on it by the preceding piece; and it is evident that 
the efficiency of a machine is thejyroduct of the effidendee of the series 
of moving pieces which transmit energy Jrom tfie driving point to the 
vxytking point The same principles apply to a train of successive 
machines^ each driving that which follows ii» 
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CHAPTER IL 
OF THE PERFOEMANCE OF WORK BY MACHINES. 

Section 1. — Of Work. 

390. The Action of a Machine is to produce motion against 
Hesistance. For example, if the machine is one for lifting solid 
bodies, such as a crane, or fluid bodies, such as a pump, its action 
is to produce upward motion of the lifted body against the resist- 

' -ance arising from gravity ; that is, against its own weight : if 
the machine is one for propulsion, such as a locomotive engine, its 
action is to produce horizontal or inclined motion of a load against 
the resistance arising from friction, or from friction and gravity 
combined : if it is one for shaping materials, such as a planing 
machine, its action is to produce relative motion of the tool and of 
the piece of material shaped by it, against the resistance which that 
material offers to havitig part of its surface removed; and so of 
other machines. 

391. Work. — The action of a machine is measui*ed, or expressed 
AS a definite quantity, by multiplying the motion which it pro- 
<luce8 into the resistance, or force directly opposed to that motion, 
which it overcomes; the product resulting from that multiplication 
being called work. 

In Britain, the distances moved through by pieces of mechanism 
are usually expressed in feet ; the resistances overcome, in pounds 
avoirdupois; and quantities of work, found by multiplying dis- 
tances in feet by resistances in pounds, are said to consist of so 
many foot-pounds. Thus the work done in lifting a weight of one 
pound, through a height of one foot, is one foot-pound; the work 
done in lifting a weight of twenty pounds, through a height of one 
hundred feet, is 20 x 100 = 2,000 foot-pounds. 

In France, distances are expressed in mitres, resistances over- 
come in kilogrammes, and quantities of work in what are called 
kilogrcmiTnetres, one kilogrammltre being the work performed in 
lifting a weight of one killogramme through a height of one 
m^tre. 

392. The Rate of Work of a machine means, the quantity of work 
which it performs in some given interval of time, such as a second, 
a minute, or an hour. It may be expressed in units of work (such 
as foot-pounds) per second, per minute, or per hour, as the case 
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may be; but tliere is a peculiar unit of power appropriated to it» 
expression, called a horse-power, which is, in Britain, 

650 foot-pounds per second, 
or 33,000 foot-pounds per minute, 
or 1,980,000 foot-pounds per hour. 

In France, the term Forge de Cheyal is applied to the following: 
rate of work :— 

Foot-pomids. 

75 kilogramm^tres per second = 542J 

or 4,500 kilogram metres per minute = 32,549 

or 270,000 kilogram mitres per hour = 1,952,932 

being about one-seventieth part less than the British horse-power. 

393. Velocity. — If the velocity of the motixm which a machine 
causes to be performed against a given resistance be given, then the 
product of that velocity into the resistance obviously gives the rate 
of work, or effective power. If the velocity is given in feet per 
second, and the resistance in pounds, then their product is the rate 
of work in foot-pounds per second, and so of minutes, or hours, or 
other units of time. 

It is usually most convenient, for purposes of calculation, to- 
express the velocities of the parts of machines either in feet per 
second or in feet per minute. For certain kinetic calculations 
the second is the more convenient unit of time ' in stating the 
performance of machines for practical purposes, the minute is the 
unit most commonly employed. 

394. Work in Terms of Angular Motion. — When a resisting- 
force opposes the motion of a part of a machine which moves round 
a fixed axis, such as a wheel, an axis, or a crank, the product of 
the amount of that resistance into its leverage (that is, the peq)en- 
dicular distance of the line along which it acts from the fixed axis) 
is called the momenJb, or statical moment, of the resistance. If the 
resistance is expressed in pounds, and its leverage in feet, then its 
moment is expressed in terms of a measure which may be called 
a foot-'povmdy but which, nevertheless, is a quantity of an entirely 
different kind from a foot-pound of work. 

Suppose now that the body to whose motion the resistance i& 
opposed turns through any number of revolutions, or parts of a- 
revolution ; and let T denote the angle through which it turns,, 
expressed in revolutions, and parts of a revolution ^ also, let 

710 
2 T =6-2832=^ 

denote, as is customary, the ratio of the circumference of a circle to 
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its radius. Then the distance through which the given resistance 
is overcome is expressed by 

the leverage x 2 * x T; 

that is, by the product of the circumference of a circle whose radius 
is the leverage, into the number of turns and fractions of a turn 
fnade by the rotating body. 

The distance thus found being multiplied by the resistance over- 
come, gives the work performed; that is to say, 

The vxyrk performed 
=the resistance x the leverage x 2 «- x T. 

But the product of the resistance into the leverage is what is called 
the moment of the resistance, and the product 2 *T \a called the 
€mgular motion of the rotating body j consequently, 

The work 'performed 
= the m,oment of the resistance x the amgvlar motion. 

The mode of computing the work indicated by this last equation 
is often more convenient than the direct mode already explained in 
Article 891. 

The angular motion 2 «* T of a body during some definite unit of 
time, as a second or a minute, is called its angvla/r velocity; that is 
to say, anguUvr velocity is the product of the turns and fractions of a 
turn made in an unit of time into the ratio of the circumference 
of a circle to its radius. Hence it appears that 

The rate of vxyrk 
= the moment of the resistance x the angular velocity. 

395. Work in Terms of Pressure and Volume. — If the resistance 
overcome be a pressure uniformly distributed over an area, as when 
a piston drives a fluid before it, then the amount of that resistance 
is equal to the intensity of the pressure, expressed in units of force 
on each unit of area (for example, in pounds on the square inch, 
or pounds on the square foot) multiplied by the area of the sur- 
face at which the pressure acts, if that area is perpendicular to 
the direction of the motion ; or, if not, then by the projection of 
that area on a plane perpendicular to the direction of motion. In 
practice, when the area of a piston is spoken of, it is always 
understood to mean the projection above mentioned. 

Now, when a plane area is multiplied into the distance through 
which it moves in a direction perpendicular to itself, if its motion 
is straight, or into the distance through which its centre of gravity 
moves, if its motion is curved, the product is the volume of tfte 
^xuse traversed by the piston. 

Hence the work performed by a piston in driving a fluid before 
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it, or by a fluid in driving a piston before it, may be expressed uk 
either of the following ways : — 

Eesistcmce x dutance traversed 

— intensity ofpressit/re x (»rea x distance traversed; 

■= intensity of pressure x volume tr a/versed. 

In order to compute the work in foot-pounds, if the pressure is 
stated in pounds on the square foot, the area should be stated ia 
square feet, and the volume in cubic feet; if the pressure is stated in 
pounds on the sqtiare inch, the area should be stated in square inches^ 
and the volume in units, each of which is a prism of one foot in 

length, and one square inch in area ; that is, of r-jr of a cubic foot 

in volume. 

396. Algebraical Expressions for Work. — ^To expi-ess the results 
of the preceding articles in algebraical symbols, let 

8 denote the distance in feet through which a resistance is ovei^ 
come in a given time ; 

E, the amount of the resistance overcome in pounds. 
Also, supposing the resistance to be overcome by a piece which 
turns about an axis, let 

T be the number of turns and fractions of a turn made in the 
given time, and t = 2 t T = 6*2832 T the angular motion in the 
given time ; and let 

I be the leverage of the resistance ; that is, the perpendicular 
distance of the line along which it acts from the axis of motion ;. 
so that s = ilf and E, 2 is the statical moment of the resistance. 
Supposing the resistance to be a pressure, exerted between a piston 
and a fluid, let A be the area or projected area of a piston, and p 
the intensity of the pi*essure in pounds per unit of area. 

Then the following expressions all give quantities of work in the 
given time in foot-pounds : — 

"Rs ;- i'Rl; pAs; ipAL 

The last of these expressions is applicable to a piston turning on 
an axis, for which I denotes the distance from the axis to the centre- 
of gravity of the area A. 

397. work against an Oblique Force. — The resistance directly 
due to a force which acts against a moving body in a direction 
oblique to that in which the body moves, is found by resolving^ 
that force into two components, one at right angles to the direction 
of motion, which may be called a kUeral force, and which must be 
balanced by an equal and opposite lateral force, unless it takes 
efiect by altering the direction of the body's motion, and the other 
component directly opposed to the body's motion, which is the 
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resistance reqtiired. That resolutioD is effected by means of the 
well-known principle of the parallelogram of forces as follows : — 

In fig. 147, let A represent the point at which a resistance is over- 
come, A B the direction in which „ . 




that point is moving, and let A F 

be a line whose direction and 

length represent the direction and ^ 

magnitude of a force obliquely jijg^ 147^ 

opposed to the motion of A. 

From F upon B A produced, let fall the perpendicular F R; the 
length of that perpendicular will represent the magnitude of the 
lateral component of the oblique force, and the length A It will 
represent the direct component or resistance. 

The work done against an oblique resisting force may also 
be calculated by resolving the motion into a direct component 
in the line of action of the force, and a transverse component, 
and multipl3ring the whole force by the direct component of the 
motion. 

398. Sommation of Quantities of Work. — In every machine, 
resistances are overcome during the same interval of time, by 
different moving pieces, and at different points in the same movingf 
piece ; and the whole work performed during the given interval is 
found by adding together the several products of the resistances 
into the respective distances through which they are simultaneously 
overcome. It is convenient, in algebraical symbols, to denote the 
result of that summation by the symbol — 

2-R*; (1.) 

in which 2 denotes the operation of taking the sum of a set of 
quantities of the kind denoted by the symbols to which it is pre- 
fixed. 

When the resistances are overcome by pieces turning upon axes^ 
the above sum may be expressed in the form — 

2 iR/; (2.) 

and so of other modes of expressing quantities of work. 

The following are particular cases of the summation of quantities 
of work performed at different points : — 

I. In a shifting piecSy or one which has the kind of movement 
called trcmskaion only, the velocities of every point at a giveti 
instant are equal and parallel ; hence, in a given interval of time, 
the motions of all the points are equal ; and the work performed 
is to be found by multiplying the sum of the resistances into the 
motion as a common factor ; an operation expressed algebraically 
thus — 

»2R; (3.) 
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II. For a tv/ming piece, the angular motions of all the points 
daring a given interval of time are equal ; and the work performed 
is to he found by multiplying the stmt of the momenta of the r&dst- 
ances reUUively to the aacia into the angular motion as a common 
factor — an operation expressed algebraically thus — 

i2R/; (4.) 

The sum denoted by D * K / is the total moment of resistance of the 
piece in question. 

III. In every ^ain of m^chanism^ the proportions amongst the 
motions performed during a given interval of time by the several 
moving pieces, can be determined from the mode of connection of 
those pieces, independently of the absolute magnitudes of those 
motions, by the aid of the Theory of Pure Mechanism, Part II. 
This enables a calculation to be performed which is called 
redvAsing ike resistances to the driving point; that is to say, 
determining the resistances, which, if they lusted directly at the 
point where the motive power is applied to the machine, would 
require the same quantity of work to overcome them with the 
actual resistances. 

Suppose, for example, that by the principles of pure mechanism 
H is found, that a certain point in a machine, where a resistance It 
is to be overcome, moves with a velocity beiudng the ratio nil to 
the velocity of the driving point. Then the work performed in 
overcoming that resistance will be the same as if a resistance n R 
were overcome directly at the driving point. If a similar calcula- 
tion be made for each point in the machine where resistance is 
overcome, and the results added together, as the following symbol 
denotes : — 

^•wE, (5.) 

that sum is the equiwdent resistance at the driving point ; and if in 
a given interval of time the driving point moves through the dis- 
tance Sy then the work performed in that time is — 

«2-nR (6.) 

The process above described is often applied to the steam engine, 
by reducing all the resistances overcome to equivalent resistances 
acting directly against the motion of the piston. 

A similar method may be applied to the moments of resistances 
overcome by rotating pieces, so as to reduce them to equivalent 
w<mients at the driving aale. Thus, let a resistance R, with the 
leverage I, be overcome by a piece whose angular velocity of rota- 
tion bears the ratio n :1 to that of the driving axle. Then the 
equivalent moment of resistance at the driving axle is n R ^ ; and 
if a similar calculation be made for each rotating piece in the 
machine which overcomes resistance, and the results added to- 
gether, the sum — 

2-wRZ (7.) 
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18 the total eqvdvalerU moment of resistance at the driyiDg axle; and 
if in a given interval of time the driving axle turns through the 
arc i to radius unity, the work performed in that time ^^ 




♦ S-nRt (8.) 

IV. CevUre of gravUy. — ^The work performed in lifting a body 
is the product of ^ weight of the body into the height through which 
its centre of gra/miy is lifted. 

If a machine lifts the centres of gravity of several bodies at once 
to heights either the same or different, the whole quantity of work 
performed in so doing is the sum of the several products of the 
weights and heights ; but that quantity can also be computed by 
multiplying the sum of aU the 
weights into the height through 
which their common centre of 
gra/vity is lifted, 

399. Representation of Work 
l>y an Area. — As a quantity of 
work is the product of two 
quantities, a force and a motion, 
it may be represented by the *^^* ^^' 
area of a plane figure, which is the product of two dimensions. 
Let the base of the rectangle A, fig. 148, represent one foot of 
motion, and its height one pound of resistance; then will its area 
represent one foot-pound of work. 

In the larger rectangle, let the base OS represent a certain 
motion s, on the same scale with the base of the unit-area A; and 
let the height O K represent a certain resistance R, on the same 
scale with the height of the unit-area A; then will the number of 
times that the rectangle tfS * O R contains the unit-rectangle A, 
express the number of foot-pounds in the quantity of work R s, 
which is performed in overcoming the resistance R through the 
distance s, 

400. Work against Varying Resistance* — In fig. 149, let dis- 
tances, as before, be represented ^ 
by lengths measured along the 
base line O X of the figure ; and 
let the magnitudes of the resist- k 
ance overcome at each instant be 
represented by the lengths of 
ordinates drawn perpendicular to ^ 
O X, and parallel to O Y :— For ^ 
example, when the working body ^* 

has moved through the distance re presen ted by O S, let the resist. 

ance be represented by the ordinate S R. 




250 THEORY OF MACHINES. 

If the resifltanoe were oonstant, the smnmitB of those oidinates 
would lie in a straight line parallel to O X, like R B in fig. 148; 
bat if the resistance varies oontinuooslj as the motion goes on, the 
summits of the ordinates will lie in a line, straight or curved, such 
as that marked £ R G, fig. 149, which is not parallel to O X. 

The values of the resistance at each instant being represented by 
the ordinates of a given line ERG, let it now be required to deter- 
mine the work performed against that resistance during a motion 

represented by O F = s. 

Suppose the area O E G F to be divided into bands by a series of 
parallel ordinates, such as A C and B D, and between the upper 
ends of those ordinates let a series of short lines, such as C 1^, be 
drawn parallel to O X, so as to form a stepped or serrated outline, 
consisting of lines parallel to O X and O Y alternately, and approxi- 
moHng to the given continuous line E G. 

Now conceive the resistance, instead of varying continuously, to 
remain constant duriDg each of the series of divisions into which 
the motion is divided by the parallel ordinates, and to change 
abruptly at the instants between those divisions, being represented 
for each division by the height of the rectangle which stands on 
that division : for example, during the division of the motion 
represented by A B, let the resistance be represented by A C, and 
so for other division& 

Then the work performed during the division of the motion re* 

presented by AB, on the supposition of alternate constancy and 
abrupt variation of the resistance, is represented by the rectangle 

A B ' A 0; and the whol e wor k performed, on the same supposition 
during the whole motion O F, is represented by the sum of all the 
rectangles lying between the parallel ordinates; and inasmuch as 
the supposed mode of variation of the resistance represented by the 
stepped outline of those rectangles is an approximation to the real 
mode of variation represented by the continuous line £ G, and is a 
closer approximation the closer and the more numerous the parallel 
ordinates are, so the sum of the rectangles is an approximation to 
the exact representation of the work performed against the conti- 
nuously varying resistance, and is a closer approximation the closer 
and more numerous the ordinates are, and by making the ordinates 
numerous and close enough, can be made to differ from the exact 
representation by an amount less than any given difference. 

But the sum of those rectangles is also an approximation to the 
area O E G F, bounded above by the continuous line £ G, and is 
a closer approximation the closer and the more numerous the ordi- 
nates are, and by making the ordinates numerous and close enough, 
can be made to differ from the area O E G F by an amount less 
than any given difference. 

Therefore the area O £ G F, bountied by the straight tine OF, which 
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represents the motion, by the line E G, whose ordinates represent the 
values of the resistcmce, and by the tioo ordinates O E and F G, repre- 
sents exactly the work performed, ^See Article 34, page 17). 

The MEAN RESISTANCE during toe motion is found by dividing 

the area O E G F by the motion OT. 

401. Useftd Work and Lost Work. — ^The useful work of a ma- 
chine is that which is performed in effecting the purpose for which 
the machine is designed. The lost work is that which is performed 
in producing effects foreign to that purpose. The resistances over- 
come in peiforming those two kinds of work are called respectively 
usefvl resistam^ce and prejudicial resistance. 

The useful work and the lost work of a machine together make- 
up its total or gross work. 

In a pumping engine, for example, the useful work in a given 
time is the product of the weight of water lifted in that time intO' 
the height to which it is lifted : the lost work is that performed in 
overcoming the friction of the water in the pumps and pipes, the- 
friction of the plungers, pistons, valves, and mechanism, and the 
resistance of the air pump and other parts of the engine. 

For example, the useful work of a marine steam engine in a 
given time is the product of the resistance opposed by the water to 
the motion of the ship, into the distance through which she 
moves : the lost work is that performed in overcoming the resist- 
ance of the water to the motion of the propeller through it, the 
friction of the mechanism, and the other resistances of the engine, 
and in raising the temperature of the condensation water, of the 
gases which escape by the chimney, and of adjoining bodies. 

There are some cases, such as those of muscular power and of 
windmills, in which the useful work of a prime mover can be 
determined, but not the lost work. 

402. The Work Performed against Friction in a ffiven time^ 
between a pair of rubbing surfaces, is the product of that friction 
into the distance through which one siirface slides over the other. 

When the motion of one surface relatively to the other consists- 
in rotation about an axis, the work performed may also be cal- 
culated by multiplying the relative angrdar motion of the surfietces 
to radius unity into the moment of friction; that is, the product of 
the friction into its leverage, which is the mean distance of the 
rubbing surfaces from the axis. 

For a cylindrical journal, the leverage of the friction Is simply 
the radius of the journal. 

For a flat pivoty the leverage is two-thirds of the radius of the 
pivot. 

For a coUar, let r and r' be the inner and outer radii; then the 
leverage of the friction is 

2 r8-r'» 
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In the cup and hall pivot, the end of the shaft, and the step on 
ivhich it presses, present two recesses facing each other, into which 
are fitted two shallow cups of steel or hard bronze. Between the 
<5oncave spherical surfaces of those cups is placed a steel ball, being 
•either a complete sphere, or a lens having convex surfaces of a some- 
what less radius than the concave surfaces of the cups. The 
moment of friction of this pivot is at first almost inappreciable, 
from the extreme smallness of the radius of the circles of contact 
of the ball and cups; but as they wear, that radius and the moment 
of friction increase. 

By the rolling of two surfaces over each other without sliding, a 
resistance is caused, which is called sometimes " rolling friction," 
but more correctly rolling resistance. It is of the nature of a couple 
resisting rotation; its moment is found by multiplying the normal 
pressure between the rolling surfaces by an arm whose length 
-depends on the nature of the rolling surfaces; and the work lost 
in an unit of time in overcoming it is the product of its moment 
by the angvla/r velocity of the rolling surfaces relatively to each 
other. The following are approximate values of the arm in dedmcUs 
of afoot: — 

Oak upon oak, 0*006 (Coulomb). 

Lignum-vitse on oak, 0*004 „ 

Cast-iron on cast-iron, -002 (Tredgold). 

The work lost in friction produces heat in the proportion of one 
British thermal unit, being so much heat as raises the temperature 
of a pound of water 1° of Fahr., for every 772 foot-pounds of 
lost work. 

The heat produced by friction, when moderate in amount, is 
nseful in softening and liquefying unguents; but when excessive 
it is prejudicial by decomposing the unguents, and sometimes even 
by softening the metal of the bearings, and raising their tempera- 
ture so high as to set fire to neighbouring combustible matters. 

Excessive heating is prevented by a constant and copious supply 
of a good unguent When the velocity of rubbing is about four 
or five feet per second, the elevation of temperature is found to 
be, with good fatty and soapy unguents, 40° to 50° Fahr., with 
.good mineral unguents, about 30°. The effect of friction upon the 
•efficiency of machines will be considered at the end of this Part 

403. Work of Acceleration. — In order that the velocity of a body's 
motion may be changed, it must be acted upon by some other body 
with a force in the direction of the change of velocity, which force 
is proportional directly to the change of velocity, and to the mass 
of the body acted upon, and inveraely to the time occupied in pro- 
ducing the change. If the change is an acceleration or increase of 
velocity, let the first body be called the driven hody^ and the second 
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the driving body. Then the force must act upon the driven body 
in the direction of its motion. Every force being a pair of equal 
and opposite actions between a pair of bodies, the same force which 
accelerates the driven body is a resistcmce as respects the driving^ 
body. 

For example, during the commencement of the stroke of the- 
piston of a steam engine, the velocity of the piston and of its rod is^ 
accelerated; and that acceleration is produced by a certain part of 
the pressure between the steam and the piston, being the excess of 
that pressure above the whole resistance which the piston has to- 
overcome. The piston and its rod constitute the driven body; the^ 
steam is the driving body ; and the same part of the pressure which 
accelerates the piston, acts as a resistance to the motion of the- 
steam, in addition to the resistance which would have to be over- 
come if the velocity of the piston were uniform. 

The resistance due to acceleration is computed in the following 
manner : — It is known by experiment, that if a body near the 
earth's suiface is accelerated by the attraction of the earth, — that- 
i3, by its own weight, or by a force equal to its own weight, its 
velocity goes on continually increasing very nearly at the rate of 
32-2 feet per second of additional velocity, for each second during- 
which the force acts. This quantity varies in different latitudes, 
and at different elevations, but the value just given is near enough 
to the truth for puiposes of mechanical engineering. For brevity's- 
sake, it is usually denoted by the symbol g\ so that, if at a given 
instant the velocity of a body is Vj feet per second, and if its own 
weight, or an equal force, acts freely on it in the direction of its 
motion for t seconds, its velocity at the end of that time will have 
increased to 

v^ = Vy^ + gt (1.) 

If the acceleration be at any different rate per second, the force 
Tbecessa/ry to produce that acceleration, being the resistance on the 
driving body due to the acceleration qf the driven body, bea/rs the 
same proportion to the driven bod't/s weight which the acUiod rate of 
acceleration bears to the rate of acceleraMon produced by gravity 
acting Jreely. (In metres per second, ^ = 9-81 nearly.) 

To express this by symbols, let the weight of the driven body be 
denoted by W. Let its velocity at a given instant be Vi feet per 
second; and let that velocity increase at an uniform rate, so that 
at an instant t seconds later, it is v^ feet per second. 

Let /denote the rate of acceleration; then 

/=^; ~ (2.) 



254 THEOBT OF MACHINES. 

4ind the force R neoessary to produce it will be given by the pro- 
portion, 

g:/::W :R; 

that is to say, 

R=/5=:^i^iA) (3.) 

9 9* 

TIT 

The factor — , in the above expression, is called the mass of fche 

•driven body; and being the same for the same body, in what place 
soever it may be, is held to represent the qibaraUy qf matter in the 
body. (See Article 195, page 117.) 

W v 

The product of the mass of a body into its velocity at any 

y 
instant, is called its momentum ; so that the resistance due to a 

^ven acceleration is equal to the increase of Toamentiun divided by 

the time which that increase occupies. 

If the product of a force by which a body is accelerated, equal 
and opposite to the resistance due to acceleration, into the time 
during which it acts, be called impulse, the same principle may be 
otherwise stated by saying, that the increase of momeniumi is equal 
to the impulse by which it is caused. 

If the rate of acceleiution is not constant, but variable, the force 
K varies along with it. In this case, the value, at a given instant 

-of the rate of acceleiution, is represented by / = ;t^> and the cr- 

responding value of the force is 

R=/Z=!^.^- : (4.) 

g g dt ^ ' 

The WORK performed iu accelerating a body is the product of 
the resistance due to the rate of acceleration into the distance 
moved through by the driven body while the acceleration is going 
•on. The resistance is equal to the mass of the body, multiplied by 
the increase of velocity, and divided by the time which that 
increase occupies. The distance moved through is the product of 
the mean velocity into the same time. Therefore, the work per- 
formed is equal to the mass of the body multiplied by the increase 
•of the velocity, and by the mean velocity ; that is, to the mass of 
the body, multiplied by the increase of the half-square of its vdocity. 

To express this by symbols, in the case of an uniform rate of 
.acceleration, let s denote the distance moved through by the driven 
•body during the acceleration ; then 

'-"'P^; (5.) 
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which being multiplied by Equation 3, gives for the work of accele- 
ration, 

g t 2 9 ^ 

In the case of a variable rate of acceleration, let v denote the 
mean velocity, and d a the distance moved through, in an interval 
of time dt BO short that the increase of velocity dvia indefinitely 
small compared with the mean velocity. Then 

d8 = vdt; (7.) 

which being multiplied by Equation 4, gives for the work of accele- 
ration during the interval d t, 

Ka8= — ' -r-r 'vdt 
g dt 

^^'vdv; (8.) 

and the integration of this expression (see Article 29) gives for 
the work of acceleration during a finite interval. 



I^d8 = -jvdv=^'^~^ (9.) 



9 J 9 

being the same with the result already arrived at in Equation 6. 

Fram Equation 9 it appears that the work performed in producing 
a given acoelercUion depends on the initial and final velodtiea, v^ and 
Y^ and not on the intermediate changes of velocity. 

If a body falls freely under the action of gravity from a state of 
rest through a height h, so that its initial velocity \» 0, and its final 
velocity v, the work of acceleration performed by the earth on the 
body is simply the product W A of the weight of the body into the 
height of fall. Comparing this with Equation 6, we find — 

*=^ <io-) 

This quantity is called the height, or faUf due to the veilocity v ; 
and from Equations 6 and 9 it appears that the work performed in 
producvng a given acceleration is the sama with that performed in 
lifting the driven body through the difference of the heights due to its 
initial amdfmal velocities. 

If work of acceleration is performed by a prime mover upon 
bodies which neither form part of the prime mover itself, nor of the 
machines which it is intended to drive, that work is lost; as when 
a marine engine performs work of acceleration on the water that is 
struck by the propeller. 
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Work of acceleration performed on the moving pieces of the 
prime mover itself, or of the machinery driven by it, is not neces- 
sarily lost, as will afterwards appear. (Article 413.) 

4p4. Summation of Work of Acceleration.— If several pieces of 
a machine have their velocities increased at the same time, the 
work performed in accelerating them is the sum of the several 
quantities of work due to the acceleration of the respective pieces;, 
a result expressed in symbols by 



^{^-^i-^} a.) 



The process of finding that sum is facilitated and abridged in 
certain cases by special methods. 

I. Accelerated Rotation, — Let a denote the angular velocity of a 
splid body rotating about a fixed axis; — ^that is, as explained in 
Article 87, the velocity of a point in the body whose radius- 
vector, or distance from the axis, is unity. 

Then the velocity of a particle whose distance from the axis- 
is r is 

v = a r; (2.) 

and if in a given interval of time the angular velocity is accelerated 
from the value Oj, to the value a,, the increase of the velocity of the 
particle in question is 

Va-i;i = r(a,-ai) (3.) 

Let w denote the weight, and — the mass of the particle in ques- 

tion. Then the work performed in accelerating it, being equal to 
the product of its mass into the increase of the half-square of its 
velocity, is also equal to the 'product of its mass into the square of it» 
radvus-vectory and into the increase of the hxdfsqucure of the angidar 
vdocity; that is to say, in symbols, 

g 2 - </ 2 ^*-^ 

To find the work of acceleration for the whole body, it is to be con- 
ceived to be divided into small particles, whose velocities at any 
given instant, and also their accelerations, are proportional to their 
distances from the axis; then the work of acceleration is to be found 
for each particle, and the results added together. But in the sun^ 
so obtained, the increase of the half-square of the angular velocity 
is a common factor, having the same value for each particle of the 
body; and the rate of acceleration produced by gravity, ^r = 32*2 i» 
a common divisor. It is therefore sufficient to add together the 
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products of the weight of each partide (w) into the square of its 
radium-vector (r*), oiu^ to multiply the sum so obtained (2 • w r^) by 

the increase of the half-square of the am^gvlar velocity ( o(«^ - ^)jt 

a/nd divide by the raie of occeleraHon due to granfity (g). The 
result, viz.: — 



d-^"}-^-^"- w 



is the work of acceleration sought. In fact, the sum 'Zwf^ is the 
weight of a body, which, if concentrated ai the distance u/niiy from 
the axis of rotation, would require the same work to produce a given 
increase of a^igular velocity which the actual body requires. 

405. Rednced Inertia. — If in a certain machine, a moving piece 
whose weight is W has a velocity always bearing the ratio w : 1 to 
the velocity of the driving point, it is evident that when the driving 
point undergoes a given acceleration, the work performed in pro- 
ducing the corresponding acceleration in the piece in question is 
the same with that which would have been required if a weight 
n^ W had been concentrated at the driving point, the work per- 
formed in producing the acceleration depending on the square of 
the velocity. 

If a similar calculation be performed for each moving piece in the 
machine, and the results added together, the sum 

2n2W (1.) 

gives the weight which, being concentrated at the driving pointy 
would require the same work for a given acceleration of the driving 
point that the actual machine requires; so that if Vi is the initial, 
and v, the final velocity of the driving point, the work of accelera* 
tion of the whole machine is 

^T^-S-n^W (2.) 

2g ^ ^ 

This operation may be called the reduction of the inertia to the 
driving point, Mr. Moseley, by whom it was first introduced into 
the theory of machines, calls the expression (1.) the *^ coefficient of 
steadiness** 

In finding the reduced inertia of a machine, the mass of each 
rotating piece is to be treated as if concentrated at a distance from 
its axis equal to its radius of gyration ^; so that if v represents the 
velocity of the driving point at any instant, and a the corresponding 
angular velocity of the rotating piece in question, we are to make 

«»=^^ (3.) 

in performing the calculation expressed by the formula (1.) 

8 
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406, Simiiiiaiy of Various Cuds of Work. — ^In order to present 

at one riew the ffymboHcal expression of the yarions modes of per- 

fcirming work described in the preceding articles, let it be supposed 

that in a certain interval of time d t the driving point of a machine 

moves throogh the distance ds'y that daring the same time its 

centre of gravity is elevated through the height dhy that lesist- 

aoces^ any one of which is represented by B, are overcome at 

points, the respective ratios of whose velocities to that of the 

driving point are denoted by n ; that the weight of any piece of 

the mechanism is W, and that n' denotes the ratio of its velocity 

(or if it rotates, the ratio of the velocity of the end of its radios of 

g3rration) to the velocity of the driving point ; and that the driving 

d8 
point, whose mean velocity is v=-r, undeigoes the acceleration 

d V. Then the whole work performed during the interval in ques- 
tion is 

dA-2W + <ifi-2nR + — •Sw'aW. (1.) 

9 ' 

The meam Mai reaiatcmce, reduced to the driving pointy may be 
computed by dividing the above expression by the motion of the 
driving point de-vdt, giving the following result : — 

^•SW + 2nR + 4r7-2w'2W (2.) 

as Qctt 



Sbotion 2.— Of Energy, Power, and Efficiency. 

407. Condition of Uniform Speed.— According to the first law 
of motion, in order that a body may move uniformly, the forces 
applied to it, if any, must balance each other; and the same 
principle holds for a machine consisting of any number of bodies. 

When the direction of a body's motion varies, but not the velocittfy 
the lateral force required to produce the change of direction depends 
on the principles set forth in Article 335; but the condition of balance 
still holds for the forces which act tUong the direction of the body's 
motion, that is, for the ^orts and resistances ; so that, whether for 
a single body or for a machine, the condition of unijbrm vdoeity is, 
that the ^orts shaU halaamoe the reststotioes. 

In a machine, this condition must be fulfilled for each of tiie 
single moving pieces of which it consists. 

It also follows, from the principles of statics, that in any 
body, system, or machine, that condition is fulfilled when £&e sum 
of th^ prodAMts qf the ^orts wto the velocities of their respectioe 
fyoinis qf <Justion is equal to the sum of the products of the 
tn<o tha velocities qf the points where thmf are overcome. 
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Thus, let V be the velocity of a driving point, or point where an 
effort P is applied; v' the velocity of a working point, or point where 
a resistance R is overcome ; the condition of uniform velocity for 
any body, system, or machine is 

2Pt? = 2Ri^. (1.) 

If there be only one driving point, or if the velocities of all the 
driving points be alike, then P being the total effort, the single 
product P V may be put in in place of the sum 2 * P t; ; reducing 
the above equation to 

P» = 2 -Rv' (2.) 

Referring now to Article 398, let the machine be one in which 
the compa/rative or proportionate velocities of all the points at a 
given instant are known independently of their absolute velocities, 
from the construction of the machine ; so that, for example, the 
velocity of the point where the resistance R is overcome bears to 
that of the driving point the ratio 

V 

then the condition of uniform speed may be thus expressed : — 

P = 2wR; (3.) 

that is, ifie total ^ort ia egwd to the sum of ike resistam/iea red/uced to 
the driving point, 

408 Energy — Potential Energy. — Enefrgy means capacity for 
performing work, and is expressed, like work, by the product of a 
force into a space. 

The energy of an effort, sometimes called *' potential energy " (to 
distinguish it from another form of energy to be referred to in Article 
414), is the product of the effort into the dista/noe through which it ia 
capable ofa>cting. Thus, if a weight of 100 pounds be placed at an 
elevation of 20 feet above the ground, or above the lowest plane 
to which the circumstances of the case admit of its descending, 
that weight is said to possess potential energy to the amount of 
100 X 20 = 2,000 foot-pounds; which means, that in descending 
from its actual elevation to the lowest point of its course, the 
weight is capable of performing work to that amount 

To take another example, let there be a reservoir containing . 
10,000,000 gallons of water, in such a position that the centre of 
gravity of the mass of water in the reservoir is 100 feet above the 
lowest point to which it can be made to descend while overcoming 
resistance. Then as a gallon of water weighs 10 lbs., the weight of 
the store of water is 100,000,000 lbs., which being multiplied by 
the height through which that weight is capable of acting, 100 feet, 
^ves 10,000,000,000 foot-pounds for the potential energy of the 
weight o^ the store of water. 
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409. Equality of Energy Exerted and Work Performed, or the 
Conservation of Energy. — ^When an effort actually does drive 
its point of application through a certain distance, energy to the^ 
amount of the product of the effort into that distance is said to 
be exerted ; and the potential energy, or energy which remains 
capable of being exerted, is to that amount diminished. 

When the energy is exerted in driving a machine at an uniform 
speed, it is equcU to the work performed. 

To express this algebraically, let t denote the time during which 
the energy is exerted, v the velocity of a driving point at which ,an 
effort P is applied, e the distance through which it is driven, t/ the- 
velocity of any working point at which a resistance R is overcome^ 
9' the distance through which it is driven ; then 

8 = vt; a' = v' t; 

and multiplying Equation 1 of Article 407 by the time t, we obtain 
the following equation : — 

2-P«;« = 2Rt>'« = SP« = 2R«'; (1.) 

which expresses the equality of energy exerted, and work per^ 
formed, for constant efforts and resistances. 

When the efforts and resistances vary, it is sufficient to refer to- 
Articles 400 a^d 29, to shew that the same principle is expressed 
as follows : — 



2 /■ P(i« = 2 fRda^; (2.) 



where the symbol f expresses the operation of finding the work 

performed against a varying resistance, or the energy exerted by a. 
varying effort, as the case may be ; and the symbol ^ expresses the- 
operation of adding together the quantities of energy exerted, or work 
performed, as the case may be, at different points of the machine. 

410. Varions Factors of Energy. — A quantity of energy, like a 
quantity of work, may be computed by multiplying either a force 
into a distance, or a statical moment into an angular motion, or 
the intensity of a pressure into a volume. These processes have 
already been explained in detail in Articles 394 and 395, pages^ 
244 to 246. 

411. The Energy Exerted in Producing Acceleration is equal to 
the work of acceleration, whose amount has been investigated in 
Articles 403 and 404, pages 252 to 257. 

412. The Accelerating Effort by which a given increase of 
velocity in a given mass is produced, and which is exerted by the- 
driving body against the driven body^ is equal and opposite to the- 
resistance due to acceleration which the driven body exerts against 
the driving body, and whose amount has been given in Articles- 
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403, and 404. Referring, therefore, to Equations 4 and 8 of Article 
403, we find the two following expressions, the first of which gives 
the accelerating effort required to produce a given acceleration d v 
in a body whose weight is W, when the time dt in. which that 
acceleration is to be produced is given, and the second, the same 
accelerating effort, when the diatcmce da^vdt in which the ao- 
celeration is to be produced is given : — 

p=:^-J; (1.) 

g d t 

= ^.!^=^.^i!f) (2.) 

g da g 2ds ^ 

Referring next to Article 404, page 257, we find, from Equation 5, 
that the work of acceleration corresponding to an increase da in the 
angular velocity of a rotating body whose moment of inertia is I, is 

I • d (a*) __I ad a 

~^ 7~' 

Let d t he the time, and di = adt the angtdar motion in which 
that acceleration is to be produced ; let P be the accelerating effort, 
and I its leverage, or the perpendicular distance of its line of action 
from the axis ; then, according as the time dt, or the angle diyia 
given, we have the two following expressions for the accdercvtmg 
4souple: — 

PZ=-^ -^ (3.) 

g dt ^ ' 

1 ada Id (a^) , . . 

= _ • =— • — ^ — ' (4.) 

y di g 2di " ^ '' 

Lastly, referring to Article 405, page 257, Equation 2, we find, 
iihat if a train of mechanism consists of various parts, and if W be 
the weight of any one of those parts, whose velocity v' bears to that 

of the driving point v the ratio — = n, then the accelerating effort 

which must be applied to the driving point, in order that, during 
the interval d t, in which the driving point moves through the 
distance d8 = vdt, that point may undergo the acceleration d v, 
and each weight W the corresponding acceleration ndv,iB given 
hy one or other of the two formulss — 

p=^^^-^: (5.) 

g dt ^ ' 

2n»W vdv 2 



g as g 



:t?_ 27i2VV d(i^) 

8~ a '2d8 ^^'^ 
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both of wbich are derived from the eqaatioo F ds = 'Pv'dt =r 

• 2 w* to. 

9 

413. Work During Retardation— Energy Stored and Restored. — 
Id order to cause a given retardation, or diminution of the velocity 
of a given body, in a given time, or while it traverses a given dis- 
tance, resistance must be opposed to its motion equal to the effort 
wbich would be i*equii*ed to produce in the same time, or in the 
same distance, an acceleration equal to the retardation. 

A moving body, therefore, while being retarded, overcomes re- 
sistance and performs work; and that work is equal to the energy 
exerted in producing an acceleration of the same body equal to the 
retardation. 

It is for this reason that it has been stated, in Article 403, that 
the work performed in accelerating the speed of the moving pieces^ 
of a machine is not necessarily lost ; for those moving pieces, by 
returning to their original speed, are capable of performing an 
equal amount of work in overcoming resistance ; so that the per- 
formance of such work is not prevented, but only deferred. Hence 
energy exerted in acceleration is said to be stored; and when by a 
subsequent and equal retardation an equal amount of work is per- 
formed, that energy is said to be restored. 

The algebraical expressions for the relations between a retarding 
resistance, and the retardation which it produces in a given body 
by acting during a given time or through a given space, are ob- 
tained from the equations of Article 412 simply by putting R, the 
symbol for a resistance, instead of P, the symbol for an effort, and 
-dv, the symbol for a retardation, instead of d v, the symbol for 
an acceleration. 

414. The Actual Energy of a moving body is the work which 
it is capable of performing against a retarding resistance before 
being brought to rest, and is equal to the energy which must be 
exerted on the body to bring it from a state of rest to its actual 
velocity. The value of that quantity is the prodtict of the tjoeight 
of the body into the height from which it must faU to acquire its 
a>ctua>l velocity ; that is to say, 

^ (1.) 

The total actual energy of a system of bodies, each moving with 
its own velocity, is denoted by 

and when those bodies are the pieces of a machine, whose velocities 



A RECIPROCATING FORGE. 263 

bear definite ratios (any one of which is denoted by n) to the velo- 
city of the driving point v, their total actual energy is 

^•2«^W, (3.) 

being the product of the reduced inertia (or coefficient of steadiness, 
as Mr. Moseley calls it) into the height due to the velocity of the 
driving point. 

The actual energy of a rotating body whose angular velocity is a, 
and moment of inertia 2 W r^ = I, is 

^. (4) 

that is, the prodrict of the moment of inertia into the height due to the 
velocity J a, of a point, whose distance from ike asxds of rotation is 
unity. 

When a given amount of energy is alternately stored and restored 
by alternate increase and diminution in the speed of a machine, 
the actual energy of the machine is alternately increased and 
diminished by that amount. 

Actual energy, like motion, is relative only. That is to say, in 
computing the actual energy of a body, which is the capacity it 
possesses of performing work upon certain other bodies by reason 
of its motion, it is the motion relatively to those other bodies that is 
to be taken into account. 

For example, if it be wished to determine how many turns a 
wheel of a locomotive engine, rotating with a given velocity, would 
make, before being stopped by the friction of its bea/rings ordy, sup- 
posing it lifted out of contact with the rails, — the actual energy of 
that wheel is to be taken relatively to the frame of the engine to 
which those bearings are fixed, and is simply the actual energy due 
to the rotation. But if the wheel be supposed to be detached from 
the engiae, and it is inquired how high it vjUI ascend up a perfect'y 
smooth inclined pla/ne before being stopped by the attraction of tJie 
earth, then its actual energy is to be taken relatively to the earth; 
that is to say, to the energy of rotation already mentioned, is to be 
added the energy due to the translation or forward motion of the 
wheel along with its axis. 

415. A Reciprocating Force is a force which acts alternately as 
an effort and as an equal and opposite resistance, according to the 
direction of motion of the body. Such a force is the weight of a 
moving piece whose centre of gravity alternately rises and falls; 
and such is the elasticity of a perfectly elastic body. The work 
which a body performs in moving against a reciprocating forc^ is 
employed in increasing its own potential energy^ and is not lost by 
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the bodj; so that by the motion of a body alternately agabut and 
with a reciprocating force, energy is stored and restored, as well as 
by alternate acceleration and retardation. 

Let '2 W denote the weight of the whole of the moving pieces of 
any machine, and h a height through which the common centre of 
gravity of them all is alternately raised and lowered. Then the 
quantity of energy — 

A 2 W, 

is stored while the centre of gravity is rising, and restored while it 
is falling. 

These principles are illustrated by the action of the plungers 
of a single-acting pumping steam engine. The weight of those 
plungers acts as a resistance while they are being lifted by the 
pressure of the steam on the piston; and the same weight acts as 
effort when the plungers descend and drive before them the water 
with which the pump barrels have been filled. Thus the energy 
exerted by the steam on the piston is stored during the up-stroke 
of the plungers; and during their down-stroke the same amount of 
energy ia restored, and employed in performing the work of raising 
water and overcoming its friction. 

416. Periodical Motion. — If a body moves in such a manner 
that it periodically returns to its original velocity, then at the end 
of each period, the entire variation of its actual energy is nothing; 
and if, during any part of the period of motion, energy has been 
stored by acceleration of the body, the same quantity of energy 
exactly must have been during another part of the period restored 
by retardation of the body. 

If the body also returns in the course of the same period to the 
same position relatively to all bodies which exert reciprocating 
forces on it — ^for example, if it returns periodicaUy to the same 
elevation relatively to the earth's surface — any quantity of energy 
which has been stored during one part of the period by moving 
against reciprocating forces must have been exactly restored during 
another part of the period. 

Hence at the end of each period^ the equality of energy and work, 
€md the bala^ice of mean effort and mean resistance, holds loith 
respect to the driving effort and the resista/nces, exactly a^ if the speed 
were uniform a/nd the reciprocating forces null; and all the equa- 
tions of Articles 407 and 409 are applicable to [)eriodic motion, pro- 
vided that in the equations of Article 407, and Equation 1 of 
Article 409, P, R, and v are held to denote the meam, values of the 
effoits, resistances, and velocities, — that 8 and s' are held to denote 
spaces moved through in one or more entire periods, — and that in 

Equation 2 of Article 409, the integrations denoted by f be held 

to extend to one or more entire periods. 
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These principles are illustrated by the steam engine. The velo- 
<;ities of its moving parts are continually varying, and those of 
some of them, such as the piston, are periodically reversed in direc- 
tion. But at the end of each period, called a revoliUion, or double- 
stroke, every part returns to its original position and velocity; so 
that ihe equality of energy and work, and the equality of the mean 
-effort to the mea/n resistance reduced to the driving point, — that is, 
the equality of the mean effective pressure of the steam on the 
piston to the mean total resistance reduced to the piston — hold for 
one or any whole number of complete revolutions, exactly as for 
uniform speed. 

It thus appears that (as stated at the commencement of this 
Part) there are two fundamentally different ways of considering a 
periodically moving machine, each of which must be employed in 
succession, in order to obtain a complete knowledge of its working. 

^' I. In the first place is considered the action of the machine 
during one or more whole periods, with a view to the determination 
of the relation between the mean resistances and mean efforts, and 
of the efficiency; that is the i-atio which the useful part of its 
work bears to the whole expenditure of energy. The motion of 
-every ordinary machine is either uniform or periodical. 

^^ II. In the second place is to be considered the action of the 
machine during intervals of time less than its period, in order to 
determine the law of the periodic changes in the motions of the 
pieces of which the machine consists, and of the periodic or recip- 
rocating forces by which such changes are produced." 

417. Starting and Stopping. — The starting of a machine consists 
in setting it in motion from a state of rest, and bringing it up to 
its proper mean velocity. This operation requires the exertion, 
besides the energy required to overcome the mean resistance, of an 
additional quantity of energy equal to the actual energy of the 
machine when moving with its mean velocity, as found according 
to the principles of Article 414, page 262. 

If, in order to stop a machine, the effort of the prime mover is 
«imply suspended, the machine will continue to go until work has 
been performed in overcoming resistances equal to the actual energy 
due to the speed of the machine at the time of suspending the 
offort of the prime mover. 

In order to diminish the time required by this operation, the 
resistauce may be increased by means of the friction of a brake. 
Biakes will be further described in the sequel. 

418. The Efficiency of a machine is a fraction expressing the 
ratio of the useful work to the whole work, which is equal to the 
«nergy expended. The Counter-efficiency is the reciprocal of 
the efficiency, and is the ratio in which the energy expended is 
greater than the useful work. The object of improvements in 
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machines is to bring their efficiency and counter-efficiency as near 
to unity as possible. 

As to useful and lost work, see Article 401. The algebraical 
expression of the efficiency of a machine having uniform or perio- 
dical motion, is obtained by introducing the distinction between 
useful and lost work into the equations of the conservation of energy, 
Article 409. Thus, let P denote the mean effi^rt at the driving pointf 
8f the space described by it in a given interval of time, being a 
whole number of periods of revolutions; K^, the mean useful resist- 
ance; 8p the space through which it is overcome in the same 
interval; E^, any one of the wasteful resistances; 8^ the space 
through which it is overcome; then 

P«=Ri*i + 2 • B^8^; (1.) 

and the efficiency of the machine is expressed by 

P« ~Ri«i + 2 • R2«2 ^^ 

In many cases the lost work of a machine, Kg ^2' <^i^sists of a con- 
stant part, and of a part bearing to the useful work a proportion 
depending in some definite manner on the sizes, figures, arrange- 
ment, and connection of the pieces of the train, on which also 
depends the constant part of the lost work. In such cases the 
whole energy expended and the efficiency of the machine are 
expressed by the equations 



P« = (l + A)Ri«i + B; 
R^8i 1 



(3.) 



and the first of these is the mathematical expression of what Mr. 
Moseley calls the " modulus" of a machine. 

i be useful work of an intermediate piece in a train of mechanism 
consists in driving the piece which follows it, and is less than the 
energy exerted upon it by the amount of the work lost in over- 
coming its own friction. Hence the efficiency of such an inter- 
mediate piece is the ratio of the work performed by it in driving 
the following piece, to the energy exerted on it by the preceding 
piece ; and it is evident that the efficiency of a machine is the produU 
of tlie efficiencies of the series of moving pieces which transmit energy 
from the (hiving point to the working point. The same principle 
a})plies to a train of successive machines, each driving that which 
follows it ; and to counter-efficiency as well as to efficiency. 

419. Power and Effect^Horse Power. — The poioer of a machine 



..J 
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is the energy exerted, and the effect, the useful work performed, in 
some interval of time of definite length, such as a second, a minute, 
an hour, or a day. 

The unit of power called conventioually a horse-power, is 550 
foot-pounds per second, or 33,000 foot-pounds per minute, or 
1,980,000 foot-pounds per hour. The effect is equal to the power 
multiplied by the eflSciency ; and the power is equal to the effect 
multiplied by the counter-efficiency. The loss of power is the dif- 
ference between the effect and the power. As to the French' 
" Force de Cheval," see Article 392, page 244. It is equal to 
0*9863 of a British horse-power; and a British horse-power is 
1*0139 of a French force de cheval. 

420. General Equation. — ^The following general equation pre- 
sents at one view the principles of the action of machines, whether 
moving uniformly, periodically, or otherwise : — 

where W is the weight of any moving piece of the machine ; 

A, when positive, the elevation, and when negative, the depres- 
sion, which the common centre of gravity of all the moving pieces 
undergoes in the interval of time under consideration; v^ the 
velocity at the beginning, and v^ the velocity at the end, of the 
interval in question, with which a given particle of the machine of 
the weight W is moving; 

g, the acceleration which gravity causes in a second, or 32*2 feet 
per second, or 9*81 metres per second. 

f'Rds', the work performed in overcoming any resistance daring 

the interval in question ; 

JFas, the energy exerted during the interval in question. 

The second and third terms of the right-hand side, when positive,, 
are energy stored; when negative, energy restored. 

The principle represented by the equation is expressed in worda 
as follows : — 

The energy exerted, added to the energy restored, is equal to the 
energy stored added to the work performed. 

421. The Principle of Virtual Velocities, when applied to tha 
uniform motion of a machine, is expressed by Equation 3 of Article 
407, already given in page 259; or in words as follows: — Tlie effort 
is eqital to the sum of the resistances reduced to tfie drimng point ; 
that is, each multiplied by the ratio of the velocity of its working; 
point to the velocity of the driving point. The same principle,. 

' when applied to reciprocating forces and to re-actions due to 
vaiying speed, as well as to passive resistances, is expressed by 
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means of a modified form of the general equation of Article 420, 

obtained in the following manner : — Let n denote either the ratio 

borne at a given instant by the velocity of a given working pointy 

where the resistance R is overcome, to the velocity of the driving 

point, or the mean value of that ratio during a given interval of 

time; let n" denote the corresponding I'atio for the vertical ascent 

or descent (according as it is positive or negative) of a moving 

piece whose weight is W; let n' denote the corresponding ratio 

for the mean velocity of a mass whose weight is W, undergoing 

dv' 
acceleration or retardation, and -y-- either the rate of acceleration 

at 

of that mass, if the calculation relates to an instant, or the mean 

value of that rate, if to a finite interval of time. Then the effort 

at the instant, or the mean effort during the given interval, as the 

case may be, is given by the following equation : — 

P = 2-wR + 2-n'' W + 2- 3-— 

gdt 

If the ratio n\ which the velocity of the mass W bears to that of 
the driving point, is constant, we may put li' = '^, where ^ 
denotes the rate of acceleration of the driving point ; and then the 
third term of the foregoing expression becomes —-7- 2 • W* W, as 

in formula 2 of Article 406, page 258. 

422. Forces in the Mechanical Powers, Neglecting Friction — 
Purchase. — The mechanical powers, considered as means of modi- 
fying motion only, have been considered in Section 6, Part II., 
pages 107 to 110. When friction is neglected, any one of the 
mechanical powers may be regarded as an vmif&r^y-monvng simple 
Tnackine, in which one effort balances one resistance; and in which, 
consequently, according to the principle of virtual velocities, or 
of the equality of energy exerted and work done, the effort and 
resistance are to each other inversely as ifie velocities along their lines 
of action of the points where they a/re applied. 

In the older writings on mechanics, the effort is caUed the 
power y and the resistance the weight; but it is desirable to avoid 
the use of the word ^^ power " in this sense, because of its being 
very commonly used in a different sense — viz., the rate at which 
energy is exerted by a prime mover; and the substitution of 
** resistance " for "weight" is made in order to express the fiwst, 
that the principle just stated applies to the overcoming of all sorts 
of resistance, and not to the lifting of weights only. 

The weight of the moving piece itself in a mechanical power 
may either be wholly supported at the bearing, if the piece is 
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balanced; or if Dot, it is to be regarded as divided into two- 
parallel components, one supported directly at the bearing, and 
the other being included in the effort or dn the resistance, as the 
case may be. 

The relation between the effort and the resistance in any^ 
mechanical power may be deduced from the principles of statics;, 
viz.: — In the case of the lever (including the w?ieel and aode), 
from the balance of couples of equal and opposite moments ; in the 
case of the inclined plane (including the wedge and the screw), 
from the parallelogram of forces; and in the case of the pulley,, 
from the composition of parallel forces. The principle of virtual 
velocities, however, is more convenient in calculation. 

The toUd load in a mechanical power is the resultant of the 
effort, the resistance, the lateral components of the forces acting at 
the driving and working points, and the weight directly carried at 
the bearings; and it is equal and directly opposed to the re-action 
of the bearings or supports of the machine. 

By the pu/rchctae of a mechanical power is to be understood the 
ratio borne by the resistance to the effort, which is equal to the 
ratio borne by the velocity of the driving point to tnat of the 
working point. This term has already been employed in connec- 
tion with the pulley. 

The following are the residts of the principle of virtual velocities,, 
as applied to determine the purchase in the several mechanical 
powers : — 

I. Lever. — The effort and resistance are to each other in the 
inverse ratio of the perpendicular distances of their lines of action 
from the axis of rotation or fulcrum ; so that the pvrchaae is the 
ratio which the perpendicular distance of the effort from the axis 
bears to the perpendicular distance of the resistance from the axis. 

Under the head of the lever may be comprehended all turning^ 
or rocking primary pieces in mechanism which are connected with 
their drivers and followers by linkwork. 

II. Wheel and Axle. — The purchase is the same as in the case 
of the lever; and the perpendicular distances of the lines of action 
of the effort and of the resistance from the axis are the radii of the 
pitch-circles of the wheel and of the axle respectively. 

Under the head of the wheel and axle may be comprehended 
all turning or rocking primary pieces in mechanism which are 
connected with their drivers and followers by means of rolling 
contact, of teeth, or of bands. By the " wheel '' is to be understood 
the pitch-cylinder of that part of the piece which is driven ; and by 
the ** axle," the pitch-cylinder of that part of the piece which drives. 

III. Inclined Plane, and IV. Wedge. — Here the purchase, or 
ratio of the resistance to the effort, is the ratio borne by the whole 
velocity of the sliding body (represented by B C in fig. 76b^ 
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and C c in fig. 76f, page 109) to that compoDent of the 
velocity (represented by B D in fig. 76e, and C 6 in ^. 76 f, 
page 109) which is directly opposed to the resistance : it being 
understood that the efibrt is exerted in the direction of motion 
of the sliding body. 

The term indvned plane may be used when the resistance to 
the motion of a body that slides along a guiding surface consists 
of its own weight, or of a force applied to a point in it by means 
of a link; and the term wedge, when that resistance consists of a 
pressure applied to a plane surface of the moving body, oblique 
to its direction of motion. 

Y. Screw. Let the resistance (R) to the motion of a screw 
be a force acting along its axis, and directly opposed to its advance; 
and let the effort (P) which drives the screw be applied to a point 
rigidly attached to the screw, and at the distance r from the axis, 
and be exerted in the direction of motion of that point. Then, 
while the screw makes one revolution, the working point advances 
against the resistance through a distance equal to the pitch {p) ; 
a.nd at the same time the driving point moves in its helical path 
through the distance J {^ ''^^ r^ + ji^)', therefore the purchase of 
the screw, neglecting friction, is expressed as follows : — 

P- p 

length of one coil of path of driving point 
"" pitch 

VI. Pulley. — In the pulley without friction, the purchase is 
the ratio borne by the resistance which opposes the advance of 
the running block to the effort exerted on the hauling part of 
the rope ; and it is expressed by the number of plies of rope by 
which the running block is connected with the fixed block. 

VII. The Hydraulic Press, when friction is neglected, may 
be included amongst the mechanical powers, agreeably to the 
definition of them given at the beginning of this Article. By the 
resistance is to be understood the force which opposes the outward 
motion of the press-plunger; and by the effort, the force which 
drives inward the pump-plunger. The intensity of the pressure 
exerted between each of the two plungers and the fluid is the 
same; therefore the amount of the pressure exerted between 
each plunger and the fluid is proportional to the area of that 
plunger; so that the purchase of the hydraulic press is expressed 
.as follows : — 

R _ transverse area of press-plunger ^ 
P transverse area of pump-plunger' 
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&nd this is the reciprocal of the ratio of the velocities of those 
plungers, as already shewn in Article 185, page 110. 

The purchase of a train of mechanical powers is the product of 
the purchases of the several elementary parts of that train. 

The object oi producing a purchase expressed by a number 
greater than unity is, to enable a resistance to be overcome by 
means of an effort smaller than itself, but acting through a greater 
distance; and the use of such a purchase is found chiefly in 
machines driven by muscular power, because of the effort being 
limited in aiw<int. 

Section 3. — Op Dtnamometers. 

423. Dynamometers are instruments for measuring and record- 
ing the energy exerted and work performed by machines. They 
may be classed as follows : — 

I. Instruments which merely induxUe the force exerted between 
A driving body and a driven body, leaving the distcmce through 
which that force is exerted to be observed independently. 

II. Instruments which record at once the force, motion^ and 
work of a machine, by drawing a line, straight or curved, as the 
case may be, whose abscissae represent the distances moved through, 
its ordinates the resistances overcome, and its area the work per- 
formed (as in fig. 149, page 249). 

A dynamometer of this class consists essentially of two principle 
parts : a spring whose deflection indicates the force exerted between 
« driving body and a driven body ; and a band of paper, or a card, 
moving at right angles to the direction of deflection of the spring 
with a velocity bearing a known constant proportion to the velo- 
<;ity with which the resistance is overcome. The spring carries a 
pen or pencil, which marks on the paper or card the required 
line. The Steam Engine Indicator is an example of this class of 
instruments. 

III. Instruments called Inteffraiing Dynamometers, which re- 
<H)rd the work performed, but not the resistance and motion 
separately. 

424. Steam Engine Indicator. — This instrument was invented 
by Watt, and has been improved by other inventors, especially 
M'Naught and Kichards. Its object is to record, by means of a 
diagram, the intensity of the pressure exerted by steam against one 
of the faces of a piston at each point of the piston's motion, and so 
to afford the means of computing, according to the principles of 
Articles 395 and 400, first, the energy exerted by the steam in 
driving the piston during the forward stroke; secondly, the work 
lost by the piston in expelling the steam from the cylinder during 
the return stroke; and thirdly, the difference of those quantitiep 
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which is the availaUe or effeotioe enei^ exerted bj the steam ob 
the piBtOD, and which, being multiplied by the number of strokeft 
per minute and divided by 33,000 foot-pounds, gives the un>iCA^a> 

HOBSB-POWIB. 

The indicator in a common form is represented by fig. 160. A & 

is a cylindrical caae. Ita lower end, A, contains a smaller cylinder, 

fitted with a piston, which cylinder, by means of the screwed 

norale at ita lower end, can be fixed in ai(y convenient position 

on a tube oommnnicatiug with that end of the engine-cylinder 

where the work of the steam is determined. The communication 

between the engine-cylinder and the indicator-cylinder Can be 

^ened and shut at will by means of the cock K. 

When it is open, the inteusity of the pressure c^ 

the steam on the engine-piaton and on the indi- 

oator-piston is the same, or nearly the same. 

The upper end, B, of the cylindrical caae oon- 

tains a spiral spring, one end of wMuh is at- 

I tached to the piston, or to its rod, and the other 

to the top of the casing. Tbe indicator-piston 

. is pressed from below by the steam, and from 

above by the atmosphere. When the pressure 

of the steam is equal to that of the atmosphere, 

the spring retains its unstrained length, and the 

piston its original pi>sition. When the pressure 

of the ateam exceeds that of the atmoaphere, 

the piston is driven outwards, and the spring 

compressed ; when the pressure of the ateam is 

less than that of the atmosphere, the piston is 

Yia, loix driven inwards, and the spring extended. The 

compression or extension of the spring indicates 

the diffefeuce, upward or downward, between the presaurs of tiie 

steam and that of the atmosphere. 

A abort arm, C, projecting from the indicator pieton-rod carries at 
(me side a pointer, B, which shews tbe pressure on a scale whose 
Bero denotes tbe prtgtwn of the atmoephere, and which is gradnated 
into pounds on the square inch both upwards and do\i %<irds 
from that zero. At the other side the short arm has & loiiger' arm 
jointed to it, carrying a pettpil, E. J 

F is a brass dmm, which rotates backward; and forward about a 
vertical axis, and which, when about to be used, is covered with a 
piece of paper called a " card." It in alternately pulled round in 
one direction by the cord H, which wraps on ^e pulley Q, and 
pulled back to its original position by a spring contained within 
itself. Tbe cord H is to be connected with the mechaniam of tbe 
steam engine in any convenient manner which shall ensure that 
the velocity of rotation of the drum shall at eveiy instant bear a 
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constant ratio to that of the steam engine piston : the back and 
forward motion of the surface of the drum representing that of the 
steam engine piston on a reduced scale. This having been done, 
and before opening the cock K, the pencil is to be placed in con- 
tact with the drum during a few strokes, when it will mark on the 
card a line which, when the card is afterwards spread out flat, 
becomes a straight line. This line, whose position indicates the 
pressure of the atmosphere, is called the atmospheric lm&. In fig. 
151 it is represented by A A. 

The cock K is opened, and the pencil, moving up and down 
with the variations of the pressure 
of the steam, traces on the card 
during each complete or double 
stroke a curve such as B C D E B. 
The ordinates drawn to that curve 
from any point in the atmospheric 

line, such as HK and H G, indi- 
cate the differences between the 
pressure of the steam and the at- 
mospheric pressure at the corre- pj<. 151^ 
spending point of the motion of the 

piston. The ordinates of the part B C D E represent the pres- 
sures of the steam during the forward stroke, when it is driving 
the piston, those of the part EB represent the pressures of the 
steam when the piston is expelling it from the cylinder. 

To found exact investigations on the indicator-diagrams of steam 
engines, the atmospheric pressure at the time of the experiment 
ought to be ascertained by means of a barometer; but this is 
generally omitted ; in which case the atmospheric pressure may be 
assumed at its mean value, being 14*7 lbs. on the square inch, or 
2116*3 lbs, on the square foot, at and near the level of the sea. 

Let AO = HF be ordinates representing the pressure of the 
atmosphere. Then F Y parallel to A A is the abachiU or true 
zero line of the diagram, corresponding to no preasu/re; and ordi- 
nates drawn to the curve from that line represent the absolute 
intensities of the pressure of steam. Let O B and L E be ordi- 
nates touching the ends of the diagram ; then 

O L represents the vokurM traversed by the piston at each single 
stroke ( = « A, where a is the length of the stroke and A the area 
of the piston); 

The area O B D E L O represents the energy exerted by the 
steam on the piston during the forward stroke; 

The area O B E L O represents the work lost in expellini; the 
steam during the return stroke; 

The area B D E B, being the difference of the aoove areas^ 

T 
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represents the effective work of the steam on the piston during the 
complete stroke. 

Those areas can be found by the rules of Article 34, page 
17; and the common trapezoidal rule, D, page 21, is in general 
sufficiently accurate. The number of intervsJs is usually ten, and 
of ordinates eleven. 

The meanforvKMrd pressu/re, the mean back presstMre, and the mean 
effective preasu/rej are found by dividing those three areas respec- 
tively by the volume 8 A, which is represented by O L. 

Those mean pressures, however, can be found by a direct process, 
without first measuring the areas, viz. : — ^having multiplied each 
ordinate, or breadth, of the area under consideration by the proper 
multiplier, divide the sum of the products by the sum of the 
multipliers, which process, when the common trapezoidal rule is 
used, takes the following form: add together the halves of the 
endmost ordinates, and the whole of the other ordinates, and 
divide by the number of intervals. That is, let &q be the first, b^ 
the last, and 6j, b^, &c., the intermediate breadths; then let n be 
the number of intervals, and b^ the mean breadth; then 



6«=~(^^ + 6i + 62+'tc.); (1.) 



and this represents the mean forward pressure, mean back pressure, 
or mean effective pressure, as the case may be. Let p, be the 
mean effective pressure; then the effective energy exerted by the 
steam on the piston during each double stroke is the product of 
the mean effective pressure, the area of the piston, and the length 
of stroke, or 

P.^s; (2.) 

and if N be the number of double strokes in a minute, the indicated 
povoer in/oot-potunds per minute, in a single-acting engine, is 

jo.ANa; (3.) 

from which the indicated horse-power is found by dividing by 33,000. 
In a dovhle-acting engine tiie steam acts alternately on either 
side of the piston ; and to measure the power accurately, two indi- 
cators should be used at the same time, communicating respectively 
with the two ends of the cylinder. Thus a pair of diagrams will 
be obtained, one representing the action of the steam on each face 
of the piston. The mean effective pressure is to be found as above 
for each diagram separately, and then, if the areas of the two feices 
of the piston are sensibly equal, the meam, of those two results is to 
be taken as the g&JMTol mean effective pressure; which being multi- 
plied by the area of the piston, the length of stroke, and tfwice the 
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miniber of double strokes or revolutions in a minute, gives the 
indicated power per minute^ that is to say, if ^ denotes the general 
mean effective pressure, the indicated power per minute is 

p" A'2N8; (4.) 

If the two faces of the piston are sensibly of unequal areas 
•(as in " trunk engines"), the indicated power is to be computed 
43eparately for each face, and the results added together. 

If there are two or more cylinders, the quantities of power 
indicated by their i*espective diagrams are to be added tos^ether. 

The reactions of the moving parts of the indicator, combined 
with the elasticity of the spring, cause oscillations of its piston. 
In order that the errors thus produced in the indicated pressures 
at particular instants may be as small as possible, and may 
neutralize each other's effects on the whole indicated power, the 
moving masses ought to be as small as practicable, and the spring 
as stiff as is consistent with shewing the pressures on a visible 
scale. In Bichard's indicator this is effected by the help of a train 
of very light linkwork, which causes the pencil to shew the move- 
ments of the spring on a magnified scale. 

The friction of the moving parts of the indicator tends on 
the whole to make the indicated power and indicated mean 
effective pressure less than the truth, but to what extent is un- 
certsAn. 

Every indicator should have the accuracy of the graduation of its 
scale of pressures frequently tested by comparison with a standard 
pressure gauge. 

The indicator may obviously be used for measuring the energy 
exerted by any fluid, whether liquid or gaseous, in driving a 
piston; or the work performed by a pump, in lifting, propelling, 
or compressing any fluid. 
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CHAPTER III. 
OP REGULATING APPARATUS. 

425. Regulating Apparatus Glassed— Brake — Fly — Governor.— 

The effect of all i*egulating apparatus is to control the speed of 
machinery. A regulating instrument may act simply by con- 
suming energy, so as to prevent acceleration, or produce re- 
tardation, or stop the machine if required; it is then called a 
brake; or it may act by storing surplus energy at one time, and 
giving it out at another time when energy is deficient: in this 
case it is called B.Jly; or it may act by adjusting the power of the 
prime mover to the work to be done, when it is called a governor. 
The use of a brake involves waste of power. A fly and a governor, 
on the other hand, promote economy of power and economy of 
strength. 

Section 1. — Of Brakes. 

426. Brakes Defined and Classed. — The contrivances here com- 
prehended under the general title of Brakes are those by means of 
which friction, whether exerted amongst solid or fluid particles, 
is purposely opposed to the motion of a machine, in order either ix> 
stop it, to retard it, or to employ superfluous energy during uniform 
motion. The use of a brake involves waste of energy, which is in 
itself an evil, and is not to be incurred unless it is necessary ix> 
convenience or safety. 

Brakes may be classed as follows : — 

I. Bhck'hrakes, in which one solid body is simply pressed against 
another, on which it rubs. 

II. Flexible brakes, which embrace the periphery of a drum or 
pulley. 

III. Fump-brakeSy in which the resistance employed is the 
friction amongst the particles of a fluid forced through a narrow 
passage. 

lY. Fan-brakes, in which the resistance employed is that of a 
fluid to a fan rotating in it. 

427. Action of Brakes in General. — The work disposed of by a 
brake in a given time is the product of the resistance which it pro- 
duces into the distance through which that resistance is overcome 
in a given time. 
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To Stop a machine, the brake must employ work to the amount 
of the whole actual energy of the machine, as already stated in 
Article 417. To retard a machine, the brake must employ work 
to an amount equal to the difference between the actual energies 
of the machine at the greater and less velocities respectively. 

To dispose of swrplus energy, the brake must employ work equal 

to that energy; that is, the resistance caused by the brake must 

balance the surplus effort to which the surplus energy is due; so 

that if n is the ratio which the velocity of i*ubbing of the brake 

bears to the velocity of the driving point, P, the swrplus effort at 

the driving point, and R the resistance of the brake, we ought to 

have-— 

P 
R = - (1.) 

It is obviously better, when practicable, to store surplus energy, 
or to prevent its exertion, than to dispose of it by means of a 
brake. 

When the action of a brake composed of solid material is long- 
continued, a stream of water must be supplied to the rubbing 
suifaces, to abstract the heat that is produced by the friction, 
according to the law stated in Article 402, page 252. 

428. Block-Brakes. — ^When the motion of a machine is to be 
controlled by pressing a block of solid material against the rim of 
a rotating drum, it is advisable, inasmuch as it is easier to renew 
the rubbing surface of the block than that of the drum, that the 
•drum should be of the harder, and the block of the softer material 
— the drum, for example, being of iron, and the block of wood. 
The best kinds of wood for this purpose are those which have con- 
siderable strength to resist crushing, such as elm, oak, and beech. 
The wood forms a facing to a frame of iron, and can be renewed 
when worn. 

When the brake is pressed against the rotating drum, the direc- 
tion of the pressure between them is obliquely opposed to the 
motion of the drum, so as to make an angle with the radius of the 
drum equal to the omgle of repose of the rubbing surfaces (denoted 
by ^; see page 154). The component of that oblique pressure in 
the direction of a tangent to the rim of the drum is the friction 
{B) ; the component perpendicular to the rim of the drum is the 
normal pressure (N) required in order to produce that friction, and 
is given by the equation 

N=|; (1.) 

/ being the coefficient of friction, and the proper value of R being 
determined by the principles stated in Article 427. 
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It is in general desirable that the brake should be capable of 
effecting its purpose when pressed against the drum by means of 
the strength of one man, pulling or pushing a handle with one- 
hand or one foot. As the required normal pressure N is usually 
considerably greater than the force which one man can exert, a 
lever, or screw, or a train of levers, screws, or other convenient 
mechanism, must be interposed between the brake block and th& 
handle, so that when the block is moved towards the drum, the 
handle shall move at least through a distance as many times greater 
than the distance by which the block directly approaches the drum, 
as the required normal pressure is greater than the force which 
the man can exert. 

Although a man may be able occasionally to exert with one- 
hand a force of 100 lbs., or 150 lbs., for a short time, it is desirable 
that, in working a brake, he should not be required to exert a force 
greater than he can keep up for a considerable time, and exert re- 
peatedly in the course of a day, without fatigue — that is to say, 
about 20 lbs. or 25 lbs. 

429. The Brakes of Carriages are usually of the class just de- 
scribed, and are applied either to the wheels themselves or to 
drums rotating along with the wheels. Their effect is to stop or to 
retard the rotation of the wheels, and make them slip, instead of 
rolling on the road or railway. The resistance to the motion, of a 
carriage which is caused by its brake may be less, but cannot be 
greater, than the friction of the stopped or retarded wheels on the 
road or rails under the load which rests on those wheels. The 
distance which a carriage or train of carriages will run on a level 
line during the action of the brakes before stopping, is found by 
dividing the actual energy of the moving mass before the brakes 
are applied, by the sum of the ordinary resistance and erf the addi- 
tional resistance caused by the brakes; in other words, that dis- 
tance is as many times greater than the height due to the speed aa 
the weight of the moving mass is greater than the total resistance. 

The akidy or slipper-drag, being placed under a wheel of a carriage, 
causes a resistance due to the friction of the skid upon the road or 
rail under the load that rests on the wheeL 



Section 2. — Of Fly-Wheelsl 

430. Periodical Fluctuations of Speed in a machine are cattsed 
by the alternate excess and deficiency of the energy exerted above 
the work performed in overcoming resisting forces, which produce 
an alternate increase and diminution of actual energy, according to 
the law explained in Article 413, page 262. 



PERIODICAL FLUCTUATIONS OF SPEED. 
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To determine the greatest fluctuation of speed in a machine 
moving periodically, take ABC, in fig. 152, 
to represent the motion of the driving point 
during one period ; lettheeffortP of the prime " 
mover at each instant be represented by the 
ordinate of the curve D G E I F; and let the 
sum of the resistances, reduced to the driving " 
point as in Article 398, at each instant, be 
denoted by R, and represented by the ordinate 
of the curve D H E K F, which cuts the former curve at the 
ordinates A D, B E, C F. Then the integral, 



Fig. 152. 



/(P-R)d«, 



being taken for any part of the motion, gives the excess or defi- 
ciency of energy, according as it is positive or negative. For the 
entira period ABC, this integral is nothing. For A B, it denotes 
an excess of energy received, represented by the area D G E H ; and 
for B C, an equal excess of work performed^ represented by the equal 
area E K F I. Let those equal quantities be each represented by 
A E. Then the actual energy of the machine attains a maximum 
value at B, and a minimum value at A and C, and A E is the 
difference of those values. 

Now let v^ be the mean velocity, v^ the greatest velocity, v^ the 
least velocity of the driving point, and 2 • w^ W the reduced inertia 
of the machine (see Article 405, page 257); then 






2n?W = AE;. 



.(1.) 



which, beiug divided by the mecm actual energy^ 



gives 



^•2««W = B^ 



t^-cj AE 



< 



(2.) 



and observing that v^ = {v^ + v^-h- 2, we find 

Vl - V, AE gr/^E 



.(3.) 



Vo 2 Ho t^Sw^W 

a ratio which may be called the coefficient ofJhbctuatUm of speed 
or of unsteadiness. 

The ratio of the periodical excess and deficiency of energy A E 
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to the whole energy exerted in one {wriod or reYolntion, f ^ dM, 

has been determined by €(eneral Morin for steam engines under 

▼arions circnmstancesy and found to be from -ttv ^ 7 ^^^' sin^e- 

cylinder engine& For a pair of engines driving the same shaft, 
with cranks at right angles to each other, the value of this ratio 
is about one-fourth, and for three engines with cranks at 120% 
one-twelfth of its value for single-cylinder engines. 

The following table of the ratio, A E -r- / Td s, for one revohtticn 

of steam engines of different kinds is extracted and condensed from 
General Morin's works : — 

NOH-EZPAKSITB EnGINBS. 

L ength of connecting rod ^ q (t k a 

Length of crank ~~ 

AE-hJFda = -105 -118 -125 -132 

Expansive Coitdensing Enoinbs. 
Connecting rod = crank x 5. 

Praction of Stroke at ) 111111 

which steam is cut off, / 3 4 5 6 7 8 

AE-<-/prf« = 163 173 -178 184 189 -191 

Expansive Non-Condensing Engines. 

«x X ^ X 1 1 1 1 

Steam cut on at ^ g 2 g 

A E H- |p rf « = -160 -186 -209 -232 

For double-cylinder expansive engines, the value of the ratio 
A E -i- J Fds may be taken as equal to that for single-cylinder 

non-expansive engines. 

For tools working cU iTUervaUy such as punching, slotting, and 
plate-cutting machines, coining presses, &c., A E is nearly equal to 
the whole work performed at each operation. 

431. Fly- Wheels. — A fly-wheel is a wheel with a heavy rim, 
whose great moment of inertia being comprehended in the 
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rednced moment of inertia of a machine, reduces tbe coefficient 
of fluctuation of speed to a certain fixed amount, being about .j^ for 

ordinary machinery, and eT^or ^ for machinery for fine purposes. 

Let — be the intended value of the coefficient or fluctuation of 
m 

«peed, and A E, as before, the fluctuation of energy. If this is to 

be provided for by the moment of inertia, I, of the fly-wheel alone, 

let a^ be its mean angular velocity ; then Equation 3 of Article 

430 is equivalent to the following :- 



j^^pAE. ^2^ 



the second of which equations gives the requisite moment of inertia 
of the fly-wheel. 

The fluctuation of energy may arise either from variations in the 
effort exerted by the prime mover, or from variations in the resist- 
ance, or from both those causes combined. When but one fly- 
wheel is used, it should be placed in as direct connexion as 
possible with that part of the mechanism where the greatest 
amount of the fluctuation originates; but when it originates at 
two or more points, it is best to have a fly-wheel in connection 
with each of those points. 

For example, let there be a steam engine which drives a shaft 
that traverses a workshop, having at intervals upon it pulleys for 
-driving various machine-tools. The steam engine should have a 
fly-wheel of its own, as near as practicable to its crank, adapted to 
that value of A E which is due to the fluctuations of the effort 
applied to the crank-pin above and below the mean value of that 
effort, and which may be computed by the aid of Greneral Morin's 
tables, quoted in Article 430 ; and each machine tool should also 
have a fly-wheel, adapted to a value of A E equal to the whole 
work performed by the tool at one operation. 

As the rim of a fly-wheel is usually heavy in comparison with 
the arms, it is often sufficiently accurate for practical purposes to 
take the moment of inertia as simply equal to the weight of the 
rim multiplied by the square of the mean between its outnde and 
inside radii — a calculation which may be expressed thus : — 

I = Wr2; (3.) 

whence the weight of the rim is given by the formula — 

^^ myAE ^ mgrAE 

if v' be the velocity of the rim of the fly-wheel. 



282 THEORY OF MACHINES. 

In millwork the ordinary values of the product mg^ the unit 
of time being the second, lie between 1,000 and 2,000 feet, or 
approximately between 300 and 600 metres. In pumping- 
machinery it is sometimes only about 300 feet, or 90 metres. 

The rim of the fly-wheel of a factory steam engine is very often 
provided with teeth, or with a belt, in order that it may directly 
drive the machinery of the factory. 

Section 3. — Op Governors. 

432. The Regulator of a prime mover is some piece of apparatus 
by which the rate at which it receives enei^ from the source of 
energy can be varied; such as the sluice or valve which adjusts 
the size of the orifice for supplying water to a water-wheel, the 
apparatus for varying the surface exposed to the wind by windmill 
sails, the throttle-valve which adjusts the opening of the steam pipe 
of a steam engine, the damper which controls the supply of air to 
its furnace, and the expansion gear which regulates the volume of 
steam admitted into the cylinder at each stroke of the piston. 

In prime movers whose speed and - power have to be frequently 
and rapidly varied at will, such as locomotives and winding 
engines for mines, the regulator is adjusted by hand. In other 
cases the regulator is adjusted by means of a self-acting instrument 
driven by the prime mover to be regulated, and called a Governor. 

The special construction of the different kinds of regulators is & 
subject for a treatise on prime movers. In the present treatise it 
is sufficient to state that in every governor there is a moving piece 
which acts on the regulator through a suitable train of mecl^ism^ 
and which is itself made to move in one direction or in another 
according as the prime mover is moving too fast or too slow. 

The object of a governor, properly so called, is to preserve a 
certain uniform speed, either exactly or approximately; and such 
is always the case in millwork. There are other cases, as in 
marine steam engines, where it may be considered sufficient to 
prevent sudden variations of speed, without preserving an uniform 
speed; and in those cases an apparatus may be used possessing 
only in part the properties of a governor : this may be called a 
fly-governor, to distinguish it from a governor proper. 

Governors proper may be distinguished into posUion-^ovemorSy 
disengagement-governors, and differential governors: a position-gov- 
ernor being one in which the moving piece that acts on the regu- 
lator assumes positions depending on the speed of motion, as in 
the common steam engine governor, which consists of a pair of 
revolving pendulums acting directly on a train of mechanism which 
adjusts the throttle- valve : a disengaging-governor being one which, 
when the speed deviates above or below its proper value, throws 
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the regulator into gear with one or other of two trains of 
mechanism which move it in contrary directions so as to diminish 
or iuciiease the speed, as the case may require, as in water-mill 
govei*nors; and a differential-governor being one which, by means 
of an aggregate combination, moves the regulator in one direction 
or in another with a speed proportional to the difference between 
the actual speed and the proper speed of the engine. 

In almost all governors the action depends on the centrifugal 
force exerted by two or more masses which revolve round an axis. 
By another classification, different from that which has already 
been described, govei*nors may be distinguished into gravity- 
govemoTSj in which gravity is the force that opposes the centrifugal 
force; and bcUanced-govemorSj in which the actions of gravity on 
the various moving parts of the governor are mutually balanced,, 
and the centrifugal force is opposed by the elasticity of a spring. 

Governors may be further distinguished into those which are 
truly isochronous — that is to say, which remain without action on 
the regulator at one speed only ; and those which are nearly 
isochronous — that is to say, which admit of some variation of the 
permanent or steady speed when the resistance overcome by the 
engine varies; and lastly, governors may be distinguished into- 
those which are specially adapted to one speed, and those which 
can be adjusted at will to different speeds. 

433. Pendulum-Governors. — A pendulum-governor is the simplest 
kind of gravity-governor. It has a vertical spindle, driven by the- 
engine to be regulated; and from that spindle there hang, at 
opposite sides, a pair of revolving pendulums, which, by the posi- 
tions that they assume at different speeds, act on the regulator. 

The relation between the height of a simple revolving pendulum, 
and the number of turns which it makes per second has already 
been stated in Article 336; but for the sake of convenience it 
may here be repeated : — Let h denote the height or altitude of the 
pendulum ( = H in fig. 153), and T the number of turns per 
second; then 

, _ gr -815 foot _ 9- 78 inches 0-248 m^tre . . . 

If the rods of the revolving pendulums are jointed, as in ^g^ 
154, not to a point in the vertical axis, but to a pair of points,, 
such as C, c, in arms projecting from that axis, the height is to be 
measured to the point O, where the lines of tension of the rods cut 
the axis.' 

In most cases which occur in practice, the balls are bo heavy, as- 
compared with the rods, that the height may be measured without 
sensible error from the level of the centres of the balls to the point 
O, where the lines of suspension cut the axi& This amounts tO' 
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neglectiiig the effects both of the weight and of the oentrifogal 
force of the rods. 

The ordinary steam engine governor invented by Watt, which 
is represented in fig. 153, is a position-govemor, and acts on the 







Fig. 154. 

regulator by means of the variation of its altitude, through a train 
-of levers and link work. That train may be very much varied in 
-detail. In the example shewn in the figure, the lever O C forms 
one piece with the ball-rod O B, and the lever O c with the ball- 
rod O 5; so that when the speed falls too low, the balls B, b, by 
approaching the spindle, cause the point £ to rise; and when the 
speed rises too high, the balls, by receding from the spindle, cause 
the point E to faU. At the point E there is a collar, held in the 
forked end of the lever E F, which communicates motion to the 
regulator. 

The ordinary pendulum-governor is not truly isochronous; for 
when, in order to adapt the opening of the r^ulator to different 
loads, it rotates with its revolving pendulums at different angles 
to the vertical axis, the altitude h assumes different values, corre- 
Bponding to different speeds. 

As in Article 431, let the utmost extent of fluctuation of the 
Rpeed of the engine between its highest and lowest limits be the 

fraction — of the mean speed; let h be the altitude of the governor 

<X)rre8ponding to the mean speed; and let k be the utmost extent 
of variation of the altitude between its smaller limit, when the 
regulator is shut, and its greater limit, when the regulator is full 
open. Then we have the foUowing proportion : — 
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and consequently 

h-m' ^^-^ 

434. Loaded Fendnlmn-Govemor. — From the balls of the com* 
mon governor, whose collective weight is (say) A, let there be 
hung by a pair of links of lengths equal to the ball-rods, a load 
B, capable of sliding up and down the spindle, and having its 
centre of gravity in the axis of rotation. Then the centrifugal 
force is that due to A alone; and the effect of gravity is that due- 
to A + 2 B ; for when the ball-rods shift their position, the load 
B moves through twice the vertical distance that the balls move 
through, and is therefore equivalent, to a double load, 2 B, acting 
directly on the balls. Consequently the altitude for a given speed 
is greater than that of a simple revolving pendulum, in the ratio 

2B 

1 + -^ ; a given absolute variation of altitude in moving the 

regulator produces a proportionate variation of speed smaller than 

A 

in the common governor, in the ratio -r — ^"x* > ^^^^ *^® governor 

is said to be more sensitive than a common governor, in the ratio of 
A : A + 2 B. Such is the construction of Porter's governor. 

The links by which the load B is hung may be attached, not 
to the balls themselves, but to any convenient pair of points in 
the ball-rods; the links, and the parts of the ball-rods to which 
they are jointed, always forming a rhombus, or equilateral par- 
allelogram. Let q be the ratio borne by each of the -sides of that 
rhombus to the length on the ball-rods from the centre of a ball 
to the point where the line of suspension cuts the axis; then in 
the preceding expressions 2 ^ B is to be substituted foi 2 B. 

In the ODe case 2 B, and in the other 2 g B, is the weight, 
applied directly at A, which would be statically eqrdvaleTU to the 
load B, applied where it is. 
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CHAPTER IV. 

OF THE EFFICIENCY AND COUNTER-EFFICIENCY OF PIECES, 
COMBINATIONS, AND TRAINS IN MECHANISM. 

435. Nature and Division of the Subject. — The terms Efficiency 
and Counter-efficiency have already been explained in Article 418, 
page 265; and the laws of friction, the most important of the 
wasteful resistances which cause the efficiency of a machine to 
be less than unity, have been stated in Articles 261 and 402, pages 
153 and 251. In the present chapter are to be set forth the effects 
of wasteful resistance, and especially of friction, on the efficiency 
and counter-efficiency of single pieces, and of combinations and trains 
of pieces, in mechanism. In practical calculations the counter- 
effifCiency is in general the quantity best adapted for use; because 
the useful work to be done in an unit of time, or effectvoe powery is 
in general given ; and from that quantity, by multiplying it by the 
counter-efficiency, of the machine — that is, by the continued product 
of the counter-efficiencies of all the successive pieces and combina- 
tions by means of which motion is communicated from the driving- 
point to the useful working-point — is to be deduced the value of the 
expenditure of energy in an unit of time, or total power, required 
to drive the machine. In symbols, let U be the useful work to be 
done per second; c, c', c", &c., the counter-efficiencies of the several 
parts of the train , T, the total energy to be expended per second ; 
iihen 

T = cc'c"<fec. ..XJ (1.) 

When the mean effi^rt required at the driving-point can con- 
veniently be computed by reducing each resistance to the driving- 
point, and adding together the reduced resistances (as in Article 
407, page 253, and Article 421, page 267), the ratio in which the 
actual effort required at the driving-point is greater than what the 
required effiDrt would be, in the absence of wasteful resistance, is 
expressed by the continued product of the counter-efficiencies of 
the parts of the train, as follows : let Pq be the effijrt required, in 
the absence of wasteful resistance; P, the actual effi3rt required; 
then 

P = cc'c"&c....Po; (2.) 

and in determining the efficiency or the counter-efficiency of a 
single piece, the most convenient method of proceeding often con- 
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«ists in compariDg together the efforts required to drive that piece, 
with and without friction, and thus finding the ratios 

P P 

Tp® = efficiency ; p- = counter-efficiency. (3. ) 

i -to 

In the ensuing sections of this chapter, the efficiency of single 
primary pieces is first treated of, and then that of the various 
modes of connexion employed in elementary combinations. 

Section 1. — Efficiency and Counter-efficiency of Primary 

Pieces. 

436. Efficiency of Primary Pieces in General — A primary piece 
in mechanism, moving with an uniform velocity, is balanced under 
the action of four forces, viz. : — 

I. The re-action of the piece which it drives : this may be called 
the UaefuL Resistance^ and denoted by R; 

II. The fjoeight of the piece itself: this may be denoted .by W3 

III. The ^ort by which the piece is driven: this may be 
•denoted by P; and its values with and without friction by Pq and 
Pj respectively; 

IV. The resultant pressure at the bearings, or hea/ring-presswre, 
which may be denoted by Q; and which of course is equal and 
directly opposed to the resultant of the first three forces. 

In the absence of friction, the bearing-pressure would be normal 
to the bearing surface. The effect of friction is, that the line of 
action of the bearing-pressure becomes oblique to the bearing- 
surface, making with the normal to that surface the angle of 
repose (^), whose tangent (/= tan ^) is the coefficient of friction 
(see Article 261, page 154); and the amount of the friction is 
expressed by Q sin p, or very nearly by f Q, when the coefficient 
of friction is small. 

In the class of problems to which this chapter relates, the first 
two forces — that is, the useful resistance R, and the weight W — 
are given in magnitude, position, and direction ; and in most cases 
it is convenient to find their resultant, in magnitude, position, and 
direction, by the rules of statics: that is to say, if the line of 
action of R is vertical, by Article 226, page 128; and if inclined, 
by the rules given or referred to in Article 209, page 122. In 
what follows, the resultant of the useful resistance and weight 
will be called the given force^ and denoted by R'. 

The third force — that is, the effort required in order to drive 
the piece at an uniform speed — is given in position and direction ; 
for its line of action is the line of connection of the piece under 
consideration with the piece that drives it. The magnitude of the 
effort is one of the quantities to be found. 

The fourth force — that is, the bearing-pressure — has to be found 
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in position, direction, and magnitade. The general principles 
according to which it is determined are the following : — 

Firsty That if the lines of action of the given force and the effort 
are parallel to each other, the line of action of the resultant 
bearing-pressure must be parallel to them both ; and that if they 
are inclined to each other, the line of action of the resultant 
bearing-pressure must traverse their point of intersection. 

Secondly, That at the centre of pressure, where the line of action 
of the resultant bearing-pressure cuts the bearing surfeices, it makes 
an angle with the common normal of those surfaces equal to their 
angle of repose, and in such a direction that its tangential 
component (being the friction) is directly opposed to the relative 
sliding motion of that pair of surfaces over each other. 

Thirdly, That the given force, the effort, and the bearing- 
pressure, form a system of three forces that balance each other ;. 
and are therefore proportional to the three sides of a triangle 
parallel respectively to their directions. 

437. Efficiency of a Straight-sliding Piece.— In fig. 155, let A A 
be a straight guiding-surface, upon which there slides, in the direo- 




» 



Fig. 155. 

tion marked by the feathered arrow, the moving piece B. Let 
D represent the given force, being the resultant of the useful 
resistance and of the weight of the piece B. (The figure shewa 
the motion of B as horizontal; but it may be in any direction.) 
Let C J be the line of action of the effort by which the piece B i» 
driven. 

Praw C N perpendicular to A A; and C F making the angle 
N C F = the angle of repose. Through D, parallel to C J, draw 
the straight line D H Q, cutting C N in H, and G F in Q; and 
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through H and Q, and parallel to D C, draw H K© and Q Kj, 
cutting C J in Ko and Ki respectively. Produce H to H', and 
Q C to Q;, making C H' = H C, and C Q' = Q C. 

Then, in the absence of friction, C H' will represent the resultant 
bearing-pressure exerted upon B by A A ; and C K© = I) H will 
represent the force in the given direction C J required to drive B 
at an uniform speed; and when frictiop is taken into account, Q' 
will represent the resultant bearing-pressure, and C Ki the actual 
driving force required ; and we shall have 

the efficiency = 7^^P^j and the counter- efficiency = ^^-—^ 

If from D, Ko, and Kj there be let fall upon A A the perpen- 
diculars D R, Ko P©, and Kj Pj, C R will represent the direct 
resistance to the advance of B; C P©, the direct effort in the 
absence of friction; and C Pi, the direct effort taking friction into 
account; so that the distance Fq Pj will represent the friction 
itself; which is also represented by Q N perpendicular to C N. 

To express these results by symbols, let (J D = R' (the given 
force); let the acute angle A C D be denoted by a, and the acute 
angle A C J by /S; and let ^ denote the angle of repose N C Q. 

Then, in the triangle C D H, we have ZBCH = ^ - «, and 
CHD = ^-/8; and in the triangle C Q D, we have Z DCQ 
= 9 " • + ^> ^^^ ^ Q D =-^ - fi " p; consequently 
DH=R'^^';DQ = R'-^^^J; 

C08/3^ ^ cos(/3+^)' 

whence it follows that the efficiency and counter-efficiency are 
given by the following equations : — 

«,^ . Po D H cos « • cos (^ + ^) 1 -/tan & .. ^ 

^"'^^"y = P,= D^=cos/5-cos(«-^) = n7tiii~- (1.) 

Counter-efficiency = ^ = ^ tytan^ ^^'^ 

It is to be remarked, that the efficiency diminishes to nothing 
when cotan fi =/; that is to say, when /3 is the complement of the 
angle of repose, ^. In other words, if the oblique effort is applied 
in the direction C Q, no force, how great soever, will be sufficient 
to keep the piece B in motion. 

438. Efficiency of an Axle. — In fig. 156, let the circle AAA 
represent the trace of the bearing-surface of an axle on a plane 
perpendicular to its axis of rotation, O — in other words, the trans- 
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verse section of that surfitce. Let the arrow near the letter N 
represent the direction of rotation. Let C D be the given force ; 
that is, as before, the resultant of the weight of the whole piece 
that rotates with the axle, and of the useful resistance or re-action 
exerted on that piece bj die piece which it drives ; J, the line of 
action of the effort by which the rotating piece is driven. 




Vv'V 







\ 



Fig. 156. 

Let r denote the radius of the bearing-surface. 

About O describe the small circle B B, with a radius = 
r sin ^=/r, very nearly. Draw the line of action, T Q, of the 
resultant bearing-pressure, touching the small circle at that side 
which will make the bearing-pressure resist the rotation. In the 
case in which C D and C J intersect each other in a point, C, as 
shewn in the figure, C T Q will traverse that point also; and in 
the case in which the lines of action of the given force and the 
effort are parallel to each other, C T Q will be parallel to both. 
The centre of bearing-pressure is at Q; and O QT = f, the angle 
of repose. 

In the former case the efficiency may be found by parallelo- 
grams of forces, as follows : — Draw the straight line CON; this 
would be the line of action of the resultant bearing-pressure in the 
absence of friction, and N would be the centre of bearing-pressure. 
Through D, parallel to C J, draw D H E, cutting C O N in H, 
and C T Q in E. Through H and E, parallel to D C, draw H P^ 
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and E Pi. Then, in the absence of friction, H C would represent 
the bearing-pressure, and CPo = DH the effort; the actual bear- 
ing-pressure is represented by B C, and the actual effoH by C Pj = 
D E. Hence the efficiency and counter-efficiency are as follows : — 

Po_D_HP,_DE 

Another method, applicable whether the forces are inclined or 
parallel, is as follows : — From the axis of rotation O, let fall O Lq 
and O Mq perpendicular respectively to the lines of action of the 
given force and of the effort. Then, by the balance of moments, 
the effort in the absence of friction is 

^^"^ OMo" 

From a convenient point in the actual line of action, Q, of 
the bearing-pressure (such, for example, as T, where it touches the 
small circle B B), let fall T L^ and T M^ perpendicular respec- 
tively to the same pair of lines of action; then the actual effort 
will be 

Hence the efficiency and the counter-efficiency have the following 
Talue :— 

Pq OLq TMi ] 
Pi Mo • T Li ' 

^^OMo^TLi 
Po 01^ TMi' 

The same results are expressed, to a degree of approximation 
sufficient for practical purposes, by the following trigonometrical 
formulflB:— -Let OLo = ^; OMQ = m; zCOLo = »; ZOOMo=/e. 
Then we have, very nearly, 

fr 
T> 7 X • ^ 1- — 'sin/S 
"o_ ^ , wt -/ r sm /8 _ m /«v 

Ti~m I +fr sin « - _ fr ] ^ '^ 

l+-y-*sm« 

In making use of the preceding formula, it is to be observed 
that the c(mtra/n/ algebraical signs of sin a and sin 3 apply to those 
oases in which tjie two angles » and fi lie at contrary sides of O C. 
In the cases in which those angles lie at the same side of O C, their 
:algebraical signs are the same; and in the formula they are to be 



.(2.) 
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made both positive or both negative^ according as /3 is less or greaJber 
than «; so that the efficiency may be always expressed by a fiuo- 
tioQ less than unity. That is to say, 

PI - ■ - Bin /3 
m 



If/S>«;^;=_^__. (3 A.) 



1 -*~- sin » 

V 

1 + -- sm « 

When the lines of action intersect, let O C be denoted by c^ 
then I = c cos », and m = c cos /S; and consequently the three 
preceding equations take the following form ; — 

/S and « of contrary signs; p^= ^ ; (4.) 

^1 l4-<-tan« 
e 

fi and a of the same sign; 

l--^tan^ 

i8>-;^= ~ ; (4a.> 

1 tan « 



1 + ~ tan /8 



^1 i> 



^<-i^-=— ^: ; (^B.) 



1 +*^ tan « 
c 

When the lines of action of the forces are parallel, we have sin $> 
and sin »= +1 or— 1, as the case may be; and the formulas 
take the following shape : — 

When I and m lie at contrary sides of O, the piece is a " lever 
of the first kind; '' and 

Pi ry^ <^> 

When I and m lie at the same side of O ; 
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If m > /, the piece is a " lever of the second kind; " and 



f:-7^ <»-) 



.(5a) 



If 97» < /, the piece is a '* lever of the third kind;" and 

¥^"~7~/~r 

(As to levers of the first, second, and third kinds, see Article 
184, page 108.) 

The following method is applicable whether the foitses are inclined 
or parallel; in the former case it is approximate, in the latter 
exact. Through O, perpendicular to O C, draw U O Y, cutting 
the lines of action of the given force and of the effprt in XJ and Y 
respectively. The point where this transverse line cuts the small 
circle B B coincides exactly with T when the forces are parallel, 
and is very near T when they are inclined ; and in either case the 
letter T will be used to denote that point. Then 



Po_OU TV 
Pa O V ■ T U* 



(6.) 



It is evident that with a given radius and a given coefficient of 
friction, the efficiency of an axle is > the greater the more nearly 
the effi^rt and the given force are brought into direct opposition to 
each other, and also the more distant their lines of action are from 
the axis of rotation. 

439. Efficiency of a Screw. — ^The efficiency of a screw acting as 
A primary piece is nearly the same with that of a block sliding on 
a straight guide, which represents the development of a helix situated 
midway between the outer and inner edges of the screw-thread ; . 
the block being acted upon by forces making the same angles with 
the straight guide that the actual forces do with that helix. As to 
the development of a helix, see Article 160, page 94; and as to the 
efficiency of a piece sliding along a straight guide, see Article 437, 
page 288. 

Section 2, — Efficiency and Counter-efficiency of Modes of 

Connection in Mechanism. 

440. Efficiency of Modes of Connection in General. — ^In an ele- 
mentary combination consisting of two pieces, a driver and a 
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follower^ there is always some work lost in overcoming wasteful 
resistance occasioned by the mode of connection ; the resalt being 
that the work done by the driver at its working-point is greater 
than the work done upon the follower at its driving-point, in a 
proportion which is the counter-efficiency of the connection ; and the 
reciprocal of that proportion is the efficiency/ of the coTmection. In 
calculating the efficiency or the counter-efficiency of a train of 
mechanism, therefore, the factors to be multiplied together comprise 
not only the efficiencies, or the counter-efficiencies, of the several 
primary pieces considered separately, but also those of the several 
modes of connection by which they communicate motion to each 
other. 

441. Efficiency of Rolling Contact — ^The work lost when one 
primary piece drives another by rolling contact is expended in 
overcoming the rolling reeistcmce of the pitch-surfaces, a kind of 
resistance whose mode of action has been explained in Article 402, 
page 251 ; and the value of that work in units of work per second 
is given by the expression a 6 N ; in which N is the normal pressure 
exerted by the pitch-surfaoes on each other; b, a constant arm, of a 
length depending on the nature of the sur£su^s (for example 0*002 
of a foot = 0*6 millimetre for cast iron on cast iron, see page 252); 
and a the relative angular velocity of the surfiEtces. 

The useful work per second is expressed by t6/N, in which y is 
the coefficient of friction of the surfaces, and u the common velocity 
of the pitch lines. Hence the counter-^ldency is 

c = l+— ->M (1.) 

Let />! and f^ be the lengths of two perpendiculars let fall from 
the two axes of rotation on the common tangent of the two pitch* 
lines; if the pieces are circular wheels, those perpendiculars will 
be the radii Then the absolute angular velocities of the pieces 

are respectively - and ; and their relative angular velocity i» 

therefore 



^\V\ w' 



which value being substituted in Equation 1, gives for the counter- 
efficiency the following value : — 



c=l + l(i+i\ (2.) 



It is assumed that the normal pressure is not greater than is 
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necessary in order to give sufficient friction to communicate the 
motion. 

It is evident, from the smallness of b, that the lost work in this 
case must be almost always a very small fraction of the whole. 

442. Efficiency of Sliding Contact in General.— In fig. 157, let T 
be the point of contact of a pair of 
moving pieces connected by sliding 
contact. Let the plane of the figure 
be that containing the directions of 
motion of the two particles which 
touch each other at the point T ; and 
let T V be the velocity of the driving- 
particle, and T W the velocity of the 
following partide ; whence V W will 
represent the velocity of sliding, and 
T XJ, perpendicular to V W, the 
common component of the velocities 
of the two particles along their line of 
connection R T P. C T C, parallel to 
V W, and perpendicular to R T P, is 
a common tangent to the two acting 
surfaces at the point T ; the arrow A. 
rej)resents the direction in which the 
driver slides relatively to the follower; 
and the arrow B, the direction in 
which the follower slides relatively to 
the driver. 

Along the line of connection, that is, normal to the acting sur- 
faces at T, lay off T P to represent the effort exerted by the driver 
on the follower, and TH(=-TP)to represent the equal and 
opposite useful resistance exerted by the follower against the driver. 
Draw S T Q, making with It T P an angle equal to the angle of 
repose of the rubbing surfaces, (see Article 261, page 154), and 
inclined in the proper direction to represent forces opposing the 
sliding motion; draw P Q and R S parallel to C C. Then T Q 
will represent the resultant pressure exerted by the driver on the 
follower, and T S ( = — T Q), the equal and opposite resultant 
pressure exerted by the follower against the driver, and P Q = - R S 
will represent the friction which is overcome, through the dis- 
tance Y W, in each second ; while the useful resistance, T R, 
is overcome through the distance T TJ. Hence the useful work 
per second is T U • T R; the lost work is V W • R S; and the 
counter-efficiency is 




Kg. 157. 



c = 1 + 



y WR S 

T U • T R* 



.(1.) 



296 THEORY OF MACHINES. 

Let the angle UTV = «, the angle XJ T W = ft and let/be the 
coefficient of friction. Then we have — 

-^Tg =?tan« + tani8j j^=/; 

and consequently 

c = l+/(tan« + tan /3) (2.) 

443. Efficiency of Teeth. — It has already been shewn, in Article 
148, page 87, that the relative velocity of sliding of a pair of 
teeth in outside gearing is expressed at a given instant by 

where t denotes the distance at that instant of the point of contact 
from the pitch-point. (In inside gearing the angular velocity of 
the greater wheel is to be taken with the negative sign.) 

The distance t is continually varying from a maximum at the 
beginning and end of the contact, to nothing at the instant of 
passing the pitch-point. Its Tnean valtie may be assumed, with 
sufficient accuracy for practical purposes, to be sensibly equal 
to one-half of its greatest value ^ and in the formulas which 
follow, the symbol t stands for that mean value. 

Let P be the mutual pressure exerted by the teeth; J] the 
coefficient of friction; then the work lost per second through 
the friction of the teeth is 

(oi + aa) tf P. 

Let u be the common velocity of the two pitch-circles ; 6 , the 
Tnecm obliquitt/ of the line of connection to the common tangent of 
the pitch-circles ; then u cos ^ is the mean value of the common 
component of the velocities of the acting surfaces of the teeth along 
the line of connection ; and the useful work done per second is 
expressed by 

P u cos 6. 

80 that the counter-efficiency is 

o=i+(?L±^. : (1.) 

U COS » ^ ' 

Let rj and r^ be the radii of the two pitch circles; then we have 

u u 

and consequently 

c-l+/«8ece{i + i} (2.) 
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If two pairs of teeth at least are to be in action at each instant 
(as in the case of involute teeth, and of some epicycloidal teeth ), 

and if the pitch be denoted hj p^ we have ^ see e = k; &nd therefore 



c.x.-q 



{-+^V = l + »/(~ + i}-; (3.) 



where Wj and w, are the number of teeth in the two wheels. 

In many examples of epicycloidal teeth, especially where small 

2 3 
pinions are used, the duration of the contact is only ^ or j of that 

assumed in Equation 3; and the work lost in friction is less in the 
43ame proportion. 

444. Efficiency of Bands. — ^A band, such as a leather belt or a 
hempen rope, which is not perfectly elastic, requires the expenditure 
of a certain quantity of work — first to bend it to the curvature of 
a pulley, and then to straighten it again ; and the quantity of work 
so lost has been found by experiment to be nearly the same as 
would be required in order to overcome an additional resistance, 
varying directly as the sectional area of the band, directly as its 
tension, and inversely as the radius of the pulley. In the follow- 
ing formulae for leather belts, the stiffness is given as estimated by 
Keuleaux (JJcmatrv^sticmalehTefur Maachinenbau, § 307). 

Let T be the mean tension of the belt) S, its sectional area; 
r, the radius of the pulley; 6, a constant divisor determined by 
experiment; R', the resistance due to stifiness; then 

«'=!? (!•) 

b (for leather) = 34 inch = 87 millimetres. 

To apply this to an endless belt connecting a pair of pulleys of 
the respective radii rj and r^, let Ti and Ta be the tensions of the 
two sides of the belt Then the useful resistance is Tj - Tj . the 

T + T 

mean tension is -^r — ^; and the additional resistance due to 

stiffness is 

Ti + T.S/l 1) 

consequently the counter-efficiency is 

, Ti + Tj S fl 1 ) 

2(N-l)6tri*r,J' 
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N denoting ~. The sectional area, S, of a leather belt is given 

by the formula 

S=|j (3.) 

where p denotes the safe working tension of leather belts, in unit» 
of weight per unit of area; its value being, according to Morin, 

0*2 kilogramme on the square millimetre, or 
285 lbs. on the square inch. 

The ordinary thickness of the leather of which belts are made is 
about 0*16 of an inch, or 4 millimetres; and from this and from 
the area the breadth may be calculated. A double belt is of double 
thickness, and gives the same area with half the breadth of a single 
belt. 

When a band runs at a high velocity, the cemi/nfug<d UftmoUy 
or tension produced by centrifugal force, must be added to the 
tension required for producing friction on the pulleys, in order to 
find the total tension at either side of the band, with a view to 
determining its sectional area and its stii&iess. The centrifugal 
tension is given by the following expression : — 

; (4.) 

in which to is the heaviness (being, for leather belts, nearly equal to 
that of water); S, the sectional area; v, the velocity; and g^ gravity 
( = 32*2 feet, or 9*81 metres per second). 

When centrifugal force is taken into consideration, the following 
formula is to be used for calculating the sectional area; T^ being 
the tension at the driving-side of the belt, exdv^sive of centrifugcU 

T 

^ ^; (6.) 

and the following foionula for the counter-efficiency : — 

2tot?* 



Ti + T,+ 



c = l + 



■i{^^.} <«•) 



2(T,-T^ 

I 

For calculating the efficiency of hempen ropes used as bands, it 
is unnecessary in such questions as that of the present article to 
use a more complex formula than that of Eytelwein — viz., 

D^T 

R'-^J (7.) 
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where D is the diameter of the rope, and V - 54 millimetres » 

2*125 inches. 

D* S 

In all the formulas, -rr is to be substituted for -j-. The proper 

value of D^ is given by the formula 



D2 



~ ZTy 



P 



.(8.) 



where p' = 1,000 for measures in inches and lbs. ; and 

p' = 0*7 for measures in millimetres and killogrammes. 
445. Efflciency of Linkwork.— In fig. 158, let C^ T^, Cg Tg be two 
level's, turning about parallel axes at Cj and C^ and connected with 
each other by the link T^ T^ ; Ti and T^ being the connected points. 




J^y 



Fig. 158. 



The pins, which are connected with each other by means of tho 
link, are exaggerated in diameter, for the sake of distinctness. Let 
C^ Tj be the driver, and Cg Tg the follower, the motion being as 
shewn by the arrows. From the axes let fall the perpendiculars 
^1 ^19 ^2 ^31 upon the line of connection. Then the angular 
velocities of the driver and follower are inversely as those perpen- 
diculars; and, in the absence of friction, the driving moment of the 
first lever and the working moment of the second are directly as 
those |>erpendiculars ; the driving pressure being exerted along the 
line of connection T^ Tg. Let Mg be the working moment ; and 
let Mq be the driving moment in the absence of friction ; then we 
have 
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To allow for the friction of the pins, multiply the radius of each 
pin by the sine of the angle of repose ; that is, very nearly by the 
coefficient of friction ; and with the small radii thus computed, 
Ti Ai and Tj Aj, draw small circles about the connected points. 
Then draw a straight line, Q^ A^ B^ Qs A^ B,, touching both the 
small circles, and in such a position as to represent the line of 
action of a force that resists the motion of both pins in the eyes of 
the link. This will be the line of action of the resultant force 
exerted through the link. Let fall upon it the perpendiculars 
Ci Qi, Cj Qa; these will be proportional to the actual driving 
moment and working moment respectively; that is to say, let M,^ 
be the driving moment, including friction; then 

Comparing this with the value of the driving moment without 
fiiction, we find for the counter-efficiency 

M,_ C,Q,C.P, . 
"-Mo-C^Q^C,?-' ^^f 

and for the efficiency 

c"Mi"CiQrCjP; ^^'^ 

446. Efficiency of Blocks and Tackle.— (See Articles 181, 182, 
pages 105 and 106.) — In a tackle composed of a fixed and a running 
block containing sheaves connected together by means of a rope, let 
the number of plies of rope by which the blocks are connected with 
«ach other be n. This is also the collective number of sheaves in 
the two blocks taken together, and is the number expressing the 
jturcJiase, when friction is neglected. 

Let c denote the counter-efficiency of a single sheave, as depend- 
ing on its friction on the pin, according to the principles of Article 
373, page 290. Let c' denote the counter-efficiency of the rope, 
when passing over a single sheave, determined by the principles 

of Article 444, the tension being taken as nearly equal to — ; 

where R is the useful load, or resistance opposed to the motion of 
the running block. B -h ^ is also the effort to be exerted on the 
hauling part of the rope, in the absence of friction. Then the 
<5ounter-efficiency of the tackle will be expressed approximately by 

(cc')"; (1.) 

«o that the actual or effective purchase, instead of being expressed 
by n, will be expressed by 

n{cc')-'' (2,) 
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447. Efficiency of Connection by means of a Flnid. — When 
motion is commuDicated from one piston to another by means of an 
intervening mass of fluid, as described in Articles 185 to 188, 
pages 110 and 111, the efficiencies and counter-efficiencies of the two 
pistons have in the first place to be taken into account; that is 
to say, with ordinary workmanship and packiug, the efficiency of 
each piston maybe taken at 0*9 nearly; while with a carefully 
made cupped leather collar the counter-efficiency of a plunger may 
be taken at the following value : — 

'-T^ (>•) 

in which d is the diameter of the plunger; and h a constant, whose 
value is from O'Ol to 0*015 of an inch, or from 0*25 to 038 of a 
millimetre. For if c be the circumference of the plunger, and p 
the eflective pressure of the liquid, the whole amount of the pres- 
sure on the plunger is '^-j— i and the pressure required to overcome 

the friction ia pcb. 

The efficiency and counter-efficiency of the intervening mass of 
fluid remain to be considered; and if that fluid is a liquid, and 
may therefore be regarded as sensibly incompressible, these quan- 
tities depend on the work which is lost in overcoming the resist- 
ance of the passage which the liquid has to tittverse. 

To prevent unnecessary loss of work, that passage should 
be as wide as possible, and as nearly as possible of uniform 
transverse section; and it should be free from sudden enlarge- 
ments and contractions, and from sharp bends, all necessary 
enlargements and contractions which may be required beiog made 
by means of gradually tapering conoidal parts of the passage, 
and all bends by means of gentle curves. When those conditions 
are fulfilled, let Q be the volume of liquid which is forced through 
the passage in a second; S, the sectional area of the passage; 
then, 

«'=|, (2.) 

is the velocity of the stream of fluid. Let h denote the wetted 
border or circumference of the passage; then, 

»»-^, (3.) 

is what is called the hydratdic mean depth of the passaga In a 
cylindrical pipe, m ^ ^ diameter. Let I be the length of the 
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))assage, and w the heaviness of the liquid. Then the loss of pres- 
4Bure in overcoming the friction of the passage is 

P-in-Tg-^ <*•) 

in which g denotes gravity, and / a coefficient of friction whose 
value, for water in cylindrical cast-iron pipes, according to the 
•experiments of Darcy, is 



/=0006(l+j^^);» (5.) 



d being the diameter of the pipe in feet. 

Let p be the pressure on the driven or following piston ; then 
the pressure on the driving piston is p •¥ p*; and the caunteri 
effid&ncy of the fiuid is 

1 + ^5 (6) 

which, being multiplied by the product of the counter-efficiencies 
of the two pistons, gives the covMer-efficieTicy of ike irUervemng 
liquid. 

When the intervening fluid is air, there is a loss of work 
through friction of the passage, depending on principles similar to 
those of the friction of liquids ; and there is a further loss through 
the escape by conduction of the heat produced by the compression 
of the air. 

The friction which has to be oyercome by the air. and which 
causes a certain loss of pressure between the compressing pumps 
and the working machinery, consists of two parts, one occasioned 
by the resistance of the valves, and the other by the friction along 
the internal surface of pipes. 

To ovei^come the resistance of valves, about five per cenL of the 
•effective pressure may be allowed. 

The friction in the pipes depends on their length and diameter, 
and on the velocity of the current of air through them. It is 
nearly proportional to the square of the velocity of the air. 

A velocity of about forty feet per second for the air in its com- 
pressed state has been found to answer in practice. The diameter 
of pipe required in order to give that velocity can easily be com- 
puted, when the dimensions of the cylinders of the machinery to be 
driven, and the number of strokes per minute, are given. 

When the diameter of a pipe is so adjusted that the velocity of 
the air is 40 feet per second, the pressure expended in overcoming 
its friction may be estimated at one per cent, of the total or absolute 

1 25*4 

* When the diameter is expressed in millimetres, for^^-^ substitute — j-* 
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presau/te of the amy for efoery fioe hwndred dia/meters qf the pipe thcut 
its length contains. 

Although the abstraction from the air of the heat produced by 
the compression involves a certain sacrifice of motive power (say 
from 30 to 35 per cent.) still the effects of the heated air are so 
inconvenient in practice, that it is desirable to cool it to a certain 
extent during or immediately after the compression. This may be 
effected by injecting water in the form of spray into the com- 
pressing pumps; and for that purpose a small forcing pump of 
about Y^th of the capacity of the compressing pumps has been 
found to answer in practice. The air may thus be cooled down to 
about 104" Fahr. or 40* Cent. 

The factor in the counter-efficiency due to the loss of heat 
expresses the ratio in which the volume of air as discharged from 
the compressing pump at a high temperature is greater than the 
volume of the same air when it reaches the working machinery at 
a reduced temperature; which ratio may be calculated approxi- 
mately by taking two-sevenths of the loga/rithm of the absolute 
working presstire of the compressed adr in a/tmosphereSy andfindiv^g 
the corresponding noMral number. That is to say, let p^ denote 
one atmosphere ( = at the level of the sea 14*7 lbs. on the square 
inch, or 10,333 kilogrammes on the square m^tre); let jt^ be the 
absolute working pressure of the air, so that jOj-j^o is the effective 
pressure ; then the counter-efficiency due to the escape of heat is, 




(7.) 



From examples of the practical working of compressed air, 
when used to transmit motive power to long distances, it appears 
that in order to provide for leakage and various other imperfec- 
tions in working, the capacity of the compressing pumps should be 
very nearly double of the net volume of uncompressed air required; 
and it has also been found necessary, in working the compressing 
pumps, to provide from three to four times the power of the 
machinery driven by the compressed air. 
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Absolute unit of force, 213. 
Acceleration, work o^ 252. 
Accelerating effect of gravity, 213. 

force, 213. 

impulse, 207. 
Action and re-action, 115. 
Actual energy, 207. 
Addendum of a tooth, 81. 
Aggregate combinations, 73; 1152. 
Ansle of repose, 154. 

of rotation, 48. 
Angular impulse, 220. 

momentum, 219, 228. 

momentum, conservation o^ 220. 

momentum and angular impulse 
relation of, 220. 

velocity, 48. 

velocity, variation o^ 63. 
Arch, line of pressures in, 177. 
Arcs, measurement of, 2^ 24. 
Areas, centre of^ 26. 

mensuration of, 16, 17. 
Axis, instantaneous, 55. 

of rotation, 47, 48. 
Axle, strenjQrth o^ 187 

torsion o^ 187. 
Axles and shafts, eflSciency o( 289. 

friction of (see Efficiency). 

Balance, 31, 118. 

of any system of forces, 135, 136, 
137. 

of any system of forces in one 
plane, 134. 

of chain or cord, 174. 

of couples, 126. 

of forces in one line, 118. 

of inclined forces, 122. 

of parallel forces, 131, 132. 

of structures, 157. 
Balanced forces, motion under, 210. 
Bands, classed, 97. 

connection by, 72, 97, 98. 

efficiency oi^ 297. 

len^h of, 99. 

motion o^ 97. 

principle of connection by, 97. 
Bar. 158. 



Beam, 158. 

allowance for weight of, 200. 

limiting length 0^200. 

in linkwork, 101. 
Bearings, 71. 

friction o^ 251. 
Belt, with speed cones, 100. 
Bending moment, at a series of seo- 

tions, 193. 
Bending moment, greatest, 194. 
Bending moments, calculation o( 

190. 
Bending, resistance to, 189. 

moment of, 190. 
Bevel-wheels (see Wheels). 
Blocks and tackle, 105. 

efficiency of^ 300. 
Blocks, stability of a series o^ 158, 

175. 
Bodies, 30. 

rigid, 47. 
Bracing of frames, 166, 167, 168. 
Brake, 241. 
Brakes, 276. 

block, 277. 
Bulkiness, 121. 
Buoyancy, centre o^ 121. 

Cam or Wiper, 92. 
Centre of area, 26. 

of a curved line, 27. 

of a plane area, 26. 

of buoyancy, 121. 

of gravity, 121, 140. 

of magnitude, 25, 26, 27, 28, 29. 

of mass, 207. - 

of oscillation or percussion, 208, 
227. 

of parallel forces, 119, 133. 

of pressure, 121. 

of resistance, 176. 

of special figures, 28. 

of volume, 27. 
Centrifugal force, 207 (see also De- 

viatmg Force). 
Chains, equilibrium of, 158, 174. 
Channel, 68. 
Cinematics, 31. 
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Cinematics, principles of^ 33. 
Circle, involute of (see Involute). 

area of^ 21. 
Circular arcs, measurement of^ 23. 
Circular measure, 8. 
sector, area of^ 22. 
arcs, length o^ 23, 24. 
CUck, 105. 

Coefficient of stiffness, 183. 
of elasticity, 184. 
of Dliability, 183. 
Cog, bunting, 83. 
CoUar, friction o^ 251. 
Collision, 208, 221. 
Combinations, aggregate (see Aggre- 
gate). 
elementary (see Elementary). 
Com^iarative motion, 38, 45, 50, 63. 
Components, 123. 
of motion, 35. 
of varied motion, 40. 
Compression, resistance to, 202. 
Cones, pitch (see also Wheds, bevel), 
rolling, 63. 
speed, 100. 
Connected points, motion o( 102. 
Connecting-rod, 101 (see Linkwork). 
Connection, line o^ 73. 

principle of, 73. 
Connectors, 71. 

Conservation of energy, 206, 260. 
of angular momentum, 220. 
of momentum, 219. 
Continued fractions, 2. 
Continuity, equations o^ in liquids, 

67, 69. 
Contracted vein, 233. 
Contraction, coefficient of, 233. 
Cord, equilibrium of^ 158, 174. 
guided by surfaces of revolution, 

66. 
motion o^ 65. 
Counter-efficiency, (see Efficiency). 
Coupled parallel shafts, 101. 
Couples, 118, 119. 
equivalent, 125. 
parallelogram of^ 126. 
polygon of, 126. 
resultant o£, 125. 
with parallel axes, 126. 
Coiipling, double. Hookers, 105. 
Hooke's, 104. 
Oldham's, 96. 
Coupling-rod, 101 (see Linkwork). 
Crank-rod, 101 (see Linkwork). 
Ooiw-brpakinc rAsiRtancf^ tn IftO 



Crushing, direct resistance to, 202. 
Curved mies, measurement o^ 23. 
Curves, measurement of the length 

o^ 23, 24, 25. 
Cydoid, 55. 
Cylinders, strength of, 186, 187. 

Dead points in linkwork, 101. 

Dead load, 180. 

Density, 120. 

Deviating force,. 207, 216. 

in terms of angular velocity, 217* 
Deviation (of motion), uniform, 44. 

varying, 45, 
Differential and integral calculus, 10. 

coefficients, 11, if 

calculus, geometrical illustration 
o^ 12. 
Direction, fixed and nearly fixed, 

33. 
Directional relation, 38. 
Distributed forces, 119, 120, 140. 

loads, 160. 
Driving-point, 242. 
Dynamics, 32. 

general equations o^ 211. 
D^mmometer, 271. 

Eccentric, 103. 

' rod, 101. 
Effect and power, 241, 266. 
Efficiency and counter-efficiency, 
241, 265, 286. 
of a machine, 265, 266. 
of a shi^ or axle, 289. 
of a sliding piece, 288. 
of modes oi connection in mechan- 
ism, 293. 
of primary pieces, 287. 
of bands, 297. 
of linkwork, 299. 
of blocks and tackle, 300. 
of fluid connection, 301. 
of a screw, 293. 
of rolling contact, 294. 
of sliding contact, 295. 
of teeth, 296. 
Effort, 205. 

accelerating, 260. 

when speed is uniform, balances 
resistances, 215. 
Elasticity, 183. 
coefficients of, 184. 
modulus of^ 184. 
Elementary combinations, 72. 
classed senerally, 72. 
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Energy, 206, 259. 

actual (or kinetic), 207, 262. 

and work, general equation o^ 267. 

exerted and work done, equality 
of, 260. 

potential, 259. 

stored and restored, 208, 262. 

conservation of, 206, 260. 

transformation o^ 208. 
Epicycloid, 58. 
Epicydoidal teeth, 89, 90. 
Epitrochoid, 58. 

curtate, &0, 

prolate, 59. 
Equilibrium (see Balanoe). 

F4GS of a tooth, 81. 
Factors of safety, 180. 

prime, of a number, 1. 
Falling bod^ (see Gravity). 
Fixed direction, 33. 

point, 31. 
Flank of a tooth, 81. 
Flow of liquid, 66, 67. 

in a stream, 67. 
Fluctuations of speed, 241. 
Fluid, motion o^ 66, 68, 69, 230. 

pressure of^ 147. 

steady motion o^ 68. 

vdocity and flow of, 66. 
Fluids, now of volume o^ 69. 

balance of, 147. 

flow of mass o^ 69. 
Fly-wheels, 241, 278, 280. 
Foot-pound, 243. 
Force, 31, 

absolute unit o^ 116, 213. 

centrifugal (see Deviating Force). 

deviating (see Deviating Force). 

direction of, 116. 

distributed, 119, 120, 140. 

magnitude of^ 116. 

measure of, 117. 

moments of, 127, 130. 

rectangular components of^ 124. 

representation oi, 115, 116. 

reciprocating, 208, 263. 
Forces, action and reaction, 115. 

how determined and expressed, 
115. 

inclined, resultant and balance 
of, 122, 125. 

parallel, 118. 

parallel, magnitude of resultant o^ 
127. 

direction o( 128. 



Forces, parallelogram o^ 122. 

parallelepiped of, 123. 

polygon of, 123. 

representation of by line, 117. 

resolution of, 122, 123, 124. 

resultant and component of, 118. 

triangle o( 122. 
Fractions, continued, 2. 
Frames, 71. 

bracing o^ 166. 

equilibrium and stability oi^ 158. 

of two bars, 161. 

poljirgonal, 163, 164^ 165. 

resistance of, at a section, 171. 

triangular, 162, 163. 
Friction, 153, 154. 

coefficient of, 154 

moment of, 251. 

of liquid, 235. 

of solid bodies, law of, 153. 

tables of, 155. 

work done against, 251. 
Frictional stability, 176. 
Function, 6. 

GoYXBNOBS, 241, 282. 

pendulum, 283. 

loaded, 285. 
Gravity, accelerating effect o^ 213L 

centre o^ 121, 140. 

motion under, 213. 

speciflc, 120. 
Greatest common measure, 1. 
Gyration, radius of, 208, 223. 

table of radii of, 226. 

Head, dynamic, of liquid, 230. 
Heat of friction, 252. 
Heaviness, 120. 
Helical motion, 51, 52. 
Helix (see Screw-line). 

normal, 93. 
Horse-power, 241, 266. 
Hunting-cog, 83. 
Hydramic connection, 110. 

efficiency of^ .%!. 

hoist. 111. 
Hydraulic press, 110. 
Hydrostatics, principles of, 147, 148^ 
149. 

Impulse, 207. 

and momentum, law o^ 254. 
Inclined plane, 107. 
Indicator, 271. 
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Indicator diagram, 273L 
Inertia, or mass, 206. 

moment of (see Moment). 

reduced, 257. 
Integrals, approximate oompntation 

of, 13, 14, 15. 
Intensity of dutribnted force, 120. 

of pressure, 121. 

of stress, 143. 
Intervening fluid, connection by, 73. 
Involute, 56, 

Joints, of a structure, 156. 
JourniJ, friction oi^ 251. 

Kinetics, 32. 205. 
general equations of, 211. 

Lateral force, 205. 

Length, measure o^ 30, 31. 

Lever, 101, 107, 128. 

Line, 30. 

Link, 101. 

Linkwork, connection by, 72, 101. 

comparative motion of the con- 
nected points in, 102. 

efficiency o( 299. 
Liquid, dynamic head o( 230. 

equilibrium of^ 147. 

free sur£EU» of, 23^. 

motion o^ 230, 233. 

motion of, in plane layers, 232. 

motion of^ with friction, 233. 

surface of equal pressure in, 231. 

without friction, motion o^ 230. 
Live load, 18a 
Load, 179. 

dead, 180. 

Uve, 180. 

working, 179. 
Logarithms, common, 4, 5, 6. 

Machine, efficiency of (see Effi- 
ciency), 
action o( 243. 
general equation of the action of, 

267. 
moving pieces in, primary and 
secondary, 72. 
Machines, 32. 

theory o^ 240. 
Magnitude, centre of, 25. 
Mass, 206. 
centre o^ 207. 
in terms of weight, 212. 
measure o^ 117. 






Matter, 30. 

Measure, greatest common, 1. 

Measures of force and mass, 117- 

of len^h, 30, 
Mechamcal powers, comparative mo- 
tion in, 107. 

forces in, 268. 
Mechanics, 30. 
Mechanism, theory o^ 70. 

aggregate combinations in, 73. 

^mentary combinations in, 72L 

principle of connection in, 73. 
Mensuration of areas, 17. 

of curved lines, 23. 

of geometrical moments, 25 

of volumes, 22. 
Merrifield*s trapezoidal rule^ 19, 20L 
Modulus of elasticity, 184. 

height or length of^ 184. 

of ^iabiUty, 183. 

of resilience, 185. 

of stiffiiess. 183. 

of transverse elasticity, 187. 
Moment, bending, 190. 

geometrical, 25. 

geometrical, of inertia, 199. 

greatest, 194. 

of a couple, 127. 

of a force, 127, 130. 

of inertia, 208,222. 

of inertia, table o^ 226. 

of stability, 177. 

of stress, 196. 
Momentum, 207. 

and impulse, law of, 254. 

angular (see Angular Momentum). 

conservation of, 219. 

of a rotating boidy, 228. 

resultant, 207. 

variation and deviation of, 207. 
Motion, 31. 

combination of uniform, and nni- 
fomily accelerated, 43. 

comparative, 38, 39, 50, 63. 

component and resultant, 35. 

first law o:^ 210. 

graphical representation of, 42. 

of a falling body, 213. 

of fluid of constant density, 66u 

of pistons, 68. 

of points, 34, 37. 

of {joints, varied, 39, 40. 

of pliable bodies and fluids, 65. 

of rigid bodies, 47. 

of vaiyiug density, 69. 

perioGUcal, 208, 264, 278. 
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Motion, second law o( 211. 
uniform, 37, 206. 
uniform, dynamical principles of, 
210. 

Neutral surface, 197* 

Parabolic carves, 16, 17. 
Parallel forces, 118, 127. 

centre o^ 119, 133. 

forces, resultant o^ 127, 128, 129, 
131, 132. 

projection (seeProjection,Parallel). 
Parallelogram, area o^ 16. 
Parallelepiped of motions, 38. 
Pendulum, rotating, 217. 

simple oscillating, 218. -^ 

simple revolving, 217. 
Percussion, centre of>{s6e Centre). 
Periodic motion, 20S, 264, 278. 
Periodical motion of machines, 208. 
Pieces, moving, 71. 

of a structure, 156. 
Pinion, smallest, with involute teeth, 

89. 
Pipes, friction in, 237. 

resistance caused by sudden en- 
largement in, 238. 

resistance of curves and knees in, 
238. 

resistance of mouthpieces of, 238. 
Piston, 110. 

action of a fluid upon, 110. 

motion of, 68. 
Piston-rod, 101. 
Fitch of a screw, axial, 9i. 

divided, 93. 

normal, 93. 

of teeth, 81 (see Teeth). 
Pitch-circles, 81. 
Pitch-lines, 81. 
Pitch-point, 81. 

Pitch-surfaces, 74, 81 (see Wheels). 
Pivot, friction of, 251. 
Plane of rotation, 48. 
Pliability, 183. 

coefficients o^ 183. 
Point, 30. 

fixed, 31, 35. 

motions of, 34. 

moving, 35. 

physi(»l, 30. 
Power, 241. 

and effect, 241, 266. 

horse, 241, 266. 
Powers, mechanical (see Mechanical 
powers). 



Press, hydraulic (see Hydraulic 

press). 
Pressure, 144. 

centre of, 121. 

intensity of, 121. 
Primary moving pieces, efficiency oi, 

287. 
motions of, 72. 
Prime fiustors, 1. 
Prime movers, 240. 
Projection, parallel, 138, 153, 178. 
Projectile, unresisted, 214. 
Proof strength, 182, 183. 
Pull (see Tension). 
Pulley-blocks (see Tackle). 
Pulley (mechanical power), 107. 

Racks, toothless, 74. 

smooth, 74. 

straight and circular wheels, 7A. 
Radius, geometrical, 81. 

of syration, 208. 

re4> 31. 
Ratio, 2. 

approximation to, 2. 
Reaction and action, 1 15. 
Reciprocating force, 208, 26.3. 
Reduced ineHia, 257. 
Reduction of forces and couples in 
machines to the driving point, 
257. 
Reduplication (see Tackle). 
Regulating apparatus, 276. 
Regulator of a prime mover, 241. 
Repose, angle of (see Angle). 
Resilience, 184. 
Resistance, 205. 

centre o^ 176. 

line of, 176. 

points o^ 242. 

of curves and knees, 238. 

of mouthpieces, 238. 

of rolling, 252. 

useful and prejudicial, 24L 
Resolution of forces, 122. 
Rest, 31. 
Resultant, 118. 

momentum, 207. 

of any system of forces, 135. 

of any system of forces in one 
plane, 134. 

of couples, 125. 

of inclmed forces, 125. 

motions, 35. 

of parallel forces, 127, 128, 129, 
131, 132. 
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fiigid bod^, motion of^ 47, 222 (see 

Rotation). 
.Rigidity or stififhess, 183b 

coefficientH o^ 183. 
Rod (see Crank-rod, Coupling-rod, 
Connecting-rod, Eccentric-rod, 
Link, Piston-rod). 
Boiled curves (see C^^doid, Epicy- 
cloid, Epitrochoid, liiTolute, 
Spiral, Trochoid). 
Rollers, 74. 

Rolling contact, connection by, 72. 
cones, 63. 
efficiency o^ 294. 
general conditions o^ 74. 
of cylinder on plaue, 55. 
of cylinder on cylinder, 58. 
of plane on cylinder, 55. 
resistance, 252. 
Rotating body, oomparatiye motion 
of points in, 50. 
components of velociiy of a point 

in, 50. 
relative motion of a pair of points 
in, 49. 
Rotation, 47. 
actual energy of, 229. 
angle o^ 48. 
angular velocity of, 48. 
axis o^ 47, 48. 

combined with translation, 51, 54 
combined parallel, 56, 57, 62. 
components of^ varied, 64. 
instantaneous axis of, 55. 
plane of, 48. 

right and left handed, 49. 
uniform, 48, 228. 
varied, 63, 64. 
Rotations about intersecting axes 
combined, 62. 

Savbtt, factors of^ 180. 
Screw, 92. 

circular, pitch of, 93. 

efficiency of, 293. 

mechanical power, 107. 

pitch of, 92, 93. 
Screw-gearing, 94. 

axial pitch of, 94. 

development o^ 94. 

dividea pitch of, 931 
Screw-like or helical motion, 51, 52. 
Screw-line, normal pitch of, 93. 
Screws, compound, 113. 

relative slidinff of a pair of, 95. 

right and left handed, 93^ 



Secondary moving pieces, 72. 

efficiency of, 289. 
Sections, method o^ applied to frame> 

work, 171. 
Shafb, strength of (see Axle). 
Shear, 144. 
Shearing load, greatest, 192. 

ata series of sections, 192. 
Shearing loads, calculation of, 190. 
Shearing, resistance to, 186. 
Sheaves, 105. 

Shifting, or translation, 47- 
Simpson^s Rules, 18, 19. 
Skew-bevel wheels (see Wheels). 
Sliding contact, connection by, 72. 

efficiency of^ 295. 

principle o^ 79, 80. 
Sliding piece, efficiency of, 288. 
SoUd, 30. 

Solids, mensuration o^ 22. 
Specific gravity (see Gravity^ 

Specific). 
Speed (see Velocity). 
Speed, adjustments o^ 73. 

cones, 100. 

fluctuations o^ 241. 

periodic fluctuations of (8e» 
Periodic motion). 

uniform, condition of^ 258. 
Spheres, strength o^ 186. 
Spiral, 55, 56. 
Spring, 184. 
Stability, 156. 

frictional, 176. 

of position, 176. 
Stanaard measure of length, 30l 

measure of weight, 116. 
Starting a machine, 265. 
Statics, 32. 

principles ol^ 115. 
Stress, 157, 179. 
Stopping a machine, 265. 
Strain, 179. 
Stream of liquid, friction of^ 235i» 

hydraulic, mean depth o^ 236. 

varying, 236. 
Strength, 156, 179, 

coefficients or moduli of^ 180» 

proo^ 179. 

transverse, 196. 

ultimate, 179. 
Stress, 143, 179. 

classes of, 144. 

compound internal, 149. 

intensity o^ 143. 

internal, 147. 
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Stress, moment of, 196. 

shearing, 150. 

tangential, 144. 

uniform, 146. 

varying 145. 
Stresses, ooigngate, principal, 150. 
Stretching, resistance to, 184. 
Stractnres, 32. 

equilibrium o( 157. 

theory o( 156. 
Stroke, length of^ in linkwork, 104. 
Struts, 158. 
Supports, 156. 
Surface, 30. 
System of parallel forces, 131. 

Tacklb, 105. 

coun^jtion by, 73, 105. 

e£Qciency of, 300. 
Tearing, resistance to, 184. 
Teeth, arc of contact o^ 88. 

dimensions o^ 91. 

efSciency^ of^ 296- 

epicycloidal, 89. 

involute, for circular wheels, 88, 
89. 

of mitre or bevel-wheels, 91, 92. 

of non-circular wheels, 92. 

of spur wheels and racks, 86. 

of wheels, 81. 

of wheel and trundle, 90. 

pitch and number o^ 81. 

sliding o^ 87. 

tracea by rollins; curves, 86> 
Tension, 144, 184. 
Testing, 182. 
Thrust, 144. 
Tie, 158. 

strength of^ 184. 
Time, measure of, 35. 
Tooth, fftce of; 81. 

flank o( 81. 
Torsion (see Wrenching). 
Trains of mechanism, 73, 111. 

of wheelwork, 83, 84, 85. 
Transformation (see Projection). 
Transformation of energy, 208. 
Translation or shifting, 47. 

varied, 211, 219. 
Transverse strength, 196. 

table, 200. 
Trapezoid, area of, 16. 
Trapezoidal rule, Merrifield's, 19, 20. 

common, 21. 
Triangles, area of^ 10, 16. 

solution of plane, 8, 9. 



Trigonometrical rules, 6. 

functions of one angle^ 7. 

functions of two angles, 8. 
Trochoid, 55. 
Trundle, 90. 
Truss, 168. 

compound, 169. 
Trussing, secondary, 169, 170, 171. 
Turning (see Rotation). 
Twisting (see Wrenching). 

Unouknts, 252. 
Uniform motion, 37, 205. 

deviation, 44. 

effort or resistance, effect o^ 215. 

motion under balanced forces, 210. 

rotation, 48. 

stress, 145. 

velocity, 36. 
Universal joint, 104. 

double, 105. 

STalves 110. 

Velocities, virtual, 206, 267. 

Velocity, 36, 244. 

angular, 4i8. 

angular, variation of^ 63. 

rano, 38. 

uniform, 36. 

uniformly-varied, 41. 

varied, 39. 

varied rate of variation o( 43. 
Virtual velocities, 206, 267. 
Volume, 30. 
Volumes, measurement of, 22. 

Wbdob (mechanical power), 107. 
Weight, 116. 

mass in terms oi^ 212. 
Wheel and axle, 107. 

and rack, 75. 

and screw, 95. 
Wheels, bevel, 76, 81. 

circular, in general, 75. 

non-circular, 77. 

pitch-sur&ces, pitch-lines, pitch- 
points of^ 81. 

skew-bevel, 77, 78, 81. 

spur, 81. 
Wheelwork, train o( 83. 
White's tackle, 106. 
Windlass, differential, 112. 
Wooley's rule, 22. 
Work, 206, 243. 

against an oblique force, 246. 

against friction, 251. 
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WorkyagamstyarymgreoBtanoe, 249, 

260. 
algebraical ezpressioiui for, 246. 
and energy, general equation o( 

267 
done, and energy exerted, equality 

of, 260. 
done during retardation, 262. 
in terms of angular motion, 244. 
in terms of pressure and volume, 

245. 
measures of, 243. 
of acceleration, 252. 



Work, of acceleration, summation of,. 
256. 

of machines, 243. 

rate of, 243. 

represented by an area, 249. 

summary of Yarious kinds o^ 25&. 

summation of, 247, 248, 256. 

useful and lost, 241, 251. 
Working point, 242. 
Working stress, working load, 179. 
Wrenchmg, resistance to, 187. 

Yard, standard, 30. 
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26 CHARLES GRIFFIN de CO.'S PUBLICATIONS. 

tHE DESIGN OF STRUCTURES: 

A Ppaetloal Tvm,tlbim on th« Building of BHd«roai Roofct 

By S. ANGLIN, C.E., 

MMtcr of Engineering, Royal Unirernty of Ireland, late Wliitworth Scholar, 9bc 

With rery numerous Diagrams, Examples, and Tablet. 

Large 8yo. Cloth. 
Second Edition, Bevieed. Ids. 



The leading features in Mr. Anglin's carefiilly-planned " Design of Stzve- 
tures " may be briefly summarised as follows : — 

1. It supplies the want, long felt among Students of Engineering and 
Architecture, of a concise Text-book on Structures, requiring on the part of 
the reader a knowledge of Elementary Mathematics only. 

2. The subject of Graphic Statics has only of recent years been generally 
applied in this country to determine the Stresses on Framed Structures ; and 
in too many cases this is done without a knowledge of the principles upoB 
which the science is founded. In Mr. Anglin's work the system is explained 
from FIRST PRINCIPLES, and the Student will find in it a valuable aid in 
determining the stresses on sdl irregularly-foimed structures. 

3. A large number of Practical Examples, such as occur in the every-day 
experience of the Engineer, are given and carefully worked out^ some bein^ 
lolyed both analytically and graphically, as a guide to the Student. 

4. The chapters devoted to the practical side of the subject, the Strength of 
Jomts, Punching, Drilling, Rivetting, and other processes connected with the 
manufacture of Bridges, Roofs, and Structural work generally, are the result 
of MANY YEARS* EXPERIENCE in the bridge-yard ; and the information given 
on this branch of the subject will be found of great value to the practical 
bridge-builder. 



"Students of Engineering will find this Text-Book invalvablb."— ^fr^U^/. 

"The author has certainly succeeded in producing a thoroughly practical Tea^ 
Bo6k,"—jBmider. 

"We can unhesitatingly recommend this woric not only to the Student, as the bmt 
TkXT^BooK on the subject, hut also to the professional engineer as an KXCSRDimaLV 
TALUABLX book of reference. *'—ilf#cA0Mtiew/ IVprid. 

"Thu work can be conpidbmtly recommended to engineers. The author has wisilf 
chosen to use as little of the higher mathematics as possible, and has thus made his book W 
RBAL USB TO TMB PRACTICAL BMGiNBBR. . . . After cardul perusal, we lutve Bothiatg Wt 
for the work."— JVoiwnr. 
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BNOINEERINQ AND MECHANICS. 17 

Second Edition, Revised, Royal %vo, IVtih numirous Illustrations and 
13 Lithographic Plates, Handsome Chth, Price 3Qf. 

A PRACTICAL TREATISE ON 

BRIDGE-CONSTRUCTION: 

BeiBg a Text-Book on the Constniction of Bridges im 

Iron and SteeL 

FOR THE USE OF STUDENTS, DRAUGHTSMEN, AND ENGINEERS. 
By T. CLAXTON FIDLER, M.Inst. C.E., 

Prof, of Engineerinf , Univenity Colleftt, Dundee. 



GENERAL CONTENTS. 



Part I. — Elementary Statics :—- Definitions— The Opposition and 
Balance of Forces — Bending Strain — The Graphic Representation of Bending 
Moments. 

Part II.— General Principles of Bridge-Construction: — The 
Comparative Anatomy of Bridges — Combined or Composite Bridges — 
Theoretical Weight of Bridges— On Deflection, or the Curve of a Bended 
Girder — Continuous Girders. 

Part III. — The Strength of Materials :— Theoretical Strength of 
Columns — Design and Construction of Struts — Strength and Construction of 
Ties — Working Strength of Iron and Steel, and the Working Stress in 
Bridges — Wohler's Experiments. 

Part IV. — The Design of Bridges in Detail:— The Load on 
Bridges — Calculation of Stresses due to the Movable Load — Parallel Girders — 
Direct Calculation of the Weight of Metal — Parabolic Girders, Polygonal 
Trusses, and Curved Girders — Suspension Bridges and Arches : Flexible 
Construction — Rigid Construction — Bowstring Girders used as Arches or as 
Suspension Bridges — Rigid Arched Ribs or Suspension Ribs — Continuous 
Girders and Cantilever Bridges — The Niagara Bridge — The Forth Bridge — 
Wind- Pressure and Wind- Bracing : Modem Experiments. 

"Mr. FiDLBB*8 BUOOBSB arlseB from the combination of bzperibnob and 
■ncFUOiTT OF TREATMENT displaced on every page. . . . Theory is kept in 
subordination to Practice, ana his book is, therefore, as useful to gunder-mAkert 
Ml to students of Bndge Construction.'' — The Architect* 

" Of late yean the American treatises on Practioal and Applied MeehaoioB 
hAve taken the lead . . . since the opening up of a vast continent has 
giTtii the American ennneer a number of new bridge -problems to so1t« 
. . . but we look to the pribent Trbatisb on BRiDOB-GoNSTBiroTioN, and 
the Forth Bridge, to bring us to the front again."— J^n^rmesr. 

'* One of the vbrt bbst rbobnt works on the Strength of Materials and its 
implioation to Bridge-Construction. . . Well repays a oareifnl Study."— 

" Ab indisfxnbablb handbook for the pr»etical Engineer. "—JTiilMnii 
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Works by BRYAN DONKIN, MJnst.G.E., M.Inst.Heeh.E., &e. 



GAS, OIL, AND AIR ENGINES: 

A Praetieal Text -Book on Internal Combustion Motors 

without Boiler. 

By BRYAN DONKIN, M.Inst.C.E.. M.Inst.Mech.E. 

Third Edition, Revised throughout and greatly Enlarged. With 

numerous additional Illustrations. Laige 8vo, Handsome Cloth. 

Gbnskal Contxnts.— Gas Engrines :— General Description — History and Derelop- 
■lent — British, French, and German Gas Engines — ^Gas Production for Motive Power — 
Theory of the Gas Engine— Chemical Composition of Gas in Gas Engines— Utilisation of 
Heat — Explosion and Combustion. Oil Motors :— History and Development— Various 
Types— Pnestman's and other Oil Engines. Hot-Alr EnffiDBS :— History and Develop- 
■c a t — Various Types: Stirling's, Ericsson's, &c., &c. 

"The BBST BOOK NOW FUBLisHBD ou Gas, Oil, and Air Engiives. . . . Will be of 
VBSY GRBAT INTBRBST to the numerous practical engineers who have to make themselves 
familiar with the motor of the da^. . . . Mr. Donkin has the advantage of long 
rRACTiCAL BXPBRiBNCB, combined with high scibntific and expbrimbntal knowlbogb, 
and an accurate perception of the requirements of Engineers." — The Engineer. 

"We nbartily kbcommbnd Mr. Donkin's work. ... A monument of careful 
labour. . . . Luminous and comprehensive." — yeumalofGasLightmi^ 

"A thoroughly reliable and exhaustive TrcAtiac'^—Eftgineering. 



In Quarto, Handsome Cloth. With Numerous Plates. 25s. 

THEHEAT EFFICIENCY OF STEAM BOILERS 

(LAND, MARINE, AND LOCOMOTIVE). 

With many Tests and Experiments on different Types of 

Boilers, as to the Heating Value of Fuels, &c., Mrith 

Analyses of Gases and Amount of Evaporation, 

and Suggestions for the Testing of Boilers. 

By BRYAN DONKIN, M.Inst.C.E. 

General Contents. — Classification of different Types of Boilers — 
j^$ Experiments on English and Foreign Boilers with their Heat Efficiencies 
shown in Fifty Tables— Fire Grates of Various Types — Mechanical Stokers — 
Combustion of Fuel in Boilers — Transmission of Heat through Boiler Plates, 
.and their Temperature — Feed Water Heatei*S) Superheaters, Feed Pumps, 
&c. — Smoke and its Prevention — Instruments used in Testing Boilers — 
Marine and Locomotive Boilers — Fuel Testing Stations — Disaission of the 
Trials and Conclusions — On the Choice of a Boiler, and Testing of Land, 
Marine, and Locomotive Boilers — Appendices — Bibliography — Index. 

IVi/A Plates illusiranng Progress made during the present Geniury, 

and the- best Modern Prtutice, 

** ▲ WOKK or BBrsKnoB AT p&ESKNT UNiQDB^. WUl glve an answer to aftnost any 
<|aeBtioa oonnected with the performanoe of boilers that it is possible to ask.'* — Bnginetr. 

" Probably tho most kxhadstivk rtsumi that has ever been collected. A rsACfic&i. 
BOOK by a thoroughly practical man.'*— /ron and Coal Trades Keviete. 

LONDON: CHARLES GRIFFIN & GO^ LIMITED. EXETER STREET, STRAMO. 



MNQINEERING AND MBOHANWS. 29 

In Orwon 8vOy extra, with Numerous Uhuiraiianik [Skcrtlf. 

G;AS AND OIL ENGINESi 

AH IHTRODITCTOBY TEXT-BOOK 

Ongthe Theory, Design, Constraction, and Testing of Internal 

Combustion Engines withont Boiler. 

FOB THE USB OF BTXTDEKTS. 

Prof. W. H. WATKINSON, Whit. Sch., M.Inst.Mkch JL, 

Glasgow and Weat of Scotland Technieal College. 



TbiboJKdriov, lUvUtd and BnlargtcL Podut-SiMt^ JAtUhtr^ 13«. M,; alf tmrgir tUm/W 

OJIet U$4, Cloth, 12«. M. 

Boilers, Marine and Land: 

THEIR CONSTRUCTION AND STRENGTH. 
A Haudbook ow Rules, VgbmvijM, Tables, fto., bxlatxys to MjomBJAL, 

SoyLNTLDTOS, AKD PbBSSUBXS, SAWETY VACTEB, SPBXSOii 

FimKos AND M0UHTZNG8, ka. 

FOB THB USE OF ENGINEERS, SURVEYORS, BOILEiil-MAKEES^ 

AND STEAM USERS. 

Bt T. W. TRAILL, M. Inst.O.K, F.B.RN., 

Late SaflnMr Sorrajor-in-Ohiaf to tiM Board of TradiL 



*^* To mx Second and Thibd Editions many Nsv Tables for PRarauBM 
up to 200 Lbs. per Squaiui Inch have been addecL 



**TBS noes ▼ALUABLi woaK on Boilofa pabliriiad in Bngland."— iSQUjqitaflr Worid, 

Ooataimi an BsosMOfua QvAvmr or iHroaMATioir arranged in a Tonr eonTeniMit Jwm. . 
AMOervnvuL roivm» . . . nippljrlnr f nfoimatlon to be had nowhere eiM."— 3^ 



LONDON : CHARLES QfilFFIN & GO.. UHITED, EXETER STREET, STRAN& 



30 CHARLES ORIFFIN A CO.'S PUBLICATIOHS. 

Large 8yo., Handiome Cloth. With munerouB Plates reduced from 
Working Drawings and 280 JlluBtrationa in the Text. 21s. 

A MANUAL OF 

LOCOMOTIVE ENGINEERINGS 

A Practieal Text-Book for the Use of Engine Builders, 

Designers and Draughtsmen, Railway 

Engineers, and Students. 

BY 

WILLIAM FRANK PETTIQREW, M.Inst.CE. 

With a Seotion on Amerioan and Continental Engines. 

By albert F. RAVENSHEAR, B.Sc, 

Of Her Majesty's Patent Office. 

Contoi^f. — Historical Introduction, 1763-1863. — Modern Locomotives: Simple. — 
Modem Locomotiyes : Compound. - Frimary Consideration in Locomotiye Design.'^ 
Cylinders, Steam Chests, and Stuffing Boxes.— Pistons, Piston Bods, Crossheads, «kl 
SUde Bars. — Connecting and Coupling Rods.— Wheels and Axles, Axle Boxes, Homblocka, 
and Bearing Springs.— Balancing.— Valve Gear.— Slide Valves and Valve Gear Details.— 
Framing, bogies and Axle Trucks, Badial Axle Boxes.— Boilers.— Smokebox, Blast Pipe^ 
Firebox Fittings.— Boiler Mountings.— Tenders.- Bailway Brakes.— Lubrication.— Con> 
samption of Fuel, Evaporation and Engine i:.fflciency. — American Locomotives — Con- 
tinental Locomotives.— Aepairs, Bunning, Inspection, and Renewals. — Three Appendices. 



"Likely to remain for many years the Stahdard Work for those wishing to leam 
Design.**- Jsni^neer. 

'* A most interesting and valuable addition to the bibliography of the Locomotive."*— 
RaOvoav Official Oatttte. 

" we recommend the book as thoboogblt fractioal in its character, and lotRrmro a 
VLACX IV ANT coiXBCTiON of . . . works on Locomotivc Engineering."— Aai/tMiy Ntm. 

*'The work cohtainb all that can be lkarnt from a book upon such a subject. It 
will at once rank as thr stakoard work upon this important subject.*'— /2a</«miy Magasin*, 



In Large Svo. BancUome Cloth, With Plates and Illuetratume, 169, 

AT HOME AND ABROAD. 

By WILLIAM HENRY COLE, M.Inst.O.E., 

Late Deputy-Manager, North- Western Railway, India. 

Contents. — Discussion of the Term '*Li^ht Railways.''— English Railways, 
Rates, and Farmers. — Light Railways m Belgium, France, Italy, other 
European Countries, America and the Colonies, India, Ireland.— Roaa Trans- 
port as an alternative.— The Light Railways Act, 1896. —The Question of 
Gauge. — Construction and Working. — Locomotives and Rolling-Stock. — Light 
Railways in England, Scotland, ana Wales. — Appendices and Index. 

**Mr. W. H. Cole has brought together . . . k large amount of valuable jxwoMMJt- 
nov . . . hitherto practically inaccessible to the ordinary reader.** — Times. 

** Will remain, for some time yet a Standard Work in everything relating to Light 
BaOways.**— ifn^'fMer. 

^* The author has extended practical experience that makeu the book lucid and useful, 
is BXCBBDOiGLT wcll donc.'* — Engineering. 

** The whole subject is bxhalstivelt and practigallt considered. The work can he 
cordially recommended as inpistensablx to thoKO whose duty it is to become acquainted 
with one of the prime necessities of the immediate future.*'— iZat/iMy Official OatetU. 

** There could be ko bkiter book of first reference on its subject. All olassee of 
Engineers will welcome its appearance." — Scotsman. 

LONDON : CHARLES GRIFFIN & CO.. LIMITED, EXETER STREET, STRAND. 



ENOINEERINO AND MECHANICS. 



Large Crown 8vo. With numeroas Illustrations. 6s. 

ENGINE-ROOM PRACTICE ! 

A Handbook for Engineers and Officers In the Royal Navy 

and Mercantile Marine, Including: the Management 

of the Main and Auxiliary Engines on 

Board Ship. 

By JOHN G. LIVERSIDGE, 

Engineer, B.N., A.M.I.C.E., Instructor in Applied Mechanics at the Boyal Naval 

College, Greenwich. 

C<mtcnt«.— General Description of Marine Machinery.— The Conditions of Service and 
Duties of Engineers of the Koyal Navy.— Entry at. d Conditions of Service of Engineers of 
the Leading 8.S. Companies.— Baisinf? Steam —Duties of a Steaming Watch on Engines 

and Boilers.— ShnttiuK off Steam.— Harbour Duties and Watches Adjustments and 

Bepairs of Engines.— Preaervation and j epairs of **Tank" Boilers.— The Bull and its 
Fittings.— Cleaning and Painting Machinery — Beciprocating Pumps, Feed Heaters, anci 
Automatic Feed -Water Begulatora — Evaporators. — Steam Boats. — Electric Ligh* 
Machinery.— Hydraulic Machinery.— Air-Compressing Pumps.— Befrigerating Machines. 

— Machinery of Destroyera— The Management of >A/ater-Tub6 Boilers Begalations for 

Entry of Assistant Engineers, B.N.— Questions given in Examinations for Promotion off 
Engineers, B.N.— Begulations respecting Board or Trade Examinations for Engineers, Ae.. 

** The contents camnot fail to bk appsbciatbd." - T?ie Steamship. 

'* This VBBT usETUL BOOK. . . . Illubtbations are or QBBAT IMPOBTAKCE in a work 
of this kind, and it is satisfactory to find that spkcial attektiom has been ^iven in thi»> 
re&peo%."—£ngine^s' Oazette. 



Second Edition, Revised. With Numerous Elvstrationa. 

Price 78. 6d, 

VALVES AND VALVE-GEARING: 

INCLUDING THE CORLISS VALVE AND 

TRIP GEARS. 

BT 

CHARLES HURST, Practical Draughtsman. 

" CoHCiSB explanations illustrated by 116 vbbt clbab diaobajiis and drawings and 4 foldint> 
plates . . . the book fulfils a VALUABLBfunctiou."— ^tA«nanim. 

" Mb. Hubbt's valves and valvb-obabino will prove a very valuable aid, and tend to th» 
production of Engines of sciBNTiric DBSiOM and BCOMOMicALWOBKiHO. . . . Will be largelF 
sought after by Students and Designers."- Jlfarifie Engiruer, 

** UsBVCL and thobouohlt pbactical. Will undoubtedly be found of orbat valvb to 
all ooncemed with tue design of Valve-gearing.**— i/eeAontca/ World. 

** Almost XVBBT TTPB of VALVE and its gearing is clearly set forth, snd illustrated ilk 
iaeh a way as to be bbadilt unokbstood and pkactigallt applied by either the Engineer^ 
Draughtsman, or Student . . . Should prove both usevul and valuable to all Engineer» 
seeking for bbuable and cleab information on the subject. Its moderate price brings it 
within the reach of aB**— 7fM{iM<rte« and Iron. 

** Mr. Hurst's work is AmasABLT suited to tbe needs of the practical mechania . . » 
It is free from any elaborate theoretical discussions, and the explanations of the varioiMa 
types of valve-gear are accompanied by diagrams which render them basilt uhdbbbtood.*' 
— 2te SeieiUifle American, 



LONDON: CHARLES GRIFFIN i CO.. LIMITED. EXETER STREET, STRANDl 



OHARLEa €^RIFFIN S OO/S PUBLICATIONB. 

ImpofiarU New Work, 21«. 
Large 8vo, Handsome Cloth. With IllustrationB, Tables, &c. 

Lubrication & Lubricants: 

A TREATISE ON THE 
THEORY AND PRACTICE OF LUBRICATION 

AND ok THE 

NATURE, PROPERTIES, AND TESTING OF LUBRICANTS. 
By LEONARD ARCHBUTT, F.LO., F.O.S., 

Ctiemist to the Midland Railway CompaDy, 
AND 

R. MOUNTFORD DEELEY, M.I.M.E., F.G.S., 

Midland Railway Locomotive Department. 

Contents.— I. IMction of Solids.— II. Liquid Friction or Viscosity, and Ptaatle 
Friction. — III. Superficial Tension.— IV. Tiie Theory of Lubrication. — V. Lubricants, 
their Sources, Preparation, and Properties.— VI. Physical Properties and Methods of 
Bxamination of Lubricants. — VII. Chemical Properties and Methods of BxaminafeioD 
o/t Lubricants. — VIII. The Systematic Testing of Lubricants by Physical uid Chemical 
Methods.— IX. The Mechanical Testing of Lubricants. ->X. The Design and LubrieaUcMi 
of Bearings. — XI. The Lubrication of Machinery. — Index. 

" Destined to become a CLASSIC on the subject." — [nduttriet' and Iron, 
« Contains practically all that is known on the subject. Deserrae the careCul 
distention of all Engineers."— itai^tcraj/ Offlvial Guide. 



Third Edition. Very fully lUuMtrated, Cfhth, 4m, 6tL 

STEAM - BOILERS& 

THZIR DBFSOTS, MANAGHMBIH!, AND CONSTBXJOTXON. 

By R D. MUNRO, 

Chi^ Engineer of the SoottUh Boiler Inturance and Engine Inapeet&on Ccmpanj. 

GsN'BRAL Contents. — I. Explosions caused (i) by Overheating of Plates — (t) By 
Defective and Overloaded Safety Values — (3) By Corrosion, Internal or External— ^4) By 
Defective Design and Construction (Unsupported Flue Tubes ; Unstrengthened Mannoles ; 
Defective Staying; Strength of Rivetted Joints ; Factor of Safety)— II. Construction of 
Vertical Boilbrs: Shells — Crown Plates and Uptake Tubes — Man-Holes, Mud-Holes, 
and Fire-Holes — Fireboxes — Mountings — Management — Cleaning — Table of Bursting 
Pressures of Steel Boilers — Table of Rivetted Joints — Specifications and Drawing (J 
Lancashire Boiler for Working Pressures (a) 3o lbs. ; (3) aoo lbs. per square inch respectively. 

" A valuable companion for workmen and engineers engaged about Steam B<Mlets, ought 
to be carefully studied, and always at hand." — Coii. Guardian. 

" The book is vbry useful, especially to steam users, artisans, and young Engineers. " — 
JSngineer. 

Bt the same Author. 

KITCHEN BOILER EXPLOSIONS: Why 

they Occur, and How to Prevent their Occurrence. A PractiGal Haiid^ 
book based on Actual Experiment. With Diagrams and Coloiised Plate, 
Price 3s. 

NYSTROM'S POCKET-BOOK OF MECHANICS 

AND ENGINEERING. Revised and Corrected by W. DsNNis M AUS, 
Ph.B., C.E. (YALE S.S.S.), Whitney Professor of Dynamical Engineering^ 
University of Pennsylvania. Pocicet Size. Leather* 15s. TWEIU'K- 
FIRST Rdition, Revis^ and ereatlv enla rged. 

tflNDON : CHARLES GRIFFIN « CO.. LIRHTEO, EXETER STREET, STRMft 



ENQINBERlJSfQ AND MWOSANJOS. 33 

Fifth Edition. Folio, ttrongly half-bound, 21/. 

TRAVERSE TABLES: 

Computed to Four Places of Decimals for every Minute 

of Angle up to 100 of Distance. 

For the use of Surveyors and Engineers. 

BY 

RICHARD LLOYD GURDEN, 

Authorised Surveyor for the Goremments of New South Wales and 

Victoria. 

*,* PuiUshed with the Concurrence ef the Surveyors- Ge tm xU for New South 

Wales oitd Victories 

"Thcne who luiv« «x|Mri«iioe in exact SuKvav-woftK will best know how- to appredate 
the enormous amount of labour represented by this Taluable book. The computations 
enable the user to ascertain the sines and cosines for a distance of twelve miles to within 
half an indi, and this by KBprnasNCB to but Onb Tablk. in place ot ttie usual Fifteen 
minute computations required. Thu .alone is evidence of the assistance which the Tables 
ensure to every user, and as every Surveyor in active practice has felt the want of such 
assistance fbw knowing of thbir publication will remain without thbm." 

* — Engmser. 



Engineering Drawing ed Design 

(A TEXT-BOOK OF). 
Third Edition. In Two Parts, Published Separately. 

Vol. I. — ^Practical Gbombtrt, Plane, and Solid. Ss. 

Vol. II. — Maohine and Engine Drawing and Design. 48. 6d. 

BY 

SIDNEY H. WELLS, Wh.Sc., 

A.X.IH8T.C.B., A.K.IlTBT.aiBOH.B., 

Prindpal of the Batterse* Polrtechnie Institute, and Head of the Engineering Depaitaaent 

thersin : formerly of the Engineering Departments of the Yorkshire College, 

Leeds ; and Dulwlch College. London. 

Wiith many lUuatratumBt specially prepared for the Work, and numsmm 
ExampUa^for the Use 0/ Students in Technical Schools and CoUegee^ 

"A THOBOUOHLT UBBTDL woBK, ezeeedingly well written. For the many Examples and 
Qoesttons we have nothing but praise.''~i<raftire. 

** A CAriTAi TiXT-BOOK, arranged on an bxcbllbrt ststuc, calculated to give an intelligent 
grasp of the subject, and not the mere facultr of mechanical copying. ... Mr. Wells shows 
how to make ooMrLBSB woBKivchDBAWiM«B, aiseoselngfUly each step in the design.*— JUsgii-Jnal 
Rmtimo. 

" The first book leads babilt and bayubaut towards the seoond. where the fceehnical popil 
Is brought into contact with large and more complex designs."— 7%« BeKodnuuUr. 

LONDON : CHARLES GRIFFIN Sl CO., LIMITED, EXETER STREET, STRAND. 



34 CHARLES QRIFFIN A COJS PUBLICATIONS, 

WOBKS BY 

ANDREW JAMIESON, M.Inst.C.K, M.LE.E., F.R.S.E., 

Formerly Professor of Electrical Engineerings The Glasgow and West of Scotland 

Technical College. 



PBOFESSOR JAMIESON'S ADVANCED TEXTBOOKS. 

In Large Crown Hvo. Fully Illustrated, 

1. STEAM AND STEAM-ENGINES (A Text-Book on). 

For the Use of Students preparing for Competitive Examinatioiit. 
With over 200 Illustrations, Folding Plates, and Examination Papen^ 
Twelfth Edition. Revised and Enlarged, 8/6. 

** Professor Jamieson fascinates the reader by his clbaknbss op coNcarrioir and 
SIMPLICITY OF SXPKBSSION. His treatment recalls the lecturinf of Faraday." — Athetueiem. 
" The Bbst Book yet published for the use of Students."— iF^vv*^^* 
" Undoubtedly the most valuablx and most complbtb Hand-book en the subject 
that BOW exists.** — Marine Enrineer. 

2. MAGNETISM AND ELECTRICITY (An Advaneed Text- 

Book on). Specially arrsmged for Advanced and '* Honours '* Students. 
By Prof. Jamieson, assisted by David Robertson, Jr., B.Sc. 

8. APPLIED MECHANICS (An Advanced Text-Book on). 

Vol. I. — Comprising Part I. : The Principle of Work and its applica- 
tions; Part II.: Gearing. Price 7s. 6d. Third Edition. 
"Fully maintains the reputation of the Author— more we cannot say.** — Prmct, 
Engineer, 

Vol. II. — Comprising Parts III. to VI. : Motion and Energy; Graphic 
Statics; Strength of Materials; Hydraulics and Hydraulic Machinexy. 
Second Edition. 8s. 6d. 

**Well and lucidly writtkn." — The Engineer. 

\* Euch of the ahoz>e z'olumes is complete in itself and iold separately, 

PBOFESSOR JAMIESON'S INTRODUGTORT MANUALS. 

With numerous IHlustraHons and Examination Papers. 

1. STEAM AND THE STEAM-ENGINE (Elementary 

Manual of). For First- Year Students. Seventh Edition, Revised. 3/6. 

" Quite the right sort of ^oom.*''— Engineer. 

** should be in the hands of bvbry engineering apprentice.** — PreuHcal Engimter. 

2. MAGNETISM AND ELECTRICITY (Elementary Manual 

of). For First- Year Students. Fourth Edition. 3/6. 

** A CAPITAL TEXT-BOOK . . . The diagrams are an important feature.**— ^irAM/MMJ^Irr. 

'*A THOROUGHLY TRUSTWORTHY Text-book. • . • Arrangement as good as wdl 
am be. . . . Diagrams are also excellent . . . The subject uiroughout treated as aa 
•ssentially practical one, and very clear instructions given.*' — NeUure. 

8. APPLIED MECHANICS (Elementary Manual oX). 

Specially arranged for First- Year Students. Third Edition, Revised 
and Enlarged. 3/6. \ 

" Nothing is taken for granted. . . . The work has very high QUALiTxn, which 
may be condensed into the one word ' clear.* '* — Science and Art, 

■II - ■ 

A POCKET-BOOK of ELECTRICAL RULES and TABLES. 

FOR THE USE OF ELECTRICIANS AND ENGINEERS. 
Pocket Size. Leather, 8s. 6d. Fourteenth Edition, Se^p, 43. 

LONDON : CHARLES GRIFFIN ik CO., LIMITED, EXETER STREET, STRAND. 



BNGINBBRING AND UICCHANIOS. 3% 

WORKS BY 

W. J. HAGQUORN RANRINE, LL.D., F.R.S., 

lMt9 R§gtu9 Pn/MMor ef doll Engtn—ring lit tht Unhtitty 0/ QlUMQom. 

THOBOUOHLT BEYISED BT 

W. J. MILLAE, C.E., 

Lat9 S^entary to tfi§ Inatttute of Englnoon and SMpbuUdon In Seotlmt4. 



I. A MANUAL OF APPLIED MECHANICS : 

Gompricdng the Principles of Statics and Cinematics, and Theory of 
Stmctures, Mechanism, and Machines. With Numerous Diagrama. 
Crown Syo, cloth, 12s. 6d. Fifteenth Edition. 



II. A MANUAL OF CIVIL ENGINEERING : 

Comprising Engineering Surveys, Earthwork, Foundations, Masonry, Car- 
pentry, Metal Work, Roads, Railways, Canals, Rirers, Waterworks, 
Harbours, &o. With Numerous Tables and Illustrations. Crown Sto^ 
cloth, 16s. Twentieth Edition. 



IIL A MANUAL OF MACHINERT AND HILLWORK : 

Comprising the Geometry, Motions, Work, Strength, Construction, and 
Objects of Machines, &c. Dlustrated with nearly 300 Woodoati. 
Crown 8vo, cloth, 12s. 6d. Seventh Edition. 



17. A MANUAL OF THE STEAM-ENGINE AND OTHER 

PRIME MOVERS : 

With a Section on Oab, Oil, and Air Engines, by Bbtan Donkif, 
M.InstC.£. With Foldinff Plates and Numerous lUustrationE. 
Crown 8vo, oloth, 12b. 6d. Foubtbemth Editiok. 

LONDON: CHARLES aRIFFIN ft CO.. LIMITED. EXETER STREET, STRAND. 



OBAMLMB BMIFFIK S OO^M I^UBLWATIOWM. 



PlOr. RANKINX'S WORKS—CC^ff/MMMl/). 

V. USEFUL RULES AND TABLES : 

For ArahiteotB, Builders, Engineers, Founders, Mechanics, Shipbiiild«rB, 
Surveyors, &c. With Appendix for the use of Electrical Engin] 
By Professor Jamieson, F.11.S.K Seventh Edition. lOs. 6d. 



VL A MECHANICAL TEXT-BOOK : 

A Practical and Simple Introduction to the Study of Mechanios. By 
Professor Eaitkinb and E. F. Bambeb, C.E. With Nmnerooa Illii»- 
trations. Crown 9vo, cloth, 9s. Fifth Edition. 

V Th€ *' Mbchanioal Tbxt-Book " ua$ dmgntd bp FrofeMor RAnim m» mm 
wonOM to th€ abovt Series of MmnuaU, 



VIL MISCELLANEOUS SCIENTIFIC PAPERS. 

Boyal 8vo. Cloth, Sis. 6d. 

Part I. Papers relating to Temperature, Elasticity, and Expansion of 
Vapours, Liquids, and Solids. Part II. Papers on Energy and its Trans- 
formations. Part III. Papers on Wave-Forms, Propulsion of Vessels, ko. 

With Memoir by Professor Tait, M.A. Edited by W. J. Millab, C.E. 
With fine Portrait on Steel, Plates, and Diagrams. 

" No more enduring Memorial of Profeeeor Rankine could be deriaed than the pohfiai* 
IMB of thete papen in an accessible form. . . . The Collection is most Taluable on 
assamt of the nature of his disoorerieSy and the beauty and coupletenees of his analysis. 
. . . The Volume exceeds in importance any work in the same dcpartOMat puhlithe^ 
ia mme time.'*-~AfvJUUct. 



/ 



SHELTON-BEY (W. Vincent, Foreman 

ImperiAl Ottoman Gun Factories, Constaatiiiople) : 



the 




THE MECHANIC*S GUIDE : A Hand-Book for Ei^sinften mid 
Aituans. With Copious Tables and Valuable Recipes for Pxactkml Um; 
lUnitrated. Sicvmd Editim. Crown 8to. Cloth, 7/1 



ON : GHARLE8 GRIFFIN ft CO., LIMITED, EXETER STREET, SXRANa 



ENQINEERINO AND UKCHANIOS. 37. 

IMPORTANT NEW WORK. READY IMMEDIATELY. 
Jn Larue 8*'o, Handifome Cloth, Profusely Illustrated. 

THE PRIHCIPLES A«D COKSTRDCTIOH OF 

PUMPING MACHINERY 

(STEAM AND WATER PRESSURE), 

With Practical Illustrations of Engines and Pumps applied to Mining^ 

Town Wateb Supply, Drainage of Lands, &c., also Economy 

and Efficiency Trials of Pumping Machinery. 

By henry DAVEY, 

Member of the InBtitntion of Civil Eii^neer>-. Member of the InstUntion of 

Mechanical Engineers, P.O. 8.. &c. 

With Frontiapfeoe, several Plates, and over 260 llluatrations. 

Contents. — Early History of Pumping Engines — Steam Pumping Engines- 
Pumps and Pumj) Valves — General Principles of Non-Rotative Pumping- 
Engines — The Cornish Engine, Simple and (compound — Types of Mining- 
Engines — Pit Work— Shaft Sinking — Hydraulic Transmission of Power in 
Mines — Valve Gears of Pumping Endues — Water Pressure Pumping Engines 
— Water Works Enpn^ues — Pumping Engine Economy and Trials of Pumping 
Machinery — Centrifugal and other Low-Lift Pumps — Hydraulic Rams, 
Puniping Mains, kc- Index. 

**The purpose of this book is to present the inrormation in such a form as will m«ke it 
most useful to the Practical £ngineer engaged in the application of Pumping Machinery to 
Mines, or in circumstances under which large quantities of water have to be dealt with."— > 
Extract from Prtfatt. 



SEGOJ^D EBITIOJi, Bevised and Enlarged. 
In Large 8vo, Handsome eloth, SJ^, 

HYDRAULIC POWER 



AND 



HYDRAULIC MACHINERY. 

BT 

HENRY ROBINSON. M. Inst. C.E., F.aS., 

FBUOW or XIMGTs COLLSGB, LONDON ; PKOF. OF CnTII. BSTGINBHUMO, 

king's COLUKSBy STC., BTC 

mittb numeroud TDSloodcute^ an5 Sf£ti?»ntne platea^ 

" A Book of great Professional Uaeliiliiess."— /nsw. 

LONDON : CHARLES GRIFFIN ft GO.s LIMITED, EXETER STREET, STRAND. 



j8 OHARLBB GBJFFm ^ GO.'S PUBLIOATIONS. 

- 

Rl/al 899, HMnM9om9 Cloth, 269. 

THE STABILITY OF SHIPS. 

BY 

SIR EDWARD J. REED, K.CB., F.R.S., M.P., 



or Tm IMPBRIAL OKDBKS OF ST. STANILAU8 QW RUSSIA; ntAMCIS JOSBHi OT 

austkia; mkdjidik or turkky; and rising sun of japan; tio- 

PWniDBNT OF THB INSTITUTION OF MAVAI< ASCHITaCTS. 

Wiih numtroMS UlustroHons and Tables, 

In order to render the work complete for the purposes of the Shipbuilder, whgAuat al 
^m^mjm or nbroiul, the Methods of Calculation introduced by Mr. F. K. Baknks, Mr. Grat, 
if. RncK, M. Daymaro, and Mr. Brnjamin, are all fiven separatel^r, iliustzated bj 
Tables and woriced-out examples. The book contains more than soo Diacrams, and m 
ilhutrated by a lar:^ e number of actual cases, deriYod firom ships of all desaiption^ ImI 
especially from ships of the Mercantile Marine. 

** Sr Edward Rbbd's ' Stability of Ships ' is inyaluarlr. The Navai. A i t cHiT acr 
wiU find broufht togetner and ready to his hand, a mass of information which he would oCImi^ 
•wise bare to sedc in an almost en(Uess variety of publications, and some of v^ich he weald 
poaaibty not be able to obtain at all elsewhere." — Suanuhip. 



COMPANION-IVOR K. 



THE DESIGN AND CONSTRUCTION OF SHIPS. By John 
Harvard Biles, M.Inst.N.A., Professor of Naval Architecture m the 
University of Glasgow. [/» Preparation^ 



By THOMAS WALTON, Naval Architect. 

THE CONSTRUCTION AND MAINTENANCE 
OF VESSELS BUILT OF STEEL 

Illustrated with Numerous Plates and Diagrams. \_In Active Preparation. 



Second Edition, 8s. 6d. Leather, for the Pocket, 8s. 6d. 

GRIFFIN'S ELECTRICAL PRICE-BOOK. 

Fop Eleetrieal, CiviL Marine, and Borough Engineers, L^^eal 
Authorities, Architects, Railway Contractors, &e., &e. 

Edited by H. J. DOWSING, 

Memktr •ftJu IntHiuHoH of Electrical Engituert; eftJu SocUiy 0/ArU; fflkt Tiwdhi 

Chamber efCemmerce, ^e, 

" The Elbctrical Pkicb-Book xsmovbs all mystbxy aboat the oost of Ekdrial 
Vower. By its aid the bxpbnbx that will be entailed by utilising electricity on a laiga tt 
■mtll ssale can be discoTered.*'— i^rvAs/^/. 

LONDON : CHARLES GRIFFIN A CO., LIMITED, EXETER STREET, STRAND. 
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FouFteenth Bdltlon, Revised, Prtee 21fl. 

Dmmif 8v9f CUoih, WUh Numerow iStctfrcUiofM, racfuMcl >Wes 

Working DruMmg; 

A MANUAL OF 

MARINE ENGINEERING: 

COMPRISING THE DESIGNING, CIONSTBUCTION, AND 
WORKING OF MARINE MACHINERT. 

By A. E. SEAT ON, M.Inst.C.EM M. Inst. Heeh. E.t 

M.Inst.N.A. 



GBNERAL GONT£NTS. 



Part L— Prineiples of Marine 
Propulsion. 

Part IL— Principles of Steam 
Engineering. 

Part IIL—Detalls of Marine 
Engines : Design and Cal- 

%* This Edition includes a Chapter on Water- Tubb Boilkiu, with lUoiti** 



eulations for Cyllnden, 
Pistons, Valves, Ezpansioa 
Valves, k^ 

Part IV.— Propellers. 

Part v.— Boilers. 

Part VI.— Miseellaneous. 



itp 

tions of the leading Types ana the Revised Rules of the Bwrtau F'erUaa, 



" In the thrae-fold oapaoity of enabling a Student to learn how to design, ooutmol^ 
and work a Marine Steam-Engine, Mr. Seaton's Manual has NO miTAL.''— IYmss. 

"The important subject of Marine Engineering is here treated with the moBOUOH- 
MBM that it requires. No department has escaped attention. . . • QiTei tb« 
NSttlts of much olose study and practical work,**— -Mi^mttring, 

" By fiur the Bm Manuai« m existence. . . . Gives a complete account of th« 
methods of solving, with the utmost possible economy, the problems before the Marina 
Engineer ** Athttti(tnifn 

^^'The Student, Draughtsman, and EnginM? will find this work the MOfV taluabli 
Handbook of Reference on the Marine Engme now in existence."— JfoHns Enfftt 



Fifth Edition, Thoroughly Revised. With two New Diagrams and 
Numerous Additions. Pocket-Size, Leather. 8s. M. 

A POOE3!T-BOOE OF 

MARINE ENGINEERING RULES AND TABLES, 

FOB THB USB OF 

Marine Engineers, Naval Architects, DesijBrners, Draughtsmen* 

superintendents and Others. 

BT 

A. E. SEATON, M.I.O.E., M.I.Mech.E., M.I.N.A., 

AND 

H. M. ROUNTHWAITB, M.LMech.E., M.LN.A. 

" Admirably fulfils its porpose."— JfarnM Enginstr, 

LONDON : CHARLES SRIFFIN « CO.. LIMITED, EXETER STREET. STRAND. 
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#i OSAMLMS BMlFFiN ^ CO.'M PUBLIOATJONa. 

WORKS FT PfiOF. ROfiERT H. SMITH, Assoe.M.I.aE., 

M.LM.E., M.I.£1.E., M.LMiii.£., Whit Sch., M.Ord.l[ei]L 



THE CALCULUS FOR ENGINEERS 

AND PHYSICISTS, 
Applied to Technical Problems. 

WITH IZIXiaiTK 

OaAMIIFrRD BEFSBEirCliS I.IST OF IKTSOBAI& 
By PROF. ROBERT H. SMITH. 

ASSISTED BT 

R. F. MUIRHEAD, M.A., B.Sc, 

'WfnomAj OlArk Fellow of QUaMgom UniTersity, and Leetnrer on liaHiumaiOm •! 

Hason College. 

In Crown 8vo, extra, vtUh Dtagramt and FokHng-PlaU. 8b, M, 

** Pbov. B. H. Bmith'8 book will be serviceable in rendering a bard read as bast as TKAono- 
ABU for tbe non-matbematical Student end Engineer."— ul<A«furum. 

" Interesting diagrams, witb practical illustrations of ectuahoccnrreiiee, are totw fooad liere 
til abondenoe. Taa tset complbtb classifibd uirxBnca tablb will prove vaj timtnl te 
riiV'tbe time of tboee who want an Integral in a hurry."— TA« Engineer, 



MEASUREMENT CONVERSIONS 

(Sbigliflh and Frenoh) : 

88 GRAPHIC TABLES OR DIAGRAMS. 
ShiMriBg m% a ^uice tbe Mutual Cosymbbioux of MEAsnanotim 

in DlFFEBENT UnITS 

Of TiW\gth«, Ajeaa, VolumoB, Weights, Stresses, Densities, QuantttlM 
of Work, Horse. Powers, Temperatures, &o. 

For tk€ y*€ of Engineon, Suroef^on, ArehltoctM, and Contraeton, 
In 4to, Boards, 7s. 6d, 



V* Prof. Smith's Conyersion-Tabces form the most nniqne and com- 
nrenensiTe collection ever placed before the profession. By their nsenuMb 
nme and labour will be saved, and the chances of error in calcnlatioD 
diminished. It is believed that henceforth no Engineer's Office will be 
eo&sidered complete without them. 

" flM work li iStaivabul"— OffUMfy Guardmn. 

'* Onght to be in btxbt office where even occasional oonTenlons are required. . . . FreC 
•Mini's Tablbb form Tery bzcbllbbt cbbcks on results."— JSZeetricoi lUtriem. 

*' Prof* Smith dwerres the hcaity thanks, not only of the Bbcbvbbb, buk of the OoiniBBOiAB 
W0BU>, for baring smoothed the way for the adoption of the Ubtbio STsnif of KBAfirBBiiBB^ 
a lahjeet which is now aanuning great importance as a factor in maintaining oar hoid npoa 
roBBiav TmADB."— 31k4 Machinery Market. 

: CIIAILE8 QRIFRN * GO.. LIIMTED. EXETER 8TBEET, STRAIUL 
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In Large 8vo. Handsome Cloth. lOs. 6d. 

CHEMISTRY FOR ENGINEERS* 



BERTRAM BLOUNT, 

F.I.C.. P.O.8.. A.LC.B., 

OUunlting Ohemist to the Crown Amenta for 

the Ooloniea. 



BY 
AND 



A. G. BLOXAM, 

F.I.O., F.O.8., 
Consulting Chemist, Head uf the fHiiinJJilij 
Department, Goldsmiths' Init.« 4 
New Cro«. 



QENBRAL CONTENTS.— Introduction— Gliemlstry of the Clilef Material! 
of Oonatructlon— Sources of Energy— Chemistry of Steam-raising— Chemis- 
try of Lubrication and Lubricants— Metallurgical Processes used In th« 
Winning and Manufacture of Metals. 

**The anthors hare bucgbbdrd beyond, all expectation, and hare produced a work wMch 
dlonld KlTe rBSsH fowkb to the Engineer and Manufacturer." — Tht Timet. 

"Pbactical thbouqhoux ... an admibablb tbxt-boox, useftil not only to Studentot 
tat to BNoiitJiaBs and Hanaobbs or woeks in pbktbntino wabtb and ixfboviho pbocbssbs. ~ 



"A book worthy to take high bank . . . treatment of the subject of OASioirs ru>& 
particularly good. . . . Watbb gas and its nroduction clearly worked out . . . We 
wabklt bbgommknd the work. "-Journal ofOaa lAglUino. 



For Companion Volume by the same Authors, "CHEMiSTftT 
FOR Manufacturers," see p. 71. 



Works by WALTER R. BROWNE, M.A., M.lNST.C.E., 

Late Fellow of Trinity College, Cambridge. 



THE STUDENT'S MECHANICS: 

An Iiit3*odaetion to the Stady of Foree and Motion. 

With Diagrams. Crown Sto. Cloth, 48. 6d. 

in style and practical in method, 'Thx SrvT^mn^t MxcRAinct' U OMtduJIy ta W 
' firom all points of view. **—A iktmntm. 



FOUNDATIONS OF MECHANICS. 

Papers rq)rinted from the Enginur, In Crown 8to, u. 



Demy 8vo, with Numerous Illustrations, 9s. 

FUEL AND WATER : 

A Manual for Users of Steam and Water. 

It PaoF. FRANZ SCHWACKHOFER of Vienna, and 

WALTER R, BROWNE, M.A., C.E. 

GsmntAL CoNTBNTS.— Heat and Combustion— Fuel^ Varieties of— nrinr 
■Mttts: Furnace, Flues, Chimney — The Boiler^ Choice of— Varieties— Feed-waftor 
Heaters— Steam Pipes— Water : Composition, Purification— Preirention of Scale, &&, 4hfr 

"The Section on Heat is one of the best and most lucid erer written.**— iTfliftuMwr. 
" Cannot fiul to be valuabU %m thoosands using steam power."— AmAhnsj' Engm 



LONDON : CHARLES GRIFFIN « CO.. LIMITED. EXETER STREET, 8TRANDL 
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CRIFFIN'8 LOCAL COVERMMEMT HANDBOOKS, 

WORKS SUITABLE FOR MUNICIPAL AND COUNTY ENOINEEBS, 

ANALYSTS, AND OTHERS. 

Gas Manufacture (The Chemistry of). A Handbook on the Pro- 
duction, Purification, and Testing of Illuminating Gas, and the Assay of the Bye- 
Product of Oas Manufacture. By W. .T. A. Buttbrheld, M.A., F.I.C., F.C.S. With 
numerous Itlustrations. Handsome Cloth. Sboond Edition, ReTised and Enlarged. 
10b. 6d. 
*'WeIl deserving a place in every gas engineering library."— JitmrnoZ qf Ga» 

Lighting. [See page 77. 

Central Electrical Stations: Their Design, Organisation, and Manage- 
ment. By C. H. WoRDiNaHAM, A.E.C., M.Inst.C.E. 

For details see opposite page. 



Sewage Disposal Works : A Gaide to the Construction of Works for 
the Prevention of the Pollution by Sewage of Rivers and Estuaries. By W. Santo 
Crimp, M.Inst.C.E., F.O.S. Second Edition, Revised and Enlarged. Large 8to, 
Handsome Cloth. With 87 Plates. Price 80s. 
*' The MOST OOMPLETB AND BEST TREATISE on the subject which has appeared in our 

iKagOBg^."— Edinburgh Medical Journal. [See page 7ft. 



Calcareous Cements: Their Nature, Preparation, and Uses. With 
some Remarks upon Cement Testing. By Gilbert Redora>'E, AjB80C.In8t.C.E. 
Large Crown 8vo. With Illustrations, Analytical Data, and Appendices on Costs, A/d. 
8s. 6d. 
" Invaluable to student, architect, and engineer." — Building News. [See page 76. 



Road Making and Maintenance : A Practical Treatise for Engineers, 
Surveyors, and others. With an Historical Sketch of Ancient and Modem Practice. 
By Thomas Aitken, A8soc.M.Inst.C.E., Member of the Association of Municipal 
and County Engineers ; Member of the Sanitary Inst. ; Surveyor to the County 
Council of Fife, Cupar Division. Large 8vo, Handsome Cloth, with numerous 
Plates, Diagrams, and Illustrations. [See page 77. 



Light Railways at Home and Abroad. By William Hbnby Cole, 

M.Inst.C.E., late Deputy-Manager, North-Westem Railway, India. Large 8vo, 
Handsome Cloth, Plates and Illustrations. 166. 

" Will remain for some time yet a Standard Work in everything relating to Light 
Railways."— JAe Eingineer. [See page 30. 

Practical Sanitation : A Handbook for Sanitary Inspectors and others 
interested in Sanitation. By Geo. Reid, M.D., D.P.H., Fellow of the Sanitary 
Institute, Medical Officer, Staffordshire County Council. With Appendix on Sanitary 
Law, by Herbert Manley, M.A., M.B., D.P.H. Sdcth Edition. Cloth, 66. 
"A HANDBOOK useful to SANITARY INSPECTORS, and ALL interested in Sanitary 

VktXXen."— Sanitary Record. > [See page 78. 

Dairy Chemistry : A Practical Handbook for Dairy Managers, Chemists, 
and Analysts. By H. Droop Richmond, F.C.S., Chemist to the Aylesbury Dairy 
Company. With Tables, Illustrations, <fec. Handsome Cloth, 168. 
"The BEST CONTRIBUTION to the subject that has yet appeared."— TA« Lancet. 

[See page 73. 

Flesh Foods: With Methods for their Chemical, Microscopical, and 
Bacteriological Examination. A Handbook for Medical Men, Inspectors, Analysts, 
and others. By C. Ainsworth Mitchell, B.A., F.I.C., Mem. Council Soc. of Public 
Analysts. With numerous Illustrations and a coloured Plate. 

[See page 78. 

Foods : Their Composition and Analysis. By A. Wynter Blyth, 
M.R.C.S., F.C.S. , Public Analyst for the County of Devon. With Tables, Folding 
Plate, and Frontispiece. Fourth Edition, Revised and Enlarged. 21b. 
" An admirable digest of the most recent state of knowledge."— CAemieoI Newt. 
. [See page 72. 

LOND.N : CHARLES GRIFFiN & CO.. LIMITED, EXETER STREET, STRAND. 
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IMPORTANT NEW WORK. READY SHORTLY. 

In Large %vo. Handsome Cloth, Profusely Illustrated with Plates^ 

Dia^ams^ and Figures, 

CENTRAL ELECTRICAL STATIONS: 

Their DesignQ, Orgranisation, and Management. 

Including the Generation and' Distribution of Electrical 

Energy. 

By CHAS. H. WORDINGHAM, 

A.K.C., M.Inst.C.E., M.Inst. Mkch.E., 

Member of the Council of the Institute of Electrical Engineers, and Electrical 

Engineer to the City of Manchester. 



CONTENTS. 



Introductory. — Central Station Work as a Profession. — Central Station Supply as an In- 
vestment — The Establishment of a Central Station — Systems of Supply. — Choice of bite — 
Architectural Features. — Choice of Plant and General Design. — Boilers — Systems of 
Draught and Waste Heat Economy. — Methods of Firing Boilers. — Coal Handling, Weighing, 
and Storing. — Feeding of Boilers. — The Transmission of Steam- — Generators. — Condensing 
Appliances. — Switching Gear, Instruments, and Connections. — Distributing Mains. -^Drawing- 
in Systems. — Built-in Systems, Dielectrics. — Insulation, Resistance, and Cost. — Distributing 
Networks — Service Mains and Feeders. — ^Testing of Mains — Recording and Laying of 
Mains. — Meters and Appliances on Consumers* Premises. — Standardising and Testing Labor- 
atory. — Secondary Batteries. — Street Lighting — Cost of Production — Met hods of Charging. 
— Regulations of Consumer's Installations. — General Organiiiations of a Central Station — 
The Generating Station. — The Mains Department.— The Installation Departmenc-^The 
Standardising Department — ^The Drawing Office, Transforming Stations, and Street Light- 
ing.— The Clerical Department. — ^The Consumer. — The Routine and Main Laying. — Index. 



MUNBO k JAMIESON'S ELECTBICAL POCKET-BOOK, 

Fourteenth £dition, Revised and Enlarged. 

A POCKET-BOOK 

OF 

ELECTRICAL RULES & TABLES 

FOR THE USE OF ELECTRICIANS AND ENGINEERS. 

Bv JOHN MUNRO, C.E., & Prof. JAMIESON, M.Inst.C.E., F.R.S.JB. 
With Numerous Diagrams. Pocket Size. Leather, 8s. 6d« 

aBNBRAL OONTXNTS. 

Units of Measurement. — Measures. — Testing. — Conductors. — Dielectrics. — Submarine 
Cables. — Telegraphy. — Elect ro-Chemistry. — Electro-Metallurgy. — Batteries. — Dynan^os and 
Motors. — Traiisformers. — Electric Lighting. — Miscellaneous. — Logarithms. — Appendices. 

" WoMDaartTLLY Pbkfbct. . . . Worthy of the highest commondtwa we caa 
give it.**-~EUctriciaH, 

**Thm Stbbuno Valub of Moam. MvMao and jAMiBSOM't Pocxbt^Bocml"— 
EUcirieml Bavitw. 

LONDON : CHARLES ORIFFIN & CO., LIMITED, EXETER STREET, STRAND. 
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By PROFESSORS J. H. POYNTING ft J. J. THOMSON. 

In Large 8vo. Fully Illustrated. 

A TEXT-BOOK OF PHYSIOS: 

OOMFRISINO 

PR0PSRTIB8 OF MATTER; SOUND; HEAT; MAGNETISM 
AND ELECTRICITY; AND LIGHT. 

BT 

J. H. POYNTING, J. J. THOMSON, 

BCD., r.K.8.1 AND M.A.., F.ft.8., 

to FMlow of Trinity Oollage, Oambridgo: FeUow of Trinity College, Ountyrldse; ProC 

TrofaMor of Physics. Mason CoUege, of Expeiimentai Pliysics in th* UnTfvntt^ 

BirminKnAm. of Gambridff*. 



• 



Volame I., Second Edition, Price Ss. 6d. 

SOUND. 

Ct»i»<en<4.-— The Nature of Soand and its chief Characteristics. —The Velocity of Soiutd 
In Air and other ICedia.— Reti^^ciioa and Refraction of Sound.>~Freqaeney and Pitch of 
Kotes. — Besonance and Forced Oscillations.— Analysis of Vibrations. — The TruisTeree 
Vibrations of Stretched Strings or WiroH —Pipes and other Air CaYltieB. — Boda. — Plata*. 
— Membranes.— Vibrations maintained by lleat.— Sensitive Flames and Jets. — Musical 
Sand.— The Snperposition of Waves. - Index. 

** The work . . . maybe recommended to anyone desirous of possessing an bast, 
aF-TO-DATK Standard TasATiaB on Acoustics/' — Literature. 

.'^Very clearly written. . . . The names of the authors are a gnarantee of the 
eciKHTivio ACcasAor and up-to-datb character of the work.."—Edueation€U Times. 



In large 8vo, with Bibliography, Illustrations in the Text, and seven 

Lithographed Plates. 12s. 6d. 

THE MEAN DENSITY OF THE EARTH : 

An Essay to which the Adams Prize was adjudged in 1893 in 

the University of Cambridfire. 

BY 

J. H. POYNTING, ScD., F.R.S., 

Late Fellow of Trinity College, Cambridge; Professor of Physics, Masoft 

College, Birmingham. 

** An account of this suMect cannot fail to be of orbat and obrbral ibtbebst to tha scteatUls 
Bind. H^peci^lr is this tne case when the accoaat is given by one who has eontrfboted se 
•oosidaribly as nas Prof. Poyating to our present state of knowledge with respect to a vwr 
4lllcnlt sabject. . . . RemarBably has Newton's estimste been venUled by Prof. PoyBtiDf."— 
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§6. GRIFFIN'S NAUTICAL SERIES. 

Edited by EDW. BLACKMORE, 

Master Mariner, First Class Trinity House Certificate, Assoc Inst. K.A. ; 
And Written, mainly, by Sailobs for Sailobs. 



*'T!n8 JURMI»A.BLB SERIES."— i^atr;il(«y. "A VBRY BBEFUL HIBIflB."— Joteflfc- 

"The volames of Messrs. Griffin's Nautical Sbries may well and profitably Ibe 
read by all interested in our national maritime progress."— Jfarine Engineer. 

« Every Ship should have the whole Sbribs as a Reibrbhob Library. Hand- 
801CBLY bound, CLEARLY PRINTED and ILLUSTRATED."— Ltverpooj Joum, qf Commerce. 

The British Hereantile Marine: An Historical Sketch of its Rise 
and Development. By the Editor, Capt. Blaokmobb. 8s. 6d. 
"Captain Blackmore'ssPLBNDiD BOOK . . . contains paragraphs on evwy point 
of interest to the Merchant Marine. The 243 pages of this book are thb most YALV- 
ABLB to the sea captain that have ever been compiled."— JfereAmit Service Bevimo. 

Elementary Seamanship. By D. Wilson-Barkbr, Master Mariner, 
F.B.S.E., F.B.G.S. With numerous Plates, two in Colours, and Ifrontiipianm 
Sboond Edition, Bevised. 6s. 
**This ADMIRABLB MANUAL, by Capt. Wilson Ba&keb, of the * Worcester,' s e ema 

to 1U VBBFBOTLY DBSIQNBD."— ^t^TMBUm. 



Know Your Own Ship : a Simple Explanation of the Stability, Con- 
struction, Tonnage, and Freeboard of Ships. By THOS. Walton, Naval Architect. 
With numerous Illustrations and additional Chapters on Buoyancy, Trim, and 
Calculations. Fourth Edition, Kevised and Enlarged. 7s. 6d. 
**Mr. Walton's book will be found very useful."— rA« Bnyineer. 

Navigration : Theoretical and Practical. By. D. Wilhon-Barksb, 

Master Mariner, Ac, and William Allingham. 3s. 6d. 

"Prboisely the kind of work required for the New Certificates of competency. 
Candidates will find it inyaluablb."— DvTtdee Advertiser. 



Marine MeteorolOgry : For Officers of the Merehant Navy. By 
William Allinoham, First Class Honours, Navigation, Science and Art Department. 
With Illustrations, Maps, and Diagrams, and faoeimtle reproduction of log page. 

7s. 6d. 

Latitude and Longitude : How to find them. By W. J. Millas, 

C.E., late Sec. to the Inst, of Engineers and Shipbuilders in Scotland. 2s. 

" Cannot but prove an acquisition to those studying Navigation."— if an7i« Engineer. 

Practical Mechanics : Applied to the requirements of the Sailor. 
By Thos. MAOKBNzns, Master Mariner, F.R.A.S. 8s. 6d. 
** Well worth the money . . . exceedingly helpful."— SAtppin^ World. 

Trigonometry : For the Young Sailor, &c. By Rich. C. Buck, of the 
niames Nautical Training College, H.M.S. " Worcester." Price Ss. 6d. 
"This EMINENTLY PRAOTIOAL and reliable volume."— <S^Ao0<m«wter. 

Practical Algebra. By Rich. C. Buck. Companion Volame to the 

above, for Sailors and others. Price Ss. 6d. 

" It is JUST THE BOOK for the young sailor mindful of progress. —Nautical Magazine. 

The Leml Duties of Shipmasters. By Bbnkdiot Wm. Ginsbubg, 

M.A., LL.D., of the Inner Temple and Northern Circuit : Barrister-at-Law. Prioe 
te. 6d. 

** INYALUABLS to wasters. . . . We can fally recommend it. "—jSA^I?!p^G!a»tee. 

A Medical and Surgical Help for Shipmasters. Including First 

Aid at Sea. By Wm. Johnson Smith, F.B..C.8., rancijpal Medical Officer, ^amen's 
Hospital, Greenwich. Second Edition, Kevised. 6s. 

"Sound, judicious, really hblpvul."— 7 a« Lancet, 

—^-~~^-^— — — — ■ .. . ^^^_^^^^_^^^.^__ ... ■ ■ ■ ■ ■ ^ 
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GRIFFIN'S NAUTICAIi SEBIE8. 

Price $8. 6d. Post-free. 
THE 

British Mercantile Marine. 

By EDWARD BLACKMORE, 

MASTB& MARINBll; ASSOCIATB OP THE INSTITUTION OP NAVAL A&CHITBCTSS 

MBMBBR OP THE INSTITUTION OP BNGINBBRS AND SHIPBUILDBRS 

IN SCOTXJIND; EDITOR OP CRIPPIN'S "NAUTICAL SSRIBS." 

GursRAL (/OirrBMTs.— HiBTOBicAL : From Early Times to I486— Fri«rMa 
onder Henry YIIT. — To Death of Mary— During Elizabeth's Reign— Up to 
the Beign of WiUiam III— The 18th and 19th Centuries— Institation of 
Examinations — Kise and Progress of Steam Propulsion — Development of 
Free Trade- Shipping Legislation, 1862 to 1875— '* Locksley Hall^ Case- 
Shipmasters* Societies— Loaiding of Ships — Shipping Legislation, 1884 to 1894 — 
Statistics of Shipping. The Psbsonnel : Shipowners— Officers— Mariners — 
Duties and Present Position. Education: A Seaman's Education: what it 
should be— Present Means of Education— Hints. DiSdPLDra and Dutt — 
Postscript — ^The Serious Decrease in the Number of British Seamen, a Matt^ 
demanding the Attention of the Nation. 

**IiiTBRBBiiiia and IxsraucTiya . . . may be read with raonr and BUonoBR.**— 
9lm»g<m Herald. 

*'Stbet bbakoh of the sabjeot is dealt with in a way which shows that the writer 
'knows the rop^s* familiarly.*'— <8eo<<inafi. 

*'ThiB admibablb book . . . tbkms with oBefal information— Should be in tiM 
IttBds of erery Sailor.**— IfMtcrfi Morning If em. 



SEC017D Edition. Price 6s, PosUfree. 



ELEMENTARY SEAMANSHIP. 

BT 

D. WILSON-BARKER, Master Mariner; F.R.S.E., F.R.G.S.,&a, &a; 

TOUEQBR BBOTHSE Or THE TRINITT HOUSE. 

With Frontispiece, Twelve Plates (Two in Colours), and Illustrations 

in the Text. 

GrENERAL CoETENTS.— The Building of a Ship; Parts of HulL Masts^ 
&c — Ropes, Knots, Splicing, Ac. — Gear, Lead and Log, &c. — Rigging, 
Anchors — Saihnakmg — The Sails, &c — Handling of Boats under Sail — 
Signals and Signalling — Rule of the Road— Keeping and Relieying Watch — 
Points of Etiquette— Glossary of Sea Terms and Phrases — Index. 

%* The Tolrnne contains tbe nkw rulbb oy tbs soad. 

** This ADMiaABLB MAVUAL. by Oapt. Wilsom-Babxxr of the ' Wopoester,' seems to na 
psarscTLT DBuoirsD. and holds its plitoe excellently in * Gkifto'b Nautical SBaum' . . . 
Although intended for those who are to become Officers of the Merchant Navy, it will be 
f onnd nsef ol by all tacbtsmkit. ^^-^Athmmum. 

*' FiTO shillingB will be will spbht on this little book. Oapt. Wnsov-BAaxn knows 
from experienoe what a yoong man wanU at the oatset of his career.'*~7%« EngiMtr. 

\* For complete List of Qamrnr's Nautical Ssam, see p. 45. 
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NAUTICAL WORKS. 



GRIFFIN'S NAUTICAL SERIES. 

Pric^ Sa. 6d, Post-free. 

DSTAViaATIOIsr 



By DAVID WILSON-BARKER, RN.R, F.R.S.E., &o., &o., 

AND 

WILLIAM ALLINGHAM, 

IDtflT-OLABS HONOUItS, NATIOATION, 80IBNOB AND A&T DKPARTMBNT. 

TDQlitb fiumecou0 5Uu0ttation0 anD Bsamination (Stuestfond. 

'GrENSBAL CoNTSNTS. — DofiiiitionB — Latitude and Longitude — Instrumentii 
of Navigation — Correction of Courses — Plane Sailing — Traverse Sailing— Day's 
Work — Parallel Sailing — Middle Latitude Sailing — MercatoT*s Chart— 
Mercator Suling — Current Sailinc^ — Position by Bearings— Great Circle Sailing 
— The Tides — Questions — Appenoiz : Compass Error — Numerous Useful Hinta^ 
ftc. — Index* 

" PaxoiflBLT the kind of work required for the New Certificates of competency in nadea 
from Second Mate to extra Master. . . . Candidates will find Iv iryaluablb.*'— J>i««idM 
Adntriiur. 

*' A CAPITAL UTTLX BOOK . . . Bpeolally adapted to the New Examinations. The 
Authors are Oapt. Wilsok-Babxxb (Captain-Saperintendent of the Nautical College, H.M.8. 
* Worcester/ who ban Had great experience in the highest problems of Navigation), anA 
Ma. AxxnaHAM, a well-known writer on the Science of Navigation and Nautical Astronomy." 
"Shipping World. 



Now Ready. Handsome Cloth. Fully Illustrated. 78. 6d. 

MARINE METEOROLOGY, 

FOR OFFICERS OF THE MERCHANT NAVY. 
By WILLIAM ALLINGHAM, 

Joint Author of '* Navigation, Theoretical and Practical." 

With numerous Plates, Maps, Diagrams, and Illustrations, and a facsimile^ 
Reproduction of a Page from an actual Meteorological Log-fiook. 

SUMMARY OF CONTENTS. 

Introductory.— Instruments Used at Sea for Meteorological Purposes.— Meteoro- 
Ic^cal Log-Books.— Atmospheric Pressure.— Air Temperatures.— Sea Temperatures. — 
mndfl.— Wind Force Scales.— History of the Law of Storms.— Hurricanes, Seasons, and. 
Storm Tracks.— Solution of the Cyclone Problem.— Ocean Currents.— Icebergs.— Sjm- 
ohronouB Charts.— Dew, Mists, Fogs, and Haze.— Clouds.— Kain, Snow, and Hail. — 
Mirage, Kainbows, Coronas, Halos, and Meteors.- Lightning, Corposants, and Auroras. — 
QUB8TI0NS.—APPBNDIX.— Index. 



• • 



For Complete List of Griffin's Nautical Series, see p. 46. 
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4S OHABLM OJUmW S OO.'B PUBLIOATIONB. 

GBIPFiy'S XAUTICAL SEBIES. 

Crown 8yo, with Numerous lUuBtrfttions. Handsome Cloth. 3a. 6d. 

Practical Mechanics: 

Applied to the Bequiremeuit s of the Sallox. 

By THOS. MACKENZIE, 

Master Mariner, F.R.A.8. 

Genbral Contents. — Resolution and Composition of Forces — Work done 
by Machines and Living Agents — The Mechanical Powers: The LoTer; 
Derricks as Bent Levers — The Wheel and Axle : Windlass ; Ship's Capstan ; 
Crab Winch— Tackles : the **01d Man'*— The IncUned Pkae; the Screw— 
The Centre of Gravity of a Ship and Cargo — Relative Strength of Hope : 
Steel Wire, Manilla, Hemp, Coir — Derricks and Shears — Calculation of- tfie 
Cross-breaking Strain of Fir Spar — Centre of Effort of Sails — Hydrostatics: 
the Diving-bell ; Stability of Floating Bodies ; the Ship's Pump, &c. 

** This excellent book . . . contains a lajelob amount of information,'* 
— IfcOurt. 

" Well worth the money . . . will be found BXCfEEDiNOLT helpvul.** — 
Slumping World, 

"No Ships' Officers' bookcase wiU henceforth be complete without 
Captain Mackenzie's * Practical Mechanics.' Notwithstanding my many 
vears' experience at sea, it has told me liow much more there is to ao^t^rt^** — 
(Letter to the Publishers from a Master Mariner). 

" I must express my thanks to you for the labour and care yon have takan 
•n 'Practical Mechanics.' . . . It is a' life's expbribnce. . . . 
What an amount we frequently see wasted by rigging purchases without reaeon 
and accidents to spars, &c., &c. ! * Practical Mechanics' would savb all 
THIS) " — (Letter to the Author from another Master Mariner). 



WORKS BY RICHARD C. BUCK, 

of the Thames Nautical Training Uollege^ H.M.S. * Worcester.' 

1. A Manual of Trigonometry: 

With Diagrams, Examples, and Exercise. Post-free Ss. 6d. 

♦^* Mr. Buck's Text-Book has been specially prepared with a view 

to the New Examinations of the Board of Trade, in which Trigonometiy 

k an obligatory subject. 

**Thi8 KMIVBHTLT PRAOTIGAL and KKLIABLB TOLJntxy—Sehoolmaster. 

2. A Manual of Alg^ebra. 

Designed to meet the Requirements of Sou lore and others. Price 3s. 6d. 

%* These elementary works 'on alobbra. and tsiookombtby are written specially for 
ihOM who will have little opportunity of consulting a Teacher. They are books for "bblv- 
■BLP." All but the simplest ezplaxiations have, therefore^ been avoided, and ahswbss to 
41m Szercisea are given. Any person may readily, by oarefnl stndy. become master of their 
eontents, and thus lay the foundation for a farther mathematics^ coarse, if desired. It f» 
hoped that to the younger Officers of our Mercantile Marine they will be found deoidedly 
«erfio6able. The Examples and Exercises are taken from the Ehcamination Bapen set tat 
ihe Oadets of the ''Worcester.*' 

"Olearly arranged, and well got up. . . .A first-rate Elementary Algehnk**— 
JfttutictU Magagine. 

%*For complete List of Gbhtui's Nautical Ssbxxs, see p. 45. 
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NAVTIOAL WOBKS. 4» 



OMFFIN'S NATITICAL SERIES. 

Crown 8vo, with Diagrams. 28. Post-free. 

Latitude and Longitude: 

By W. J. MILLAR, C.E., 

LaU Stcrttarp to tht hut. of Engimers and ShipbuUders in Soottand. 

" CONOISELT and CLEARLY WRITTEN . . . cannot but prove an acquiaition 
to those studying Navigation." — Marine Engineer, 

" Young Seamen will find it handy and useful, simple and olbab."— Th* 
Bnffineer, _ 

In Grown 8yo. Handsome Cloth. 4s. 6d. Post-free. 

THE LEGAL DUTIES OF SHIPMASTERS. 

BY 

BENEDICT WM. GINSBURG, M.A., LL.D. (Cantab.), 

Of the Inner Temple and Northern Circuit; Baxrister-at-Law. 

General Contents.— The Qualification for the Position of Shipmaster— The Con- 
tract with the Shipowner— The Master's Duty in respect of the Crew : Engagement ; 
Apprentices ; Discipline ; Provisions, Accommodation, and Medical Comforts ; Payment 
of Wages and Discharge— The Master's Duty in respect of the Passengers— The Master's 
Financial Besponsibilities- The Master's Duty in respect of the (Janfi>— Tlie Master's 
Duty in Case of Casualty— The Master's Duty to certain Public Authorities— The 
Master's Duty in relation to Pilots, Signals, Flags, and Light Dues— The Master's Duty 
upon Arrival at the Fort of Discharge— Appendices relative to certain LegiU Matters : 
Board of Trade Certificates, Dietanr Scales, Stowage of Grain Cai^ea, Load line JEtegula- 
tiODS, Life-saving Appliances, Carriage of Cattle at Sea, dec, <&c.— Copious Index. 

" No intelligent Master shoald fall to add this to his list of necessary books. A few lines 
•of it may savb a lawtkh's vkk, besides endless wobby."— Ztwfpoo/ Journal of VomtMrtt, 

" Sexsiblb, plainly written, in clkab and non-techmigal LAMouAaa, and wttl be foond of 
MUCH BsavxGB by the Shipmaster/*— iBrtYuA Trttd* Beview. 



FiRST AID AT SEA. 

SacOND Edition, Revised. With Coloured Plates and Numerous Ulnstra* 

tions, and comprising the latest Regulations Respecting the 

Carriage of Medical Stores on Board Ship. 

A MEDICAL AND SURGICAL HELP 

FOR SHIPMASTERS AND OFFICERS 
//V THE MERCHANT NAVY. 

BY 

WM. JOHNSON SMITH, F.RO.S., 

Principal Medical Officer, Seamen's Hoepital, GnenwidL 

%* The attention of all interested in our Merchant Navy ie reqaested to thisexeeedlnf ly 
Qsefnl and valuable work. It is needleaa u> say ttiat it is the outooma of mmj yeeni 
rmacnoAL xzpbriehcb amongst Seamen. 

" Souxn, JDDicious, BBALLT BBLPTUL "—The Lanctt. 

*«* For Complete List of Qbivuk's Nautical Skbixs, see p. 46. 
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CHARLES GRIFFIN ds CO:S PUBLICATIONS. 



GRIFFIN'S NAUTICAL SERIES. 



FovBTH Edition. Revised throughout, tcith additional Chapters tm 

Trim^ Buoyancy , and Calculations, Nvmerovs Illustrations, 

Handsome Cloth, Crown 8vo. 78. 6d, • 

KNOW TOUB OWN SHIP. 

By THOMAS WALTON, Naval Architect. 

«PXCIALLY ARBANOED TO SUIT THE KSQUIREMSNTS OF SHIPS* OFFICmBS, 
SHIPOWNERS, SUPXBIMTEKDBNTS, DRAUGHTSMEN, EN6INEEBS, 

AND OTHERS. 

This work explains, in a simple manner, such important 
■ubjects as: — 



Displacementi 

Deadweight, 

Tonnage, 

Freeboard, 

Moments, 

Buoyancy, 

Strain, 

Structure, 



Stability, 
Boiling, 
Ballasting, 
Loading, 
Shifting Cargoes, 
Admission of Water, 
Sail Area, 
ftc, ftc. 



** The little book will be found exceedingly handt by most officers and 
officials connected with shipping. . . . Mr. Walton's work will obtain 
LASTING SUCCESS, because of its unique fitness for those for whom it has been 
written." — Shipping World, 

'* An EXCELLENT WORK, fuU of soUd instruction and inyaluasle to every 
officer of the Mercantile Marine who has his profession at heart." — Skipping. 

" Not one of the 242 pages could well be spared. It will admirably fulfil its 
pforpose . . . useful to ship owners, ship superintendents, ship draughts- 
men, and all interested in shipping." — Liverpool Journal of Commerce. 

** A mass of vert useful information, accompanied by diagrams and illus- 
trations, is given in a compact form." — Fairplay. 

*' A larp;e amoimt of most useful information is given in the volume. 
The book is certain to be of great service to those who desire to be thoroughly 
grounded in the subject of which it treats." — Steamship, 

** We have found no one statement that we could have wished differently 
expressed. The matter has, so far as clearness allows, been admirablv con- 
densed, and is simple enough to be understood by every seaman."— JvisrifM 
Engineer. 
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§§7-8. Griffin's Geological, Prospectiiig, MlnlDg, and 

Metallnrglcal Mlications. 

FAOB 

Geology, Stratigrraphieal, K. Ethe&idge, F.R.S., . 52 

„ Physieal, Prof. H. G. Seelbt, . 52 

99 Practical Aids, Pbof. Grenvillb Oole, 53 

M Open Air Studies, . „ „ .19 

Griffin's "New Land" Series, Ed. by Prof. Oole, . 54 

1. ProspectinfiT for Minerals, S. Herbert Cox, A.RS.M., . 55 

2. Food Supply, . . Bobt. Bruce, ... 55 
8. New Lands, . H. R. Mill, D.Sc, F.R.S.E., 54 

4. Building Construction, Prof. Jas. Lton, 54 

Ore and Stone Mining, . Prof. Lb Neve Foster, 56 

Elementary Mining, . „ » 56 

Coal Mining, . H. W. Hughes, F.G.S., 57 

Practical Coal Mining, . G. L. Kerr, M.lnst.M.E., . 58 

Petroleum, .... Redwood and Holloway, . 60 

Mine-Surveying, Bennett H. Brough, A. B.S.M., 56 

Blasting and Explosives, O. Guttmank, A.M.l.c.E., . 57 

Mine Accounts, . . Pbof. J. G. Lawn, 58 

Mining Engineers' P]^t.-Bk., E. R. Field, M.lnst.M.M., . 59 

MetaUurgy(GeM^ralTreatise|p^,^,P3^^ ^1 

„ (Elementary), Prof. Humboldt Sextok, 66 

Assaying, . J. J. & 0. Beringeb, . 66 

Metallurgical Analysis, . J. J.Moroan, F.C.S., . 67 

Griffin's Metallurgical Series Ed. by Sir W. Roberts-Austen, 62 
1 • Introduction, . Sir W. Roberts-Austek, E.O.B., 63 

2. Gold, Metallui^ of, Br. Kibke Rosb, A.R.S.M., 63 

8. Lead and Silver, „ . H. F. Oollins, A.RS.M., 64 

4. Iron, Metallurgy of, . Thos. Turner, A.R.S.M., . 65 

5. SteeL „ E* W. Harbord, A.RS.M., . 65 

6. MetaUurgicad Machinery, H. 0. Jenkins, A.RS.M., . 65 

Getting Gold, J. 0. F. Johnson, F.G.S., . 59 

Cyanide Process, . James Park, F.G.S., . 59 

ol^'l?^^"^®"*^^ "* I BoRCHERs and McMillan, . 68 

Renning, . ,. . . j 

Electro-Metallurgy, . W. G. McMillan, F.I.C., . 68 

Goldsmith and Jeweller's Art, Thos. B. Wioley, ... 67 
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Sa €HABhm QBIFFW S OO.'S PUBLiOA TiOMS. 

Dein4i Svo, Handsome cloth, 18$. 

Physical Geology and Fateontology, 

OJV THE BASIS OF PHILLIPS. 

BY 

HARRY GOVIER SEELEY, F. R.S, 

PROFESSOR OF CBOGRAFHY IN KING'S COUJECM, LONDON. 

VAiCb ytontldpiece in Cbromoi-XitbOdtapbiS, and 5lla0tciitfonft» 



" It is impossible to praise too highly the research which Professor Suex^st** 
* Physical Geology ^ eyidences. It is far more than a Text-book — it u 
A Directory to the Student in prosecuting his researches." — Presidentuil A^ 
drm t6 the Gtological SocUty^ 1885, i^ Rev, Prof, Bmtuy., D,Sc.^IJLD,^ J^.B,S. 

" Professor Seeley maintains in his * Pky^cal Geology ' the la^k 
reputation he already deservedly bears as a Teacher.'' — Vr* Htmry WpmL'. 
wardy F,R.S.^ in the « Geological MagaMttu,^' 

** Professor Seeley's work includes one of the most satisfiictoiy Treatisea 
oa lithology in the English language. ... So much that is not acoessSd« 
m other works is presented in this volume, that no Student of Geolofy cm 
afTord to be without it." — American Journal of Engineering, 



Demy Svo, Handsome cloth, S4e» 

StratJgrapMcal Geolo^ & Palsontology, 

OJf THE BASIS OF PHILLIPS. 

BY 

ROBERT ETHERIDGE, F.R.S, 

OP ma NATURAL HIST. DBFARTMBMT. BRfTISH MUSSUlf, LATS PALiSONTOLOGIST TO rUM 
GMOUOGICAI. SURVBY OF GREAT BRITAIN. PAST PRBSIDBNT OF TUB 

CBOLOGICAL SOCIBTV, BTC 

» 

TRlftb Aap, TlumerouB XLnblcBf anb mitt^^fit pUites^ 



** N* such compendium of feological knowkdf e has <«v«r beeft faioiiclit top rt h T 

" If Prof. Sxxlry's volume was remarkable for its oripnality and the breadth of its view% 
Mr. STHniDGB fiaUy justifies the assertion made in his preface that his book ^ffm ia oo^ 
ttruction and detail mnn any known manual . . . lust taka high bauk AMOMfi wona 
or RBFBRBNCB. *—A t k e n mum . 
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Warks Iqr 6RENVILLE A. J. COLE, M.R.I.A., F.Q.S^ 

i h- ofcuc ir of Geolofy in the Royal College of Science for Ireland. 



AIDS IN 

PRACTICAL GEOLOGY! 

WITN A SECTION ON PALjEONTOLOGY. 

By professor GRENVILLE COLE, M.R.I.A., F.G.Sw 

Third Edition, Revised and in part Re-written. With Frontispiece 

and Illustrations. Cloth, zos. 6d. 



GENERAL CONTENTa— 

PART I.— Sampling of the Earth's Crust. 
PART II.— Examination of Minerals. 
PART III. — Examination of Rocks. 
PART IV.— Examination of Fossils. 

" Prof. Cole treats of the examination of minerals and rocks in a way that^ has 
been attempted before . . . desbkving of thb highest praisb. Here indeed ara 
' Aids ' iNNUMMtABLK and INVALUABUL All the directions are girea with the utasoat dear* 
■ess and preosion."— ^/4#»«M»ir. 

"To the younger workers in Geology, Prof. Cole's book wil be as iMDiftPBifSABUi at • 
dtrtionary to the learners of a language. —.Sa/vn^^ Revuw, 

'*That the work desenres its title, that it is full of 'Aids/ and in the highest degree 
' PBACTiCAL,' will be the verdict of all who use it." — Natttrt. 

" This nccBLUKNT Manual . . . will be a tbry grbat hblp. ... The section 
•a the Examinadon of Fossils is probably the best of its kind yet published. . . . FuLk 
•f wdl-ttigested inforaution from the newest sources and from penooal research." — Annalw 
0/Nki, UisUrr. 



OPEll-ftlH STUDIES IJl GEOIiOGY: 

An Introduction to Geology Out-of-doors. 

By professor GRENVILLE COLE, M.R.LA., F.G.S. 

With. 12 Full- Page lilustrcUions from Photographs, 

Cloth, &f. dd. 

For details, see Griffin's Introductory Science Series, p. 19. 



Bdlted by PROFESSOR COLB. 

The "Nfii Land" Series tor Colonists and Prospectors 

(See next page). 
lONSON: CHARLES GRIFFIN & GO^ LIMITED, EXETER STREET, 8TRAIUX 



\ OHARLMa GRIFFIN S OO.'B FUBLIOA TIOJitB. 

The "New Land" Series 



OF 



Practical Hand-Books 

Tor the Use of Prospectors, Explorers, Settlers, 

Colonists, and all interested in the opening 

up and Development of New Lands. 

EDITED BY 

GRENVILLE A. J. COLE, M.R.LA., F.G.S., 

Professor of Geology in the Koyal College of Science for Ireland. 
Large Grown 8vo, Cloth or Leather, wifch Illustrations. 



HEADY IMMEDLA.TELY. NEW VOLUME OF THE SERIES. 
In Large Cr^wn 8ro, iHfandsome Cloth, 

NEW LANDS: 

THEIB BESOUBCES AND FBOSFECTIVE 

ADVANTAQES. 

By HUGH ROBERT MILL, D.Sc, LL.D., F.R.S.E., 

Librarian to the Hoyal Geographical Society. 
With Numerous Maps Specially Drawn and Executed for this Work. 

*^lNTBODUCTORT. "The Development of New Lands. — The Dominion of Oansda.— Canada, 
eastern Provinces. —Canada, Western Provinces and Territories.— Newfoundland.— The United 
States.— Latin America, Mexico.— Latin America, Temperate Brasil and Chili.— Latin America, 
Argentina. — The FallcUnd Islands. — Victoria. ^ New South Wales. - Queensland. — South 
Australia.— Tasmania.— Western Australia.- New Zealand.— The Resources of South Africa.— 
Southern Rhodesia.— Index. 



Vol 4.— BUILDING CONSTRUCTION in WOOD, STONE, 
AND CONCRETE. By Jas. Lyon, M.A., Professor of 
Engineering in the Royal College of Science for Ireland ; 
sometime Superintendent of the Engineering Department in 
the University of Cambridge; and J. Taylob, A.R.C.S.I. 

[In Preparation, 

%* Other Volumes will follow, dealing with subjects of 
Primary Importance in the Examination and Utilisatioh of 
Lands which have not as yet been fully developed. 

LONDON : CHARLES GRIFFIN & CO., LIMITED, EXETER STREET, STRAND. 



PR08PBI0TIN0 AND MINING. SS 

GRIFFIN'S "yEW LAXD" SERIES . 

Second Edition, Beviaed. With Illuatrationa. Price in Cloth, 68. ; strongly 

bound in Leather, 6«. Qd. 

PROSPECTING FOR MINERALS. 

A Practical Handbook for Prospectors, Explorers, Settlers, and all 
interested in the Opening up and Development of New Lands, 

BY 

S. HERBERT OOX, AssocRS.M., M.InstM.M., F.G.S., <fcc. 

General Contents. — Introduction and Hints on Greology — ^The Detennin»- 
tion of Minerids : Use of the Blow-pipe, &c. — Kock-fonning Minerals and Non- 
Metallic Minerals of Commercial Value : Rock Salt, Borax, Marbles, Ldtho- 
Saphic Stone, Quartz and Opal^ &c. , &c. — Precious Stones ana Gems — Stratified 
eposits: Coal and Ores— mmeral Veins and Lodes — Irregidar Deposits — 
Dynamics of Lodes : Faults, &c. — ^Alluvial Deposits — Noble Metals : Gold, 
Platinum, Silver, &c. — Lead — Mercury — Copper — Tin — Zinc— Iron — Nickel, 
Ac. — Sulphur, Antimony, Arsenic, &c. — Combustible Minerals — Petroleum- 
General Hints on Prospecting — Glossary— Index. 

"This ADMIBABLB UTTLR WORK . . . written with sanimno aoouraot in a 
CLEAR and LUOID style. ... An important addition to technical literature . . . 
will be of value not only to the Student, but to the experienced Prospector. . . . 
If the succeeding volumes of the New Land Series are equal in merit to the First, we 
must congratulate the Publishers on successfully filling up a gap in existing literature. 
^Mining JowmaZ. 

"This EXCELLENT HANDBOOK will prove a perfect Vade-meeum to those engaged in 
the practical work of Mining and Metallurgy."— TifTies of Africa. 



With many Engravings and Photographs. Handsome Cloth, 4s. 6d. 

I^OOD SUPPLY. 

By ROBERT BRUCE, 

AgriciUtaral Superintendent to the Royal Dublin Society. 
With Appendix on Preserved Foods by C. A. Mitchell, B.A., F.LC. 

GxNiRAL Contents. — Climate and Soil — Drainage and Rotation of 
Crops-— Seeds and Crops — Vegetables and Fruits— Cattle and Cattle- 
Breedinj — Sheep and Sheep Rearing — Pigs — Poultry — Horses — The Dairy 
— The Farmer's Implements — The Settler's Home. 

*• Bristles with information."— Farmers' Gazette. 

" The work is one which will appeal to those intending to become farmers at home 
or in the Colonies, and who desire to obtain a general idea of the true principles of 
farming in all its branches."— JoumoZ qf the Royal Colonial Intt, 

*' A most READABLE and VALUABLE book, and merits an sxtenstvb 6ALE."—aeotti8h 
FartneT, 

" Will prove of service in any part op the world."- Nature. 

LONDON: CHARLES aRIFFIN « CO.. LIMITED. EXETER STREET. STRAND. 
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$ OHARLBB GRIFFIN S OO.'S PUBLWATIONB. 

ORE &; STONE MINING. 

BY 

C. LE NEVE FOSTER, D.Sc, F.R.S., 

moFassoR ok mining* royal coixbgb «>p sciencb; k.m. inspector of uunM. 

Fourth Edition, Revised, and brought thoroughly up-to-date. 
With Frontispiece and 716 Illustrations. 



'. dr> Fottei^s book was expected to be bpoch-making, and it fiiUy justifies such expeo- 
tstUMi. ... A MOST AOMiKABLB Rccoont of the mode of occurrence of practically ali. 
KMOWN MiMBRALS. Fkobably stands unriyallbd for completeness."— rA# Mining ymtnutL 

GENERAL CONTENTS. 

nmtpDUCTIGN. Mode of Oeeuppenee of Minerals.— Ppospectingr.-Borinflr. 
—Bpeakiuff Ground. —Supporting £xeavatlons.—Exploitatton.— Haulage or 
TransporL-HoisUnff or Windinfi:.— Drainaffo.-VentUation.— LUrhtin^.— 
Deseent a^a Ascent.— Dressing— Principles of£mployment of Mining Labour. 
— Lurislation affecting Mines and Quarries. - Condition of the Miner.— 
AeelMnts. —Index. 

"Tliis BPOCM-MAKiHG work . . . appeals to mbn of bxperibncb no less tfaam to 
st«daits.'*— ^#f3r- und H^tenm&Hnischt ZeiUme. 
"This SPLBHDID yt09X.:'^Otsterr. Zttchrft fir Bert- und HUHemuetm, 



ELEMENTARY MINING AND QUARRYING 

(An Introductory Text-book). By Prof. 0. Le Nkvb 
Foster, F.R8. [Shortly, 

A TREATISE ON MINE-SURVEYING: 

for th9 UB9 of Managen of Minea and CoUierioB, SiudenU 
at th§ Royal School of liinea, 4«. 

By BENNETT H. BROUGH, F.G.S., Assoc.RS.M., 

Formerly Instructor of Mino-Sunreyinc* Rojral Sdiool of MiuM. 

Seventh Edition, Enlarged and Revised. With Numerous Diagiama. 

aoUi,7«*6d. 

General Contents. 

Qeneml Explanations-— Measurement of Distances — ^Miner's Dial — ^VariattOB of 
the Magnetic-Needle — Surveying with the Ma^etic-Needle in presence of Inm — 
Sunrqring with the Fixed Needk — German Dial — ^Theodolite — ^Txaversing Uader- 
ground— ^urface-Sunreys with Theodolite — Plotting the Survey — Calculation of 
Areas — Levelling — Connection of Underground- and Surface-Surve3rs---Measuring 
Distances fay Telescope — Setting-out — Mine-Surveying Problems—Mine Plans- 
Applications of MagneCic-Needle in Mining — Photographic Surveying — Afpoidues, 

** Has raovBD itself a valuable Text-book : the best, if not the only one, in the English 
language on the subject." — MinmgyoumaL 

** No £ngUsh-«peakinp^ Mine Agent or Mining Student will consider his technical library 
complete without it." — I/at$tre. 

"A valuable acc essory to Su r veyors in every department of commctcial enterprise. 
Fully deserves to hold its position as a standard.' — Colliery Guardian. 

UHDON: CHARLES GBtFFIN A 00„ LIMITED, EXETER STREET, STRAND. 
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A TEXT-BOOK OF COAL-MINING : 

/=&/? THE USE OF COLLIERY MANAGERS AND OTHERS 
ENGAGED IN COAL-MINING. 

BT 

HERBERT WILLIAM HUGHES, F.G.S., 

Assoc Royal School of Mines, General Manager of Sandwell Park Colliery. 

Fourth Edition, Revised and Greatly Enlarged, With Numtrmu 
Additional Illustrations ^ mostly reduced from Working 

Drawings, 



GENERAL CONTENTS. 

Geology. — Search for Coal. — Breaking Ground. — Sinking.— Preliminary 
Operations. — Methods of Working. — Haulage. — Winding. — Pumping. — 
Ventilation. — Lighting. — Works at Surface. — Preparation of Coal for Market. 
— Index. 

"Quite THK BEST BOOK of its kin4 ... as practical in aim as a book can be . . . 
The illustrations are mxGMLi:EXiT*'—Athemtum. 

" We cordially recommend the •9rork.''—C0lU*fy Guardiau. 

'* Will soon come to be regarded as the standard work of its kind." — Birmingham: 
Daily Gazette. 



In Large Svo, with Illustrations and FQlding-Plates, los, 6tL 
AND THE USE OF EXPLOSIVES. 

A Handbook for Engineers and others Engaged in Mining, 

Tunnelling, Quarrying, &c. 

By OSCAR GUTTMANN, Assoc. M. Inst. C.E. 

Member ef ike Socuttes e/ Civil Engineers and Architects ef Vienna dnd Budapest, 
Cerres^ending Member qftke Imp, Roy. Geological Institution ^Austria^ ^c. 

General Contents.— Historical Sketch— Blasting Materials— Blasting Pow- 
der — ^Various Powder-mixtures — Gun-cotton — Nitro-glycerine and Dynamite — 
Other Nitro-compounds— Sprengel's Liquid (acid) Explosives —Other Means of 
Blasting — Qualities, Dangers, and Handling of Explosives — Choice of Blastiiig 
Materials — ^Apparatus for Measuring Force — Blasting in Fiery Mines — Means of 
Ifniting Charges — Preparation of Blast»~Bore-holes — Machine-drilling — Chamber 
Mines— Charging of Bore-holes— ^Determination of the Charge — Blastmg in Bore- 
holes — Firing— Straw and Fuze Firing — Electrical Firing— Substitutes for Electrical 
Firing — Results of Working — Various Blasting Operations — Quarrying — Blasting 
Masonry, Iron and Wooden Structures — Blasting in earth, under water, of ice, &G. 

"*■ This ADKiBABLB wofk."— CoWfTy Guardian. 

** Should prove a vade-mecum to Mining Engineers and all engaged in practical work. 
— Iron and Coal Trades Retiiew. 

LONDON: CHARLES GRIFFIN A CO.. LIMITED, EXETER STREET, STRAND. 
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NEW VOLUME OF GRIFFIN'S MINING SERIES. 

£dited by C. LE N£VE FOSTER, D.Sc, F.B.S., 
H.M, Inspector of Mines, Professor of Mining, Royal School of Mines. 



Mine icconnts and Hining Book-keeping. 

A Manual for the Use of Students, Managers of MetaJliferous 

Mines and Collieries, Secretaries of Mining Companies, 

and others interested in Mining. 

With Numerous Examples taken from the Actual Practice 
OP Leading Mining Companies throughout the world. 

BY 

JAMES GUNSON LA.\VN, A8soc.R.S.M., Assoc. Mein.Inst.C.E., F.G.S., 
Professor of Mining at the Soath African School of Mines, Capetown, 

Kimberley, and Johannesburg. 

In Large 8ro. Price lOs, 6d. 

General Contents. — Introduction. — Part I. Engagement and Pay- 
ment of Workmen. — Part II. Purchases and Sales. — Part III. Working 
Simimaries and Analyses. — Part IV. Ledger, Balance Sheet, and Company 
Books. — Part V. Reports and Statistics. 

**It seems 1MPOS8IBI.B to suggest how Mr. Laitn'b book could be made more complietb or 
more yaluablb, careful, and exh&viBtlYeJ''— Accountants' Magazine, 

**Mr. Lawn's book should be found of gbsat usb by Mnrs Seobbtabiu and Mnn 
MiVAOBBfl. It consists of five 'BartB.'*— Johannesburg Star, 



Ik Active Preparation. Large Crown 8vo. Handsome Cloth. 

Profusely Illustrated. 

Practical Coal Mining*: 

A MANUAL FOB MANAGERS, UNDEB-MANAGERS, 
COLLIEBY ENGINEERS, AND OTHBBS. 

By GEORGE L. KERR, M.E., M.Inst.M.E., 

Colliery Mianager. 

*«* Intended to fill the gap existing between the large and expensive 
Standard Treatises on Coal Mining, and the small Elementary Text- 
Books, and to appeal more particularly to those engaged in Practical 
Colliery Work. — Pnhlishtr's Note 

LONDON: CHARLES GRIFFIN & CO.. LIMITED. EXETER STREET. STRANa 
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With Illustrations and Plates. Handsome Cloth, 6s. 

THE CYANIDE PROCESS OF GOLD EXTRACTION. 

A Text-Book for the Use of Metallurgiata and Students at 

Schools of MineSy dc. 

By JAMES PARK, F.G.S., M.Inst.M.M., 

Late Director Thames School of Mines, and Geological Surveyor and Mining Geologist 

to the Government of New Zealand. 

First English Edition. Thoroughly Revised and Greatly Enlarged from 
the Third (New Zealand) Edition. With additional details concerning 
the Siemens-Halske and other recent processes. 

Contents. — The MacArthur Process. — Chemistry of the Process. — 
Laboratory Experiments. — Control Testing and Analysis of Solutions. — 
Appliances for Cyanide Extraction. — The Actual Extraction by Cyanide. — 
Application of the Process. — Leaching by Agitation. — Zinc Precipitation 
of Gold. — The Siemens-Halske Process. — Other Cyanide Processes. — Anti- 
dotes for Cyanide Poisoning. — Cyanidino^ in New Zealand. 

" Mr. Park's book deserves to be ranked as amongst the best of EXISTING TREATISES 
ON THIS SUBJECT."— J/i/mi{7 Journal. 



Second Edition. With Illustrations. Cloth, '6s. 6d. 

GETTING GOLD: 

A GOLD-MINING HANDBOOK FOR PRACTICAL HEN. 

Bt J. 0. P. JOHNSON, P.G.S., A.I.M.E., 

Life Member Australasian Mine-Managers* Association. 

GrBMERAL CONTENTS.— Introductory : Getting Gold— Gold Frospecting^ 
(Alluvial and General) — Lode or Reef Prospecting — The Genesiology of Gold — 
Auriferous Lodes — Auriferous Drifts — Gold Extraction — Secondary Processes^ 
and Lixiviation — Calcination or ** Koasting " of Ores — Motor Power and its 
Transmission— Company Formation and Operations — Rules of Thumb : Mining 
Appliances and Methods — Selected Data for Mining Men — Australasian Mining 
Regulations. 

" Praotioal from beginning to end . . . deals thoroughly with the Prospecting,. 
SAnking, Crushing, and Extraction of gold."— Brit. Auitralastan. 



Pocket Size, Strongly bound in Leather, 3«. 6d. 

THE MINING ENGINEERS' REPORT BOOK 

AND DIRECTORS' AND SHAREHOLDERS' GUIDE TO MINING REPORTS. 
By EDWIN R. FIELD, M.Inst.M.M. 

With Notes on the Valuation of Mining Property and Tabulating Reports, Useful 
Tables, Ac, and provided with detachable blank pages for MS. Motes. 

*'An ADMIRABLY compiled book which Mining Engineers and Managers will find 
BXTRBMELY USEFUL." — Mining Journal. 

LONDON : CHARLES GRIFFIN & CO., LIMITED. EX-:TER STREET, STRAND. 
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CHARLES GRIFFIN d> CO.'S PUBLICATIONS. 



AND ITS PRODUCTS: 

BT 

BOY ERTON REDWOOD, 

F.RS.E., F.LC, Assoa Inst. C.E., 

Hon. Oorr. Mem. of the Imperial Buasian Technical Society ; Mem. of the Americaa ChemioftI 
Society ; ContuItiDg AdriBer to the Corporation of London under the 

Petroleum Acts, &c., &c. 

AwiBTBD BT GEO. T. HOLLOWAY, F.LC, Assoa R.G.S., 

And Kumeroas Contributors. 

In Two Volumes, Iiarge 8vo. Price 45s. 
Witb ftumetottd Aapst plate6, and ^Uuetrations In tbc JS^iU 



GENERAL CONTENTS. 



I. General Historical Aopount of 

the Petroleum Industry. 
n. Geological and Geographical 
Distribution of Petroleum and 
Natural Gas. 

Chemical and Phsrsleal Pro- 
perties of Petroleum. 
Origin of Petroleum and Natural 
Gas. 
y. Production of Petroleum, 
Natural Gas, and Ozokerite. 
Tl The Refining of Petroleum, 
yn. The Shale Oil and Allied In- 
dustries. 



m. 

IV. 



vm. 

IX. 

z. 

XI. 



Dis- 



Transport, Storage, and 
tribution of Petroleum. 

Testing of Petroleum. 

Application and Usee of 
Petroleum. 

Legislation on PetnAevm at 
Home and Abroad. 

Statistics of the Petroleum 
Production and the Petroleum 
Ttade, obtained ftcm the 
most trustworthy and offtelal 
sources. 



ii 



The MOST COMFRBHENSIVE AND CONYENIENT ACCOUKT that has yet i^speared 
•of a gigantic indastry which has made incalculable additions to the comfort of 
civilised man. . . . The chapter dealing with the arrangement for storagb 

and TBANSPORT of GREAT PRACTICAL INTEREST. . . . The DIGEST of LEGIS- 
LATION on the subject cannot but prove of the greatest utility." — 7^he Times. 
** A splendid CONTRIBITTION to our technical literature." — Chemical News, 
**This THOROUGHLY STANDARD WORK ... in every way excellent 
. . . most fully and ably handled . • . could only have been produced 
,hj a man in the very exceptional position of the Author. . . . Indispen- 
sable to all who have to do with retroleum, its applications, manufaotubb, 
STORAGE, or transport."— jtfwtn^ Jowmai, 

" We must concede to Mr. Kedwood the distinction of having produced a 
treatise which must be admitted to the rank of the indispensablbs. It con- 
tains THE last word that can be said about Petroleum in any of its scientific, 
technical, and legal aspects. It would be difficult to conceive of a more 
comprehensive and explicit account of the geological conditions associated with 
the SUPPLY of Petroleum and the very practical question of its amount and 
duration.** — Journal of Gas Lighting, 



LONDON: CHARLES GRIFFIN & CO., LIMITED, EXETER STREET, 8TRAMD. 



MBTALLURQWAL WORKS. 



6f 



Thtbi) Edition. With Folding Plates and Many IlkittrationB. 
Large 8vo. Handsome Cloth. 368. 

ELEMENTS OF 

Metallurgy 

A PRACTICAL TREATISE ON THE ART OF EHRACTING IIETAL8 

FROM THEIR ORES. 



BY 



J. ARTHUR PHILLIPS, M.In8t.0.K, F.C.S., F.G.S., <fea 

AND 

H. BAUERMAN, V.P.G.S. 



GENERAL OONTENTS. 



Refractory Materiala. 

Hre'Olays. 

Faela, &c. 

Alnminium. 

Copper. 

Tin. 



Antimony. 

Arsenic. 

Zino. 

Mercurv. 

Bismutn. 

Lead. 



Iron. 

Cobalt 

NickeL 

Silyer. 

Gold. 

PlatiniiDu 



%* Many notable additiqnb, dealing with new Processes and DeTelopmentt» 

will be found in the Third Edition. 

" Of the Third Edition, we are still able to si^ that, as a Text-book d 
Metallurgy, it is the best with which we are acquainted.*' — EngvMer, 

" The value of this work is almost ineatimabU. There can be no question 
that the amount of time and labour bestowed on it is enormous. . . . There 
is certainly no Metallurgical Treatise in the language ealculated to proye of 
such general utility." — Mining Journal. 

" In this most useful and handsome volume is condensed a large amount of 
▼aluable practical knowledsre. A careful study of the first division of the boo^ 
on Euels, will be found to be of great value to every one in training for the 
practical applications of our scientific knowledge to any of our meteUurgical 
operations. '* — A tkenamm. 

*' A work which is equally valuable to the Student as a Text-book, and to tha 
practical Smelter as a Standard Work of lleference. . • . The Illustrations 
are admirable examples of Wood Engraving." — Cfhemical Newt. 



LONDON: CHARLES GRIFFIN i CO.. LIMITED, EXETER STREET. STRANBb 



OBABLaa oRitris ^ ao:a puauoATiom. 
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STANDARD WORKS OF REFERENCE 

FOR ^ 

Metallopfirists, Mind-Owners, Assayers, Manufi^turers. 
and all interested in the development cf^ 
the Metallurgical Industries. x. 

EDITED BT 

Sir W. ROBERTS-AUSTEN, K.C.B., D.C.L., F/h^., 

OnCMIST AND ASSAYER TO THE ROYAL MINT ; PROFESSOR OF MSTALLIJI^ ^ 

THE ROYAL COLLEGE OF SCIENCE. 

In Large Zva, Handsome Cloih, With Illustrations, 



L INTRODUCTION to the STUDY of METAIililJIlGHfe 

By the Editor. Fourth Edition. 15s. (Seep. 63.) 

2. GOLD (The Metallurgy of). By Thos. Kirke Rose, 
D.Sc, Assoc. R.S.M., F.I.C., of the Royal Mint. Third Edition,/ 
2 is. (See p. 63.) 

a. IiEAD AND SILVER (The Metallurgy of). By H. F. 

Collins, AssocR.S.M., M.InstM.M. Part I., Lead, i6s; Part 
XL, Silver, i6s. (See p. 64.) 

4. IRON (The Metallurgy of). By Thos. Turner, 

Assoc. R.S.M., F.I.C., F.C.S. i6s. (See p. 65.) 

6. STEEL (The Metallurgy of). By F. W. Harbord, 

Assoc. R.S.M., F.I.C., Chemist to the Indian Government. 

{Ready shortly. 



WiU ho PubUshed at Short Intotvals, 

6. METALLURGICAL MACHINERY: the Application of 

Engineering to Metallurgical Problems. By Henry Charles Jenkins, 
WIlSc, Assoc. R.S.M., Assoc. M. Inst. C.E., of the Royal College oi 
Science. 

7. ALLOYS. By the Editor. 

*^^* Other Volumes in Preparation. 

LONDON: CHARLES GRIFFIN & CO.. LIMITED, EXETER STREET, STRAND. 
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GBIFFIN'S METAIiIiTJBGICAL SERIES. 



Fourth Edition, Revised and Enlarged. Price 15s. Large 8vo, 

with numerous Illustrations and Micro- Photographic Plates 

of different varieties of Steel. 

An Introduction to the Study of 

BY 

Sir W. ROBERTS-AUSTEN, K.C.B., D.C.L., F.R.S, 

Assodate of the Royal School of Mines ; Chemist and Assayer of the Royal 
Mint; Professor of Metallurgy in the Royal College of Science. 

General Contents. — The Relation of Metallurgy to Chemistry. — Physical Properties- 
of Metals. — Alloys. — The Thermal Treatment of Metals. — Fuel and Thermal Measurements.. 
— Materials and Products of Metallurgical Processes. — Furnaces. — Means of Supplying Air 
to Furnaces. — Thermo -Chemistry. — "il^^pical Metallurgical Processes. — The Micro-Structure 
of Metals and Alloys. — Economic Considerations. 

" No English text-book at all approaches this in the completeness witb 
which the most modern views on the subject are dealt with. Professor Austen's 
▼olimie will be invaluable, not only to the student, but also to those whos* 
knowledge of the art is far advanced." — Chemical News, 



Thibd Edition, Eevised, Enlarged, and partly Ke-written. 2l8. 

Including the most recent Improvements in the Cyanide Process. 

With Frontispiece and numerous Illustrations. 

THE METALLORfiY OF GOLD. 

BY 

T. KIRKE ROSE, D.ScLond., Assoc.R.S.M., 

Assistant Assayer cf the Royal Mint 

Obnbral Contents.— The Pi-opertiea of Gold and its Alloys.— Chemistry of Gold.— 
Mode of Occurrence and Distribution.- Placer Mining.— Shallow Deposits.— Deep Placer- 
Mining. — Quartz CruBhiiig in the Stamp Battery. -Amalgamation. —Other Forms of 
Cmshing and Amalgftmating.—Concentration.— Stamp Battery Practice.- Chlorination n 
The Preparation of Ore.- The Vat Process.- The Barrel Process.- Chlorination Practice 
in Particular Mills.— The Cyanide Piocess.— Chemistry of the Process.— Pyritic Smelting.. 
—The B^flning and Parting of Gold Bullion— The Assay of Gold Ores.— The Assay oC 
Bullion— Economic Con8iderations.—Bibliography. 

*' AooMPBKHKNSiVB PBACTIGALTRKA1I8B on ihis important inbjaot."— TAtf Timet. 

"The MOST ooMPLKTE dasoription of tne ohlokination pboobsb which has yet bean pnb- 
hA9d:'- Mining Journal. 

** Adapted for all who are intereBtsd in the Gold Mining Industry, being free from taob- 
nioalities as far as possible, but is more parcieularly of value to tbosa engaged iu th** 
industry.' —Cape Times. 
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aHIFFIN'S METAIJLnBGICAIi SERIES. 

Edited by SIR W. ROBERTS-AUSTEN, K.C.B., F.R.S., D.C.L. 
In Large 8vo. Handsome Cloth. With lUiLstraHotis. 

IMPORTANT NEW WORK. NOW READY. 
In Two Volumes, Each Complete in Itielf and Sold Separately. 

THE METALLURGY OF LEAD AND SILVER. 

By H. F. COLLINS, AssocE.S.M., M.Inst.MJI. 

Pa.x»t I.— lLiEJLI>; 

A Complete and Exhanstiye Treatise on the Manufactare of Lead, 
irith Sections on Smelting and Desilverisation, and Chapters on the 
Assay and Analysis of the Materials involved. Price i6s. 

Summary of Contents.— Sampling and Assaying Lead and Silver.— Properties and 
•OompoondB of Lead.— Lead Ores.— Lead Smelting. — Reverberatories.— Lead Smelting in 
Hearths.— The B>oasting of Lead Oi-es.— Blast Furnace Smelting; Principles, Practice, 
and Examples; Products. — Flue Dust, its Composition, Collection and Treatment. — 
Costs and Losses, Purchase of Ores. — Treatment of Zinc, Lead Sulphides, Desilverisation, 
ik)ftening and Kefining.— The Pattinson Process.— The Parkes Process.— Capellation and 
Beflning, <fec., &c. 

"A THOROUOHlT SOUND and Useful digest. May with evsrt OONriDBffOE be 
recommended."- ifininijr Journal. 



Pax*t II.— SI1L.YEBL. 

JUST OUT. 1 Gs. 

Comprising Details regarding the Sources and Treatment of Silver 
Ores, together with Descriptions of Plant, Machinery, and Processes of 
Manufacture, Refining of Bullion, Cost of Working, &c. 

Summary op Contents.— Properties of Silver and its Principal Compounds.— Silver 

Ores.— The Patio Process.— The Kazo, Fondon, Krohuke, and Tina Processes.- The Pm 

Proeess.- Koast Amalgamation.— Treatment of Tailings and Concentration.— Setorting, 

Melting, and Assaying.- Chlorodising-Eoasting.- The Augustin, Claudet, and Ziervogel 

Processes.- The Hypo-Sulphide Leaching Proce8S.—ileflning.— Matte Smelting.— Pyritic 

ilmelting.— Matte Smelting iu Reverberatories.— Silver-Copi>er Smelting and Betetng.— 

Index. 

" The author has focussed A large amount of yaluablk iNFORMATloif into a 
<»nvenient form. . . . The author has evidently considerable practical ezperieBce, 
jmd describes the various processes clearly and well." — Mining Journal. 

LONDON: CHARLES GRIFFIN & CO.. LIMITED, EXETER STREET, STRAIU^ 
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THE METALLURGY OF IRON. 

By THOMAS TURNER, Assoc.RS.M., F.I.C., 

Director of Technical Instruction to the Staffordshire County Council 

In Labob 8vo, Handsome Cloth, With Numerous iLLUsTBAxioirs 

(many raoM Photographs). Prick 168. 



Oeiural Contents.— E&riy History of Iron.— Modern History of Iron.— The Age of SteaL 
— Ohief Iron Ores. — Preparation of Iron Ores.- The Biast Furnace.— The Air nsed In tlie 
Blast Famaoe.—Beaction8 of the Blast Fnmace.— The Fnel nsed in th<e Raot Furnace.— 
Slags and Foxes of Iron Smelting.— Properties of Oast Iron.- Foundry Practice.— Wrought 
Iroa— Indirect Production of Wrought Iron.— The Pnddlinf Process.— Further Treatment 
of Wrought Iron. —Corrosion of Iron and Steel. 

" A MOST valuablb summary of knowledge relating to every method and stage 
in the manufacture of cast and wrought iron . . . rich in chemical details. . . . 
ExHAUBTTYK and THOROUGHLY UP-TO-DATE ."—.Sii^^in of the American Iron 
and Steel Association, 

*' Thia is A delightful book, giving, as it does, reliable information on a eubjeot 
becoming every day more elaborate.'* — CoUiery Guardian. 

'*A THOROUGHLY USEFUL BOOK, which brings the subject up to date. Of 
GREAT TALUE to thoso engaged in the iron industry." — Mining Journal. 



IN AOTIVE PRERARATION, 

New Volume of the '* Metallurgical Series." 

THE METALLDRGY OF STEEL 

By F. W. HARBORD, 

Aisodaie of the Rcyal School of Mines^ FeUow of the Institute, of Chemistry, 
Chemist to the Indian Government, Royal Indian Kntjineeriny 

College^ Cooper's Hill, 

With Numerous Diagrams and Illustrations of Plant and 
Machinery, reduced from Working Drawings. 



METALLDMCAl" MACHINERY : 

The Applioation of Ensineeringto Metallurgloal Problems. 

By henry CHARLES JENKINS, 

Wh, Sc. , Assoc. R. S M., Assoc, M. Inst. C. E, 



\* For Details of Works on Mining, see pages 55-59. 
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A TEXT-BOOK OF ASSAYING: 

For th§ VM of Students, Mint Managers, Aaeayera, dc 
By J. J. BERINGER, F.I.C, F.C.S., 

TttUic Analyst for, and Lecturer to the Mining AasociatioB of, CocnwaM. 

And C. BERINGER, F.C.S., 

Late Qiief Ajsayer to the Rio Tinto Copper Company, Londoa, 

Wkh nmieroiis Tables and Illustrations. Crown Svo. Cloth, 10/6L 
Sixth Edition, Revised and Enlarged. 

Gknskal Contents. — Part I. — Intkoductoky ; Manipulation: Sam^ini;; 
t>ryinc ; Calculation of Results — Laboratory-books and Reports. Mbthods : Dry Grav*- 
MMtnc; Wet Grarimetric— Volumetric Assays: Titrometnc, Colwimetric, Gasoosetrio^ 
Weit^ing and Measurinf — Reaccttts — FormuUe, Equations, &c. — Specific Gravity. 

Pakt II. — Mktals : Detection and Assay of Silver, Gold, Platinum, Mercury, Copper, 
Land, ThaUiura, Bismuth, Antimony, Iron, Nickel, Cobalt, Ziac, C*<lf««v*««, Tin, Tungatea^ 
TkaaiiiM, Manganese, Chromium, &c.— Earths, AUcalies. 

Part III.— Non-Mbtals : Oxygen and Oxides; The Halogeaa— Sulphnr and Sul^ 
phates — Aneaic, Phosphorus, Nitrogen — Silicon, Carbon, Boron — Useful Tables. 

" A asALLT meritorious work, that may be safely depended upon cither for ijiliMMitit 
nM»«urrion or for reference." — Nature. 

** This work is one of the bbst of its kind. . . . Contains all the infonnadon that 
tSe Assay er will find necessary m the examinati— ef ndnendB." — JStigifuer. 



Second Edition, Revised, Handsome Cloth. With Numerous 

Illustrations, 6«. 

A TEXT-BOOK OF 

ELEMENTARY METALLURGY. 

Including the Author's Practical Laboratobt Coubss, 
By a. HUMBOLDT SEXTON, F.I.C, F.C.S., 

Professor of Metallurgy in the Glasgow and West of Scotland Technicad College. 

GENERAL CONTENTS.— Introdnction— Properties of the MetaU— Combustion 
— Fnels — Refractory Materials— Furnaces— Occnrrence of the Metals in Nature — Pre- 
paration of the Ore for the Smelter — Metallurgical Processes — Iron : Preparation of 
rig Iron— Malleable Iron — Steel — Mild Steel — Copper — Lead — Zinc and Tin — Silrer 
— Sold — Mercury — Alloys — Applications of Elbctricitt to Metallurgy — Laboba- 
^ORT Course with Numerous Practical Exercises. 

*' Just the kind of work for Students oommemcino the study of Metal- 
lurgy, or for Enoinbering Students requiring a general ksowlbdgb of it, or 
for Engineers in practice who like a handt work of refbrbnob. To all three 
clasieo Tie liUARTiLT commend the work." — PracUcal Engineer. 

** Excellently got-up and well-arranged. . . . Iron and copper well 
explained by excellent diagrams showing the stages of the process from start to 
finish. . . . The most novel chapter is that on the many changes wrought 
in Metallurgical Methods by Electbicitt."— CA^mica^ Trade Journal. 

" Possesses the great advantage of giving a Coubsb of Pbactigal Wobk.** 
— Mining Journal. 

LONDON: CHARLES GRIFFIN & CO.. LIMITED, EXETER STREET, STRAND. 
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Large 8vo. Handsome Cloth, 8s. 6d. 

The Art of te Goldsmitli and Jeweller 

A Manual on the Manipulation of Gold in the Various 
Processes of Goldsmith's Work, and the Manu- 
facture of Personal Ornaments. For 
Students and Practical Men. 

By THOS. B. WIGLEY, 

Headmaster of the Jewellers and Silversmiths' Association Technical 

School, Birmingham. 

ASSISTED BY 

J. H. STANSBIE, B.Sc. (Lond.), F.LC, 

Lecturer at the Birmingham Municipal Technical School. 
In Large Crown 8vo, With Numerous Illustrations. 

General Con/ents.— Introduction.— The Ancient Qoldsmith's Art.— The Metallurgy of Gold. 
—Prices of Gold, Silver, &c -Preparation of Alloys.— Melting of Gold.— Rolling and Slittinif of 
Gold.— The Workshop and Tools.— Filigree Wire Ih*awing —Manufacture of Personal Ornaments. 
—Finger Rings.— Mounting and Setting.— Mayoral Chains >4nd Civic Insignia.- Antique Jewel- 
lery and its Revival.— Etruscan Worlc.— Manufacture of Gold Chains.~P£Bcio(Js Stonbs.— 
Cutting Diamonds and other Precious Gtems.— Polishing and Finishing —Chasing, Embossing, 
and Reponss^ Work.— The Colouring and Finishing of Articles of Jewellery.— tnamelling: its 
History, Processes, and Applicability.— Heraldic Distinctions and Armorial Bearings.— Engraving: 
its Origin, History, and Processes.- Moulding and Casting of Ornaments, &c.— Fluxes, die. — 
Recovenr of the Precious Metals from the Waste Prnducts.— Refining Semel and Assaying Semel 
Bars.— Gilding and Electro Deposition.- Hall-Marking Gold and Silver Plate.— Miscellaneous 
Useful Information.— Appendix : Technological Examinations. 



In Large Svo. Handsome Cloth. Price 48. 

TABLES FOR 

QDAMTITATIYE METALLURGICAL ANALYSIS. 

FOR LABORATORY USE. 
By J. JAMES MORGAN, F.O.S., 

Member See. Chem. Industry, Member Cleveland Institute of Engineere. 

Summary op Contents. — Iron Ores.— Steel.— Limestone, &c. — Boiler In- 
crustations, Clays, and Fire-bricks.— Blast Furnace Slag, &c. — Coal, Coke, 
and Patent Fuel. — ^Water. — Grases. — Copper. —Zinc. — Lead . — Alloys. — White 
Lead. — ^Atomic Weights. — Factors. — Reagents, &c. 

%* The above work contains several novel fratubks, notably the extension, to quanti- 
tative analysis, of the pbinciflks of *Uboui>' Ukparations, hitherto chiefly confined to 
Qnalitative work, and will be found to facilitatb qbbatlt the operations of Ghbmibts, 
AssATEBS, and oihen.-'JPublufur's Hate. 

** The Author may be conqbatulated on the way his work has been carried out." — 
The Engineer. 

" Will COMMEND ITSELF highly in Laboratory Practice. Its clsabnbss and fbbcision 
mark the book out as a highly usefal one."— Mining Journal. 
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6S CHARLES QRIFFIN S OO.'JS PUBUOATIONS. 



Second Edition, Revised, Enlarged, and in part Ke- written. 
With Additional Sections on Modern Thkoeies of Electrolysis^ 

Costs, &c. Price lOs. 6d. 

ELECTRO-METALLURGY 

(A TREATISE ON): 

Embracing the Application of Electrolysis to the Plating, Depositing^ 
Smelting, and Refining of variotui Idetala, and to the Repro- 
duction of Printing Sur&ces and Art- Work, &c. 

BY 

WALTEK G. McMillan, F.LC, F.C.S., 

Stcrttary to the Institution of Electrical Engineers; late Lecturer in Metallurgy 

at Mason CoUege^ Birmingham. 

With nnmeroilB Illustrations. Large Crown 8vo. Cloth. 

*' This excellent treatise, . . . one of the best and most cx)mpletb 
manuals hitherto published on Electro-Metallurgy." — Eltctrical Review, 

** This work will be a standabd." — JtweUer, 

**Any metallurgical process which bbduces the oost of production 
must of neoessity prove of great commercial importance. . . . We 
recommend this manual to all who are interested in the practical 
application of electrolytic processes. ** — Nature. 



In large 8yo. With Numerous Illustrations and Three Folding-Plates. 

Price 2 Is. 

ELECTRIC SlELTIUa & EEEIHIG: 

A Practical Manual of the Extraction and Treatment 
of Metals by Electrical Methods. 

Being the "Elkktbo-Mbtallubghb" of Db, W. BORCHERS. 
Translated from the Second Edition by WALTER G. McMILLAN, 



CONTENTS. 
Pabt I. — Alkalies and Alkaline Earth Metals: Magnesium, 
Lithium, Beryllium, Sodium, Potassium, Calcium, Strontium, Barium, 
the Carbides of the Alkaline Earth Metals. 

Pabt II. — The Eabth Metals: Aluminium, Cerium, Lanthanum, 
Didymium. 

Part III. — The Heavy Metals : Copper, Silver, Gold, Zinc and Cad- 
mium, Mercury, Tin, Lead, Bismuth, Antimony, Chromium, Molybdenum, 
Tungsten, Uranium, Manganese, Iron, Nickel, and Cobalt, the Platinum 
Group. 

" Compbehensivb and avtho&itatitb . . . not only full of valuable ihfob- 
MATipN, but giyea evidence of a THOROuaH insight into the technical value and 
possibilities of all the methods discussed."— T^e Electrician. 

" Dr. BOROHXBS' well-known wore . . . must OF KXOESSITT BE AOQUIBXI) by 

«ver7 one interested in the subject. EXCELLENTLT put into English with additional 
matter by Mr. McMillan."— -^atwr^. 
" Will be of GREAT SERVIOB to the practical man and the student."— Electric Smeltitiff 
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•JO CHARLB8 QBIFFIir * OO.'S PUBLIOATIOm. 

A SHORT MANUAL OF 

INORGANIC CHEMISTRY. 

BY 

A. DUPRE, Ph.D., F.R.S., 

AND 

WILSON HAKE, Ph.D., F.I.C;, F.C.S., 

Of the Westminster Hospital Medical School 

Third Edition, Revised, Enlarged, and brought up-to-date. 

** A wen-written, clear and accurate Elementary Manual of Inoiganic Chemistry. . . • 
We acree heartily with the system adopted by Drs. Duprtf and Hake. Will maks Expbri- 
•af BNTAL Work tsbbly intbrbsting bbcausb intblugiblb."— ^a/wn^>^ Revirm. 

** There is no question that, given the pbbfbct grounding of the Student in his *Triffa 
•the remainder comes afterwards to him in a manner much more simple and easily aoquiivd. 
The work is an bxamplb or thb advantagbs op thb Systbmatic TRBATimrr of b 



Sdence orer the firagmentarr style so generally followed. Br A long way thb bbtt of dis 
«mall Manuals for'Students. — AmUytt, 



LABORATORT HANDBOOKS BT A. HUMBOLDT SEXTON, 

Professor of Metallargy in the Glasgow and West of Scotland Technical College. 



Sexton's (Prof.) Outlines of Quantitative Analysis. 

FOR THB USE OF STUDENTS, 

With niastrations. Fourth Edition, Crown 8vo, Cloth, 38. 

** A COMPACT LABOBATOBT ouiDB for beginners was wanted, and tha want baa 
4Men WBLL auFPLiBD. ... A good and useful book.*' — Lmuset, 



Sexton's (Prof.) Outlines of Qualitative Analysis. 

FOR THE USE OF STUDENTS. 

With Illustrations. Thibd Edition. Crown Svo, Cloth, 3s. 6d. 

** The work of a thoroughly practical chemist."— JBrieisA MedieaZ Joiimal, 
"" Oompiled with great eare, and will supply a want.*'— JbumoZ ofEducaUon. 



Sexton's (Prof.) Elementary Metallurgy: 

Inclnding the Author's Practical Laboratory Coarse. With maaj 

Illustrations. [See p. 66. 

Second Edition, Revised. Crown 8vo. Cloth, Gs. 

** Jnst the kind of work for stadents commencing the study of metalltiigy."«> 
Practiced Engineer. 

LONDON : CHARLES 6RIFFIN & CO., LIMITED, EXETER STREET. STRAND. 
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CHEMISTRY FOR ENGINEERS 
AND MANUFACTURERS. 

A PRACTICAL TEXT-BOOK. 

BV 

BERTRAM BLOUNT, and A. G. BLOXAM, 

F.I.G.( F.C.S., Anoc.In8t.0.E., F.I.O., F.O.S.. 

Chmfoltinff Ohemist to the Orown Agents for Oonsnltixig Ohemist, Head of the Oheodrtij 

the Oolonlei. Department. Goldsmiths' Inst., 

New Cross. 

With lUastrations. In Two Vols., Large 8to. Sold Sc^j^aratelj. 



"The authors hare suoobbdid beyond all expectations, and hare produced a work whloli 
should gire f miSH powbb to the Engineer and Manufacturer. —TA« Timn, 



^iror^'CJusEs x« pvto« xoau aA* 

CHEMISTRY OF ENGINEERING, BUILDING, AND 

METALLURGY. 

Omeral Con^nto.— INTRODUCTION— ChiBmlstry of the CMef Materials 
of ConBtruction— Sources of Energy— ChemlBtry of Steam-raising— Ohemla- 
try of Lubrication and Lubricants— Metallnxglcal Processes nsed In the 
Winning and Manufacture of Metals. 

** PRACTICAL THKODOHOUT ... an A.DMIBABL1 TBZT-BOOK, USeftll UOt QUlj tO Studtnti, 

but to BifGiHBBBS and Mahaqbbs ov wokks in pbbtbmtino wastb and impbotiho fbooumb.'— 
Bcottman. 

" Emimbhtlt pbaotioal. "— (7ki«flroto BtraUL 

** A book worthy of high baitk ... its merit Is great . . . treatment of the sut^Mt 
of OASBOUsfUBi particularly good. . . . Watbb, gab and the production clear!/ worked out. 
. . . AltoKether a most creditable production. Wb wabmlt bbcommbsd iv, and look forwanl 
with keen interest to the appearance of Vol. II."— Journal c/0(u Lighting. 



THE CHEMISTRY OP MANUFACTURING 

PROCESSES. 

Oeneral Contents. — Sulpburlo Add Manufaotnre— Mannfaotnre of Alkali, 
Jio.— Destructive Distillation -Artificial Manure Manufacture— Petrolenm 
—lime and Cement— Olay Industries and Qlass— Sugar and Staroh— Brewing 
and Distilling— Oils, Resins, and Varnishes— Soap and Candles- TextUes 
and Bleaching — Colouring Matters, Dyeing, and Printing — Paper and 
Pasteboard— Pigments and Paints- Leather, Olue, and Slie— Bq;>loslTts 
mnd Matches— Minor Chemical Manufactures. 

"Oertainly a good and nssruL book, constituting a practical ouidb for Btndents by 
affording a olear oonception of the numerous processaa as a whole.**— CAmitfMrf Trad* 

'*We coNFiosiiTLT RBOoioaBVD this volume as a psaotioal, and not OTerioaded, 
nxT-BOOK, of ORBAT YALUx to students.**— 2!!k< BttUdtr. 



LONDON : CHARLES GRIFFIN i C0„ LIMITED. EXETER STREET, STRAND. 
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WOBKS BT A. WTNTER BLTTH, M.R.C.S., F.C.S., 

lirrirttff if Law, P«bUo AiuUyit for the Oountj of Devon, and Medical Offloer of Health tm 

Si. Maiylelxuie. 

POODS! 

THEIR COMPOSITION AND ANALYSIS. 

In Demy Svo, with Elaborate Tables, Diagrams, and Plates. HandsomA 

Cloth. FouBTH Edition. Prioe 21 s. 

GENERAL CONTENTS. 
History of Adulteration — Legislation, Past and Present — ^Apparatui 
useful to the Food- Analyst — "Ash" — Sugar — Confectionery — Honey — 
Treacle— Jams and Preserved Fruits— Starches — Wheaten-Flour — Bread 
— Oats — Barley — Rye— Rice — Maize — Millet — Potato — Peas — Chinesa 
Peas — Lentils — Beans — Milk — Cream — Butter — Oleo-Margarine — 
Butterine — ^Cheese — Lard — Tea— Coffee — Cocoa and Chocolate — Alcohol — 
Brandy — Rum — Whisky — G in — Arrack — Liqueurs — Absinthe — Principles 
of Fermentation — Yeast — Beer — Wine — Vinegar — Lemon and Lime 
Joioe — Mustard — Pepper— Sweet and Bitter Almond— Annatto— Olive 
Oil — Water — Standard Solutions and Reagents. Appendix: Text of 
English and American Adulteration Acts. 

PRBSS NOTICES OF THE FOURTH EDITION. 

** Simply 1KDISPKM8ABUI in the Analyst's laboratory."— 7A« Lancd. 

"Tmx STAin>AXD WORK on the subject . . . ETory chapter and every page glides 
atmndant proof of the strict revision to which the work has been subjected. . . . Tha 
Motion on MXI.K is, we believe, the moet exhanstire stndy of the subject extant . . . Am 
nmsrsirsABLB iiaxual for Analysts and Medical Offlcem of Health."— PuMie Ht^Mh, 

** A new edition of Mr. Wynter Blvth's Standard work, iinucHKD with all thx hi 
9IM0TBBBS AMD iimtoyKMxim, wlll M accepted as a boon."— CA«mtfea/ News. 



POISONS: 

THEIR EFFECTS AND DETECTION. 

Thibd EDinoif . In Large 8yo, Cloth, with Tables and IllustratioBB. 

Price 21s. 

aXHSRAX. CONT£NTS. 

I. — Historical Introduction. 11. — Classification — Statistics — Conneciiea 
between Toxic Action and Chemical Composition — Life Tests— Genera] 
Method of Procedure— The Spectroscope — Examination of Blood and Bloo4 
Stains. III. — Poisonous Gases. IV. — Acids and Alkalies. Y. — Mors 
•r less Volatile Poisonous Substances. VI. — Alkaloids and Poisonova 
Vegetable Principles. VII. — Poisons derived from Living or Dead Animal 
Snbstances. VIlI. — The Oxalic Acid Group. IX.— Inorganic Poisona. 
Appendix : Treatment, by Antidotes or otherwise, of Cases of Poisoning. 

''Undoubtedly thb most complbtb wobk on Toxicology in our language."— 2^ .^nolifisl (mm 
tfU Third EdUUM). »* -» -— • 

** As a rBAOTiOAL eviDB, we know no bbivbb work."— 7A« Lancet (<m the Third XiUtam). 

*•* In (he Thibd Editiov, Enlarged and partly Re-written, Nbw Abaltiical Mbtrom hava 
keMi introduced, and the Gaj>atbbic Alkaloids, or Ptomaibbs, bodies playing so great a part la 
Vood-poisoning and in the Manifestatis«u of Disease, have received special Mtention. 
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GBIEFIN'S TECHNOIiOQICAIi WORKS. 

Large 8uo Volumes. Handsome doth. 



With Numerous Tables, and 22 Illustrations. i6s. 

DAIRY CHEMISTRY 

FOR DAIRY MANAGERS, CHEMISTS, AND ANALYSTS: 

A Practical Handbook for Dairy Chemists and others 

having Control of Dairies. 

By H. droop RICHMOND, F.C.S., 

CHEMIST TO THE AYLESBURY DAIRY COMPANY. 

Contents. — I. Introductory. — The Constituents of Milk. II. The Analysis of 
Milk. III. Normal Milk : its Adulterations and Alterations, and their Detection. 
IV. The Chemical Control of the Dairy. V, Biological and Sanitary Matters. 
VI. Butter. VII. Other Milk Products. VIII. The Milk of Mammals other 
than thfe Cow. — Appendices. — ^Tables. — Index. 

"... In our opinion the book is the best contribution on the subject that 
HAS YBT APPBARBD in the English language." — Lancet. 

"The author has succeeded in putting before the reader a complete book on Dairy 
Chemistry. It forms a complete risum^. op theoretical and practical knowledge, 
written in easy, intelligible language." — TAe Ana/ysi. 



MUNRO (J. M. H., D.Sc, Professor of Chemistry, 

Downton College of Agriculture): 

AGRICULTURAL •CHEMISTRY AND ANALYSIS: A Prac- 
tical Hand-Book for the Use of Agricultural Students. {Griffin* s 
Technological Manuals. ) In Preparation. 



CASTELL EVANS (Prof. J.. F.I.C, F.CS., 

Finsbury Technical College) : 

TABLES AND DATA for the use of ANALYSTS, CHEMICAL 
MANUFACTURERS, and SCIENTIFIC CHEMISTS. In Large 
8vo. Strongly Bound. \Shcrtly. 

*** This important Work will comprehend as far as possible all rules and tables 
required by the Analyst, Brewer, Distiller, Acid- and Alkali-llanufacturer, &c., &c. ; and 
also the principal data in Thbrmo-Chemistry, Electro-Chemistry, and the various 
branches of Chemical Physics which are constantly required by the Student and Worker in 
Original Research. 

Every possible care has been taken to ensure perfect accuracy, and t* include the results 
of the most recent investigations. 

LONDON : CHARLES GRIFFIN « CO.. LIMITED, EXETER STREET, STRAND. 
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In Large 8yo. Handsome Cloth. With numerous Illastrations. 

TECHNICAL MYCOLOGY: 

THE UTILIZATION OF MICRO-ORGANISMS IN THE 

ARTS AND MANUFACTURES. 

A Praetieal Handbook on Fermentation and Fermentative Pro- 
cesses for the Use of Brewers and Distillers, Analysts, 
Technical and Agricultural Chemists, and all 
interested in the Industries dependent 
on Fermentation. 



By Dr. FEANZ LAFAR, 

ProfBMor of Fermentation-PhTsiology and iBacteriology in the Technical 

High School, Vienna. 

With an Introduction by Dk. EMIL CHR. HANSEN, Principal of the 

Carlsberg Laboratory, Copenhagen. 

Tkanslated bt CHARLES T. C. SALTER. 
In Two Volumes, sold Separately, 



VoL L now Beady. Complete in Itself. Price 15s. 



^'Th*" first work of th'' kind which can lay claim to completenesB in the treatment of 
% fMoinating snbjeot. The plan \» admirable, the classiflcanou nimple, the Rtyle is good, 
and the tendency of the whole volume is to convey sure information to the reader.'*— 
Lanut. 

" We cannot suiBciently praise Dr. Lafar's work nor that of his admirable translator. 
No brewer with a love for his calling tan allow such a book to be absent from his library." 
— 3r«rer'« Journal^ New York. 

** We can most cordially recommend Dr. Lafar's volume to the Members of our pro- 
fession . . . This treatise will supply a want felt in many industries. . . , No one 
will fail to observe how well Mr. Salter has done his work. The publishers have fnlly 
malntnined their reputation as regards printing, binding, and excellence of paper." — 
Chemical Htm. 

%* The publishers trust that before long they will be able to present English readers 
with the second volume of the above work, arrangements having been concluded whereby, 
upon its ai pearance in Qermany the English translation will be at once put in hand. 

LONDON : CHARLES GRIFFIN & CO., LIMITED, EXETER STREET, STRAND. 
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la Large 8vo. Handsome Cloth. Price 21s. 

BREWING: 

THE PRINCIPLES AND PRACTICE OF. 

FOR THE USE OF STUDENTS AND PRACTICAL MEN. 

BY 

■WA.LTER J. STKES, M.D., D.P.H., F.I.C., 

XDITOB OF **TBE ANALT8T.** 

With Plate and Illustrations. 

QENERAL CONTENTS. 

I. Physical Principles involved in Brewing Operations : Heat: The Ther- 
mometer—Specific Heat— Latent Heat— Evaporation— Density and Specific Gravity— Hydro- 
meters. Chemistry, with special reference to the materials used in Brewing. 

II. The Microscope: Greneral Description of the— Microscopical Manipulation 
•Examination of Yeast— Hanffinfc-Drop Method— Examination of Bacteria— Microscopical 
PreparationB— Bacteriological Methods— Bacteriological Examination of Water— Hansen's 
Method— Wichmann's Method— Bacteriological Examination of Air. Vegetable Biology l 
The Living Cell— Osmosis— The Yeasts— The Mycoderms— The Tomlie, &c— The Bacteria- 
Fermentation and Putrefaction— Bacterium termo— Butyric Acid Bacteria, Ac.— The Mould 
Fungi— Mucor mucedo, &c.— Simple Multicellular Organisms— Penicillium glancura, Ac— 
Mould Fimgi Dangerous on Brewing Premises— The Higher Plants — Germination of Barlev — 
Structure of Barleycorn. Fermentation : Ancient— Views of Llebig on— The Physiological 
Theory— Doctrine of Spontaneous Evolution— Sterilisation of Organic Fluids— Competition 
amongst Micro-Orgsnisms- Distribution of Atmospheric Germs— Hansen's Investigations 
on the Air of Breweries— Pasteur's Experiments and Theory— Other Theories of Fermentation 
—Investigations of Hansen— Pure Cultures from a Single Cell— Introduction of Pure Yeast 
Cultures into the Brewery— Hani^en's and other Pure Yeast Cultivation Apparatus— Advan- 
tages of Hansen's Pure Single-Cell Yeast— Differences in the Action of the various Yeasts. 

III. Water : Occurrence and Composition of— Results of Analysis of— Hardness- 
Waters Suitable for the Production of Different Classes of Ale— Artificial Treatment of 
Waters— Kainit— Influence of Boiling— Organic Constitution— Effect of Filtration— Methods 
of Water Analysis— Microscopic Examination of Water Sediments. Barley and Malting : 
Barley— Choice of— Vitality— Age- Malting— Steepings— Steep- Water— Germination of Barley 
—Flooring — Sprinkling — Withering — Pneumatic Malting — Galland's System — Saladin's— 
Hemming^s— Drying Kiln— Changes Effected in Drying— Storage— Chemical Examination 
of Barley— MaltSubstitutes— Quality of Malt— Chemical Examinauon of Malt— Ready-formed 
Sugars— Maltol. Brewery Plant: Gravitation Brewery— Cold and Hot Liquor Backs- 
Malt Hill— Mash Tun, Ac.— Coppers— Coolers— Refrigerators— Collecting and Fermenting 
Vessels— Burton Union System— Attemperators— Parachutes— Racking Squares— Vats and 
Casks. Brewing : Estimation of Quantities for the Brew— Amount of Liquor Required- 
Hardening Materials— Mashing— Use of Subsidiary Apparatus— Black Beers— Sparging— 
BoUing— Action of Hop-tannin Bodies— Cooling— Refirigerating— Collection of Wort— Extract 
Yielded— Fermentation— Addition of Yeast— Change of Yeast— Fermentation Temperatures — 
Dressing— Appearance of Heads— Cleansing System— Stone Square System— Settling vndt 
Backing— Dry Hopping— Secondary Fermentation— Priming— Antiseptics— Fining— BottleA 
Ales and Bottling. Beer and its Diseases: Flavour and Aroma^Conditioo— PaUto* 
Fulness— Head— Brightness— Turbidity — Ropiness — Bibliography— Appendices : Solution 
Weight and Solution Factor— Specific Rotatory Power- The Law of^ Definite Relation- 
Alcoholic Fermentation without Yeast-Cells— Fermentation in a Vacuum— Index. 

*' A volume of Brewing Science, which has long been awaited. ... We consider it on* 
of THB MOST COMPLBTB in C0NTBNT8 and HOVXL IN ARRAiioBiuiiT that hss yet been published. 
. . . Will command a large sale."- TA« Brtwtri Journal. 

'*The appearance of a work such as this serves to remind us of the xrobmouslt bapii> 
▲DVANCBS made in our knovledse of the Scientlflc Principles underlying the Brewing Processes. 
... Dr. Sykes' work will undoubtedly be of the gbbatbst assistaivcb. not merely to Brewers, 
but to all Chemists and Biologists interested In the problems which the fermentation Industrie* 
present."— T7^ Analytt. 

" The publication of Db. Stkbs' mastbblt tbbatisb on the art of Brewing is quite an event 
in the Brewing World. . . . Deserves our warmest praise. ... A better guide than Dr. 
Sykes could hardly be found."— County Bretoert' QazeUe. 

• 
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SEWAGE DISPOSAL WORKs7 

A Guide to the Construetlon of Works for the Preventioii of the 
Pollution by Sewage of Rivers and Estuaries. 

By W. SANTO CRIMP, M.Inst.C.K, F.G.S., 

Lat« AMUtant-Engineer, London County CouBciL 

With Tables, Illostrmtioni in the Text, and 37 Lithographic Platet, Medium 

8to. Handsome Cloth. 

Second Edition, Revised and Enlarged. 30s. 



PART L— iNTKODUCTOET. PART II.— Sewage Disposal Works in 
Operation— Their Construction, Maintenance, and Cost. 

flitialeil hj Plates showing; the General Plan and Arrangement adopted 

in each District. 



%* From the fact of th« Author's haviD|r^ for some years, had charse of tho M; 
Draiaace Works of the Northern Section of the Metropolis, the chapter on Loin>ON will b« 
foond to contain many important details which would not ouierwise have been arailaUs. 

' All pessoos interested in Sanitary Science owe a debt of gratitude to Mr. Crinp^ . . . 
w«n will be especially useful to Samitaky Authoxities and their adrisers . . . 

LY PXACTICAX. AND usKFUL . . . glves plans suid descriptions of mamt op th> 

iMPoaTAMT sswAGK WQKKS of England . . . wkh reiy TuuaUe infonnadoa aa to 
of wstruction and working of each. . . . The careniUy-prepared 
■Ht of an easy oomparivon between the di£ferent syrfsii **^-Lmmc€t. 



Probably the most coMruBTB and bbtt TKKATitB •■ the sabicct which baa aopeared 
in our laa|rnage . ■ Will prove of the greatest naa to all who have tko problem of 

Sewage Disposal to hint.** —Edinburgh Mtdical Journal. 



In Crown 8vo, Extra. With Illustrations. 8s. 6d. 

CALCAREOUS CEMENTS: 

THEIR NATURE, PREPARATION, AND USES. 
By gilbert R. REDGRAVE, Assoc. Inst. C.E. 



General Contents. — Introduction — Historical Review of the Cement 
Industry — ^The Early Days of Portland Cement — Composition of Portland 
Cement— Processes of Manufacture — The Washmill and the Backs — 
Flue and Chamber Drying Processes — Calcination of the Cement Mixture — 
Grinding of the Cement — Composition of Mortar and Concrete — Cement 
Testing — Chemical Analysis of Portland Cement, Lime, and Raw 
Materials — Employment of Slags for Cement Making — Scott's Cement, 
Selenitic Cement, and Cements produced from Sewage Sludge- and the 
Refuse from Alkali Works — Plaster Cements — Specifications for Portland 
Cement — Appendices (Gases Evolved from Cement Works, Effects of Sea- 
•water on Cement, Cost of Cement Manufacture, &c., &c.) 

** A work ealoQlated to be of okbat uid xxtbndbd xmuiry —Chemical Ntwt. 

" Imtaluablb to the Student, Architect, and Entrineer."— A<»7dtfn^ Newi. 

** A work of the okxatb8t nrxBRKST and csefulmbss, which appears at a very erlttoal 
'period of the Ooment Trade."— Jlrt<. Trade Journal. 

" Will bo oMfnl to ALL Intorostei' in the MANurACTUBi, uhb, and TBBTma of Comenti.**— > 
Fnginir. 

LONDON : CHARLES GRIFFIN A CO., LIMITED, EXETER 8TREEL STRAND. 



CHEMiaTRT AND TECHNOLOGY, 77 

Second Edition, Revised and Enlarged, with New Section 

on Acetylene. 

With Numerous Illustrations, Handsome Cloth, 10s, 6d, 

THE CHEMISTRY OF 

GAS MANUFACTURE. 

A Hand-Book on the Production, Purification, and Testing 
of Illuminating Gas, and the Assay of the Bye- 
Products of Gas Manufacture, For the 
Use of Students. 

BY 

W. J. ATKINSON BUTTERFIELD, M.A., F.LC., F.C.S., 

Formerly Head OhemUt, Gm Worki, Beckton, London, K 

GENERAL CONTENTS. 

I. Baw Materials for Oas YI. Final Details of Hami- 

Hannfactnre. 
II. Goal Gas. 
III. Carburetted Water Gas. 
IT. Oil Gas. 
T. EnricMng by Light Oils. 

XI. Acetylene. 

" The BEST WORK of its kind which we have ever had the pleasure of re- 
riewing. The new Edition is well deserving a place in every Engineering 
Library." — Journal of Oas Lighting, 

** Amongst works not written in German, we recommend before all OTHERS, 
Buttebpield's Chemistry of Gas Manufacture.''— C^«m»iw Zeitung. 



factnre. 
VII. Gas Analsrsis. 
Yin. Photometry. 
IX. Applications of Gas. 
X. Bye-Frodncts. 



Ready Immbdiatblt. Large 8vo. Handsome Cloth. Very fully 

Illustrated. 

ROAD MAKING AND MAINTENANCE: 

A Practical Treatise for Engineers^ Surveyors, and Others, 

With an Historical Sketch of Ancient and Modern Practice. 

By THOS. AITKEN, Assoc.M.Inst.O.E., 

Member of the ABSociation of Municipal and Gonnty Engineers ; Member of the Sanitary 
Inst. ; Surveyor to the County Council of Fife. Cupar Division. 

WITH NUMEROUS PLATES, DIAGRAMS, AND ILLUSTRATIONS. 

OoiTTSNTS.— Historical Sketch. — Beslstance to Traction.— Laying out New Boads.— 
Karthworks, Drainage, and Betaininff Walls.— Boad Materials, or Metal.— Quarnring.— 
Stone Breaking and Haulage.— Boad-uolline and Scarifying.— The constmction or New, 
and the Maintenance of Existing Boada.— Carriage Ways and Foot Ways. 

LiONDOH : CHARLES BRIFFIN « C0„ UNITED. EXETER STREET, 8TRAN0. 



78 0BABLM8 ORIFFIN 4 C0.*8 POBUCATI0N8. 

Seventh Edition, Price 61. 

PRACTICAL SANITATION: 

M HAND-BOOK FOR SANITARY INSPECTORS AND OTHERS 

INTERESTED IN SANITATION. 

By GEORGE REID, M.D., D.P.H., 

P'^km, Mem, Councilt and Examintr, Sanitary InsHtuU ef Greai SrUam, 
mmd Mtikal OJfUtr U tJu Staffordshire Cotmty CntnciL 

mnitb an Bppen^is on Sanftats Xaw* 

By HERBERT MAN LEY, M.A., M.B^ D.P.H., 

Medical Officer e/Healtk/er the County Berongh #/ West Bromwich, 

GXNBEAL CONTXNTS.~-Introdttction— Water Supply: Drinkioff Water, 
PoUntion of Water— Ventilation and Wanning — Principles ot Sewage 
Remoral — Details of Drainage ; Refuse Removal and Disposal — Sanitary 
and Insanitary Work and Appliances — Details of Plumbers Work — House 
Construction — Infection and Disinfection — Food, Inspection of; Charac- 
teristics of Good Meat; Meat, Milk, Fish, &c., unfit for Human Food — 
Appendix : Sanitary Law ; Model Bye-Laws, &c. 

"Dr. Reid's very useful Manual . . . abounds in practical detail." 
— British Medical Journal, 

** A VERY USEFUL HANDBOOK, with a very useful Appendix. We recommend 
It not only to Sanitary Inspectors, but to Householders and all interested 
in Sanitary matters." — Sanitary Record, 



Now Ready. Crown 8vo, Handsome Cloth. Fully Illustrated. 

FLESH FOODS : 

With Methods for their Chemical, Microscopical, and Bacterio- 
logical Examination. 

A Practical Handbook for Medical Men, Analysts, Inspectors and others. 

By C. AINSWORTH MITCHELL, B.A.(Oxon), 

Fellow of the Institute of Chemistry; Member of Council, Society of Public Analysts. 

With Numeroru TabUa, Illustrations , and a Coloured Plate, 

Contents. — Structure and Chemical Composition of Muscular Fibre. —of 
Connective Tissue, and Blood.— The Flesh of Different Animals. — ^The Examina- 
tion of Flesh. — Methods of Examining Animal Fat. — The Preservation of Flesh. 
—Composition and Analysis of Sausages. — Proteids of Flesh.— Meat Extracts and 
Flesh Peptones. — The Cooking of Flesh. — Poisonous Flesh. — The Animal Para- 
sites of Flesh. — The Bacteriological Examination of Flesh. — The Extractiouiiand 
Separation of Ptomaines. — Index. 

*,* This woik is a complete compendium of the chemistry of amimal tissues. It con- 
tains directions for the detection of morbid conditions, putrefactive changes, and poisonous 
or injurious constituents, together with an account of their causes and effects. — Publisher's 
Note, 

LONDON: CHARLES GRIFFIN « CO., LIMITED^ EXETER STREET, STRAND. 



0HBM18TRT AND TMOSNOLOOT. 79 

WORKS BT DB. ALDEB WBIOHT, F.B.S. 

Fixed Oils, Fats, Butters, 

and Waxes: 

THBIR PBEPABATION AND PBOPXBTIE8, 

AND THE 

MANUFACTURE THEREFROM OF CANDLES, 
80AP8, AND OTHER PRODUCTS. 

BY 

C R. ALDER WRIGHT, D.Sc, F.R.S., 

L«U LMtunr on CheDistiy* Sl MaiVs Hospital Medical School ; Examiner in " S«Ap ** 

to Um City and Guilds of London Institute. 

In Large Stow Handsome Cloth. With 144 Illustrations. 38s. 

** Dr. Wugmt's work will be found absolutely imdispbmsablb by c^^? Chemist 
fsBMS with information raluable alike to the Analyst and the Technical Chemist.''-' 

"Will rank as the Stamdakd English Authoxity on Oils and Fats for manj^ 
yoars to oomit,*'—Imdu*iruM and Ir^n, 



READY SHORTLY. IMPORTANT NEW WORK. 

Large 8vo. Handsome Cloth. 
With Numerous Plates, Diagrams, and Illustrations. 

CENTRAL ELECTRIC STATIONS: 

THEIR DESIGN, ORGANISATION, AND MANAGEMENT. 

BY 

CHAS. H. WORDINGHAM, 

A.K.C., M.InstCE., M.Inst.M.E., 

Member of Council, Institution of Electrical Engineers, 
Engineer to the City and Electric Tramways, Manchester. 

[See p. 43. 

LONDON: CHARLES GRIFFIN « CO., LIMITED, EXETER STREET, STRAND. 
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Painters' 
Colours, Oils, & Varnishes: 

A PBAOTXCAIi MANUAIi. 

By GEORGE H. HURST, F.C.S., 

Member of the Society of Chemical Industry ; Lecturer on the Technology of Paiaten' 
Colours, Oils, and Varnishes, the Municipal Technical School, Manchester. 

Second Edition, Revised and Enlarged. With Illustrations. 12s. 6d. 

General Contents.— Introductory— The Composition, Manupacturk, 
Assay, and Analysis of Pigments, White, Red, Yellow and Orange, Green, 
Blue, Brown, and Black— Lakes — Colour and Paint Machinery — Paint Vehicles 
<Oils, Turpentine, &c., &c. )— Driers— Varnishes. 

'*This useful book will prove most \AXAjAXL&."—Ch*mical New*. 

** A practical manual in every respect . . . kxcbsdingly instructivb. TIm 
-Motion on Varnishes is the most reasonable we have met with." — CkefHut and Druggiti. 

" Vkky taluablb information is given." — PlumBer and Decorator, 

" A THOROUGHLY PRACTICAL book, . . . the ONLY English work that satisfactorily 
treats of the manufacture of oils, colours, and pigments." — Ckemtcai Trades* ytmnuU. 



« * 

* 



For Mr. Hurst's Garment Dyeing and Cleaning, see p. 84. 



SECOND EDITION, Crown 8vo, Handsonu Cloth, 2IJ. 

including all the Newer Developments in Photographic Methods, 

together with Special Articles on Radiography (the X-Rays), 

Colour Photography, and many New Plates, 

PHOTOGRAPHY: 

nS HISTORY, PROCESSES, APPARATUS, AND MATERIALS. 

Gomprisingr Working Details of all the More 

Important Methods. 

By a. brothers, F.R.A.S. . 

ftriTN NUMEROUS FULL-PAGE PLATES BY MANY OF THE PRO- 
CESSES DESCRIBED, AND ILLUSTRATIONS IN THE TEXT. 

" A standard work on Photography brought quite up-to-date." — Photegtuphy, 

" A highly informative book. . . . We can cordially recommend the volume as a 
worthy ad(Ution to any library." — British Journal of Photography, 

" Pre-eminently a sound practical treatise on Photography written by a practical worker 
of life-long experience." — Leeds Mercury. 

•'The illustrations are of great beauty." — Scotsman, 

LONDON : CHARLES GRIFFIN « CO.. LIMITED, EXETER STREET, 8TRAH0. 



0HEMI8TRT AND TSOHNOLOGT. 8i 



Painting and Decorating: 

A Complete Practical Manual for House 
Painters and Decorators. 

Embracing the TJse of Materials, Tools, and Appliances; the 

Practical Processes involved ; and the General Principles 

of Decoration, Colonr, and Ornament. 

BY 

WALTER JOHN PEARCE, 

lAOTUBIK AT THS ICAMOHUTKR TIOHNIGAL 80B00L VOK HOUBK-PAIMTDrO AMD OBOO&ATDf*. 

In Crown Svo. extra. With Numerous Illustrations and Platei 
(some in Colours), including Original Designs. 128. 6d. 



GENERAL CONTENTS. 

Introduction— Workshop and Stores—Plant and Appliances— Brushes and 
Tools— Materials : Pi^ents, Driers, Painters' Oils— Wall Hangings— Pa^r 
Hanging— Colour Mixing — Distempering — Plain Painting — Staining— Varnish 
and varnishing — Imitative Painting — Graining — Marbling — Gilding — Sign- 
Writing and !][iettering — Decoration : General Principles — Decoration, in iSs- 
temper — ^Pidnted Decoration — Relievo Decoration — Colour — Measuiing and 
Estunating^Coach-Painting— Ship-Painting. 



'*A THOROUOHLY USEFUL BOOK . . . giveS GOOD, SOUND, PBAOTIOAL 

INFOBKATION iu a CLEAR and CONCISE FORM. . . . Can be confidently 
recommended alike to Student and Workman, as well as to those canning on 
business as House -Painters and Decorators." — Plumber and Decorator. 

*' A THOROUaHLT GOOD AND RELIABLE TEXT-BOOK. . . . SO FULL and 

COMPLETE that it would be difficult to imagine how anything further could be 
added about the Painter's craft." — Builders' Journal, 



*«* Mb. Pearce's work is the outcome of many years' practical ex- 
perience, and will be found invaluable by all interested in the snbjeote 
of which it treats. It forms the Companion- Volume to Mr. Geo. Hubst's 
well-known work on *' Painters' Colours '* (see p. 76). 

LONDON: CHARLES GRIFFIN & CO., LIHITEDi EXETER STREET, STRAND. 



83 OHABLaa QRlFFtlf A OO.'B FUBUOATIOSB. 

§10. THE TEXTILE INDUSTRIES. 

"Tl»HaTTuf»uiii]dD«nLir<raDnDTe1o(tb»tliuTit*]ipiandIii Iha Ed«1IA 
iHfiuce . . . UkaW to ba nu Siajidus Wou at BrnunoB lor 7«n to ooma."— 

In Two Large 8vo Volumes, 920 
pp., with a SUPPLEMENTARY 
Yolnme, containing Specimens 
of Dyed Fabrics. 45s. 

A "manual of DYEING: 



E. EHECHT, PI1.D., F.LC, CHR. BAWSOK, F.I.C., F.C.S.. 

BHd of U» CbnoiitET Hd Dralni Dtputmul d( IaU HMd of the ChamlAr Hid Uritiif Pif rt M* 

And BICHABD LOEWENTHAL, Ph.D. 



QiNSBAL CoNTENTa, — Ohenuol Teohiiolof!7 of the Teitils F&brioi — 
Water — Washing and Bleaching ^ Acids, ^kaliea, MordnDta— NatnnJ 
Colouring Malteri— Artificial Orftanic Colouring Mattera— MinerU Colom 
— Machinery nsed in Dyeing — Tinctorial Propertiea of Golonring Mattan — 
AnalTiia and Valuation of Materiak lued in Dyeing, &o., &c. 

" Thli aoei VALouLi wa» . , wlU b* wldelf appnoUtsd."— CAnnioiI ifaH. 
SB the nib]>ot."'-nx(l 



" tlu dlaUncolBbsd ii 

kOnM or lalMrMOrj a VurS Ul HAIBBBB TU.UB HJU Ur^UULiHIlUr bTlUn . . . mppoKiH 

qnlakljr to tha WcbnalOKlK, colour obrmliC dTsr, uid more parUcDlulTto Iba rlslnc drar 
at IhaDreaent leiiaalloiL AbookiTblBb ilia ratrubinf 10 in««i irilh. —Amiritmm Taittt 

Lbt)^ 8to. Handsome Cloth. 

A DICTIONARY OF DYESTDFFS. 

A Compendium of Dues, Mordants, and Other Sabataneea 

Employed in Dyeing, Calico-Printing, and Bleaching, 

Bt C. RAWSON, F.I.O., F.O.S.. W. M. GARDNER, P.O.S, 

AND W. F. LAYCOOK, Ph.D., P.C.S. 

With Formalee, Piopertiai, Applications, Ac 

[At Prtsm 

LOHDON : CHARLES GRIFFIN & CO., LIMITED, EXETER STREET, STRAND. 



THB TEXTILE INDUSTRIES. 8^ 

Companion-Volume to Knecht and Rawaon'a "Dyeing. " 

TEXTILE PRINTING: 

A FBAOTICAIi MANUAIi. 

IncladJng the Processes Used in the Printing of 
COTTON, WOOLLEN, SILK, and HALF- 
SILK FABEICS. 

BY 

C. F. SEYMOUR ROTHWELL, F.C.S., 

Mmn, Boc, 9f Qnmnical IndmirUt; laU Ltcturer at tfu Municipml Ttehnieai Sehooir 

Mmiuhuttr, 

In Laige Sto, with Illustrations and Printed Patterns. Price 2 is. 



Introduction. 

The Machinery Used in Textile 

Printing. 
Thickeners and Mordants. 
The Printing of Cotton Goods. 
The Steam Style. 
Colours Produced Directly on the 

Fibre. 
Dyed Styles. 



GEKXRAL CONTENTS. 

Padding Style. 



syi 
lElesist and Discharge Styles. 
The Printing of Compound 

Colourings, &c. 
The Printing of Woollen Goods. 
The Printing of Silk Goods. 
Practical Recipes for Printing. 
Appendix. 
Useful Tables. 



Patterns. 

** Bt vab tbb but and hort praoticazi book on tbxtilb panmNO which has yet been 
brought out, and will long remBin the standard work on the sabjeot It is essentiaUy 
practloal In character."— ^<t/< JHereury. 

** Thb most PBAoncAL XAKiTAL of TsxTiLB pxiMTiNO which has yot appeared. We have 
no hesitation in recommending W—The TextiU .unnufiKturer. 

*' Umdoubtbdly Mb. Bothwxll's book is thb best which has appeared on tbxtilb 
PBrnmio, and worthily lorms a Oompanion-Volnme to ' A Manual on Dyeing.' **— Tht Dytr 
mnd Calico Printer. 



Large 8vo. Handsome Cloth. 

A Dictionary of Textiie Fibres. 

By WILLIAM J. HANNAN, 

Lecturer on Botany at the Ashton Municipal Technical School, Lecturer on Cotton 
Spinning at the Chorley Science and Art School, <fcc. 

With Numerous Illustrations reproduced from Photographs, &c. 

[In Preparation. 

LONDON: CHARLES GRIFFIN & CO.. LIMITED. EXETER 8TREEL STRAND. 



$4 CHARLES QRIFFIN dk CO.'S PUBLICATIONS. 

Large 8vo. Handsoo^e Cloth. 12b. Cd. ^ 

BLEACHING & CALICO-PRINTING. 

A Short Manual for Students and 

Practical Men. 



By GEOKGE DUERR, | 

IMreetor of the Bleaching, Dyeing, and Printing Department at the Accrington and Bmqp I 
Technical Schopli ; Chemist and Colonrist at the Irwell Print Worka. \ 

Assisted by WILLIAM TURNBULL j 

(of Tumball & Stockdale, Limited). 

With Illustrations and upwards of One Hundred Dyed and Printed Pattenia I 
designed specially to show various Stages of the Processes described. 

GENERAL CONTENTS. -Cotton, Composition* of; Bleaching, Ne' 
Processes ; Printing, Hand-Block ; Flat-Press Work ; Machiue Printing-"' 
Mordants— Styles op Calico-Printinq : The Dyed or Madder Style, Resist' 
Padded Style, Discharge and Extract Style, Chromed or Raised Colours, 
Insoluble Colours, &c. — Thickeners — Natural Organic Colouring Matters 
— Tannin Matters — Oils, Soaps, Solvents — Organic Acids — Salts — Mineral 
Colours— Coal Tar Colours— Dyeing — Water, Softening of — Theory of',Coloiir» 
— ^Weights and Measures, &c. 

'* When a riadt wat out of a dilBcalty is wanted, it is IH books lies this that it is foimd.''— > 
TtKtUe Recorder. 

"Mr. Dubbb's wobk will be fonnd most usbpul. ... The information given is of aBBAV 
TALUB. . . . The Recipes are thobouohlt fbacticax."— reaa(i{« AToni^acturw. 



I 



GARMENT 
DYEING AND CLEANING. 

A Practical Book for Practical Men. 

By GEORGE H. HURST, F.C.S., 

Member of the Society of Chemical Industry. 
With Numerous Illustrations. 4s. 6d. 

General Contents.— Technology of the Textile Fibres — Garment Cleaning 
— Dyeing of Textile Fabrics — Bleaching — Finishing of Dyed and Cleaned Fabrics — 
Scouring and Dyeing of Skin Rugs and Mats — Cleaning and Dyeing of Feathers — 
Glove Cleaning and Dyeing — Straw Bleaching and Dyeing — Glossary of Drugs 
and Chemicals — Useful Tables. 

" An up-to-datb hand book has long been wanted, and Mr. Hurst has done nodung 
more complete than this. An important work, tlie more so that several of the branches of 
the cn^t here treated upon are almost entirely without English Manuals for the guidance 
of workers. The price Inings it ^-ithin the reach of all.** — Dyer and Calico- Printer* 

" Mr. Hurst's woric decidedly fills a want . . . ought to be in the hands of 
■VBXY GARMENT DYER and cleancr in the Kingdom" — Textile Mercury. 

LONDON : CHARLES GRIFFIN & CO.. LIMITED. EXETER STREET. STRAND. 
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"Boys OOULD NOT HAYX A MORE ALLURING INTRODUCTION tO SCiemtifle punulto 

than theie charming-looking vohinies."— Letter to the FubliBhert from the Head- 
master of one of our great Public Schools. 

m^-m STUDIES m BOTflliY: 

SEETCHES OF BRITISH WILD FLOWEBS 

IN THEIB HOMES. 

! R. LLOYD PRAEGER, B.A., M.R.LA. 

Illustrated by Drawings f^om Nature by S. Rosamond PraegePt 

and Photographs by R. Welch. 

i| HancUome Cloth, 7s. 6d. Gilt, for Presentation, Ss. 6d. 

' General Contents. — A Daisy-Starred Pasture^Under the Hawthorn* 
1^ By the Kiver — Along the Shingle — A Fragrant Hedgerow— A Connemara^ 
■F ^ — ^Where the Samphire grows — A Flowery Meadow — Among the CorD' 
W. study in Weeds) — In the Home of the Alpines — A City Rubbish-Heap — 
Glossary. 

*' A FRESH AND STIMULATINQ book . . . should take a high place . . . Ttk^f 
Illustrations are drawn with much skill."— TAe Times. 

" Beautitullt ILLUSTRATED. . . . One of the MOST AOOURATB as well aa 
INTBRESTINO books of the kind we have Betn."—AthencBum. 

"Aedolent with the scent of woodland and meadow."— rA« Standard. 

"A Series of stimulatino and deliohtfxtl Chapters on Field-Botany."— TA# 
Scottman. 

" A work as fresh in many ways as the flowers themselves of which it treats. Th» 
BIOH STORE of information which the book contains . . ."-—The Garden. 



OPEj-fllll STOMES HI GEOLOGY: 

An Introduction to Geology Out-of-doors. 

BT 

GRENVILLE A. J. COLE, F.G.S., M.R.I.A., 

Professor of Geology in the Boyal College of Science for Ireland. 

With 12 Full-Page llluatrationa from PhotographM. Cloth, 8a, 6dl 

Gensbal Contents.— The Materials of the Earth— A Monntaim Hollow 
—Down the Valley— Along the Shore — Across the Plains — Dead Yolcanoe^ 
— AOranite Highland— The Annals of the Earth— The Surrey Hills— Th« 
Folds of the Mountains. 

*'The FASGixATnro *Opsir-Aia Studixs' of Paor Cols glTe the sobjeet a glow o» 
AnxATioy . . . cannot fail to arouse keen interest in geology.**— tfeofeftfeaj MoffOMim. 

"IxiNXNTLT axADABLB . . . eTerj small detail in a scene tonohed with a sym- 
pathetic kindly pen that reminds one of the lingering brash of a ConstaMe.**— JITotiirt. 

**The work of Prof. Oole combines xLaaAxros of sttls with scibktifio THoaouaHViM.** — 
Psttttnann'i Mittheilungm. 

" The book is worthy of its title; f^om coTer to coyer it is stsomo with bracing freshaes* 
of \h» monntain and the field, while its aocubact and THORonoayBSS show that it ia th» 
work of an earnest and eonsoientioas student . . . Full of ptcturesquo touohet whioto 
are most welcome."— iVa^nraf Seimu. 

*" A OHAamirQ bo ok, beautifully illostrated.'*— AfAcnisufii. 

LONDON: CHARLES GRIFFIN & GO.1 LIMITEQ. EXETER 8TREEL STRAHft 
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Seventeenth Annual Issue. Handsome cloth, 7s. 6d. 

THE OFFICIAL YEAR-BOOK 



IfiCIENTIFIC AND LEARNED SOCIETIES OF GREAT BRITAHI 

AND. IRELAND. 

OOMPILKD FROM OFnOLAIi 80UB0K& 

Comprising {together with other OffleicU Information) LISTS of tko 
PAPERS read during 1899 before all the LEADING SOCIETIES thmugkomt 
the Kingdom engaged in the following Departmente of Reeeank : — 

I B. Scieiice Generally : i .#., Sodedet occupy- 
ing themielTes with serend Brmacbes of 
Saence, or with Science and lilecatiira 
jointly. 

4 •• luithematics and Physics. 

J |. Chemistry and Photography., 

% 4. Geology, Geography, and Minerakwy. 

#f. Biology, indudinc Mioroacopy and Aa- 
thropology. 



f 6. Economic Sdoioa and Statistics. 
f 7. Mechanical Sdence, Enginesringy 



f t. Naval and Militanr Soenoa. 

f 9. Agriculturs and Ho 

f 10. Law. 

f iz. Literature. 

f IS. Psychology. 

{13. ArduDology. 



f 14. Mboicinb. 



n 



" ' The Year-Book of Societies ' fills a very real want.' 
Engifuering. 

" Indispensable to any one who may wish to keep himself 
abreast of the scientific work of the day."^ — Edinburgh Medical 
/ournal, 

** The Ybak-Book of Sociktibs is a Record which ought to be of Aa grgat est use for 
the progress of Saence." — Lorti P/mx^air, F,JiJi,, IC,C,B^ MJ*,, Piut-F^uidmt vfthe 
SrUisk As»§cimi%0m.. 

"It goes almost without saying that a Handbook of this snbjeec will be in tim« 
one of tbe most generally useful works for the library or the desk.*- -T!*# Timn. 

"^""^^Tritish Societies are now weU represeBteT mlEe 'Year-Book of the Sdentific and 

Learned Sodeties of Great Britam and Ireland.* 'WArt. "Societies*' in New EditiMi of 



Encyclo p ed i a Britannica/* vol. xxii) 



Copies of the First Issue, giving an Account of the Histoiy, 
Organization, and Conditions of Membership of the various 
Societies, and forming the groundwork of the Series, may still be 
4iad, price 7/6. Also Copies of the Issues following. 

The YEAR-BOOK OF SOCIETIES forms a complete index id 
the scientific work of thenar in the various DepartmeatiL 
It is used as a ready Handbook in all our great SciSNnnc 
Centres, Museums, and Libraries throughout the Kingdom, 
and has become an indispensable book of reference to every 
one engaged in Scientific Work. 
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